Operator Theory 
Advances and Applications 
Vol. 150 



Limit Operators 
and Their Applications 
in Operator Theory 



Vladimir Rabinovich 
Steffen Roch 
Bernd Silbermann 



Springer Basel AG 



Operator Theory: Advances and 

Applications 

Vol. 150 

Editor: 

I. Gohberg 



Editorial Office: 

School of Mathematical 
Sciences 

Tel Aviv University 
Ramat Aviv, Israel 

Editorial Board: 

D. Alpay (Beer-Sheva) 

J. Arazy (Haifa) 

A. Atzmon (Tel Aviv) 

J. A. Bail (Blacksburg) 

A. Ben-Artzi (Tel Aviv) 

H. Bercovici (Bloomington) 

A. Bottcher (Chemnitz) 

K. Clancey (Athens, USA) 

L. A. Coburn (Buffalo) 

K. R. Davidson (Waterloo, Ontario) 

R. G. Douglas (College Station) 

A. Dijksma (Groningen) 

H. Dym (Rehovot) 

P. A. Fuhrmann (Beer Sheva) 

S. Goldberg (College Park) 

B. Gramsch (Mainz) 

G. Heinig (Chemnitz) 

J. A. Helton (La Jolla) 

M. A. Kaashoek (Amsterdam) 



H. G. Kaper (Argonne) 

S. T. Kuroda (Tokyo) 

P. Lancaster (Calgary) 

L. E. Lerer (Haifa) 

B. Mityagin (Columbus) 

V. V. Peller (Manhattan, Kansas) 

L. Rodman Williamsburg) 

J. Rovnyak (Charlottesvilie) 

D. E. Sarason (Berkeley) 

I. M. Spitkovsky (Williamsburg) 
S. Treil (Providence) 

H. Upmeier (Marburg) 

S. M. Verduyn Lunel (Leiden) 

D. Voiculescu (Berkeley) 

H. Widom (Santa Cruz) 

D. Xia (Nashville) 

D. Yafaev (Rennes) 

Honorary and Advisory 
Editorial Board: 

C. Foias (Bloomington) 

P. R. Halmos (Santa Clara) 

T. Kailath (Stanford) 

P. D. Lax (New York) 

M. S. Livsic (Beer Sheva) 




Limit Operators 
and Their Applications 
in Operator Theory 



Vladimir Rabinovich 
Steffen Roch 
Bernd Silbermann 



Springer Basel AG 




Authors: 



Vladimir Rabinovich 
Instituto Politecnico Nacional 
ESIME Zacatenco 
Avenida IPN 
Mexico, D.E. 07738 
Mexico 

vladimir_rabinovich@hotmail.com 

Bernd Silbermann 
Department of Mathematics 
Technical University of Chemnitz 
09107 Chemnitz 
Germany 

silbermn @ mathematik.tu-chemnitz.de 



Steffen Roch 

Department of Mathematics 
Technical University of Darmstadt 
Schlossgartenstrasse 7 
64289 Darmstadt 
Germany 

roch@mathematik.tu-darmstadt.de 



2000 Mathematics Subject Classification 47L80; 35S05, 47A53, 47G30, 65R20 



ISBN 978-3-0348-9619-1 ISBN 978-3-0348-791 1-8 (eBook) 

DOI 10.1007/978-3-0348-7911-8 

A CIP catalogue record for this book is available from the 
Library of Congress, Washington D.C., USA 

Bibliographic information published by Die Deutsche Bibliothek 

Die Deutsche Bibliothek lists this publication in the Deutsche Nationalbibliografie; detailed bibliographic data is available 
in the Internet at <http://dnb.ddb.de>. 

This work is subject to copyright. All rights are reserved, whether the whole or part of the material is concerned, 
specifically the rights of translation, reprinting, re-use of illustrations, recitation, broadcasting, reproduction on microfilms 
or in other ways, and storage in data banks. For any kind of use permission of the copyright owner must be obtained. 

© Springer Basel AG 2004 

Originally published by Birkhauser Verlag AG 2004 

Softcover reprint of the hardcover 1st edition 2004 

Part of Springer Science-i-Business Media 

Printed on acid-free paper produced from chlorine-free pulp. TCP oo 
Cover design: Heinz Hiltbrunner, Basel 

ISBN 3-7643-7081-5 



987654321 



www.birkhauser-science.com 




Contents 



Preface xi 

1 Limit Operators 

1.1 Generalized compactness, generalized convergence 1 

1.1.1 Compactness, strong convergence, Fredholmness 1 

1.1.2 7^-compactness 4 

1.1.3 'P-Fredholmness 10 

1.1.4 7^-strong convergence 11 

1.1.5 Invert ibility of 7^-strong limits 15 

1.2 Limit operators 17 

1.2.1 Limit operators and the operator spectrum 17 

1.2.2 Operators with rich operator spectrum 19 

1.3 Algebraization 23 

1.3.1 Algebraization by restriction 24 

1.3.2 Symbol calculus 25 

1.4 Comments and references 29 



2 Fredholmness of Band-dominated Operators 

2.1 Band-dominated operators 31 

2.1.1 Function spaces on 31 

2.1.2 Matrix representation 32 

2.1.3 Operators of multiplication 33 

2.1.4 Band and band-dominated operators 35 

2.1.5 Limit operators of band-dominated operators 40 

2.1.6 Rich band-dominated operators 43 

2.2 'P- Fredholmness of rich band-dominated operators 45 

2.2.1 The main theorem on P-Fredholmness 45 

2.2.2 Weakly sufficient families of homomorphisms 51 

2.2.3 Symbol calculus for rich band-dominated operators 53 

2.2.4 Appendix A: Second version of a symbol calculus 56 

2.2.5 Appendix B: Commutative Banach algebras 59 




VI 



Contents 



2.3 Local P-Predholmness: elementary theory 61 

2.3.1 Local operator spectra and local invert ibility 61 

2.3.2 7^7^-compactness, 7^7^-Fredholmness 62 

2.3.3 Local P-Fredholmness of band-dominated operators .... 64 

2.3.4 Allan’s local principle 65 

2.3.5 Local 7^-Fredholmness of band-dominated operators 

in the sense of the local principle 69 

2.3.6 Operators with continuous coefficients 72 

2.4 Local P-Fredholmness: advanced theory 74 

2.4.1 Slowly oscillating functions 74 

2.4.2 The maximal ideal space of SO{Z^) 79 

2.4.3 Preliminaries on nets 82 

2.4.4 Limit operators with respect to nets 87 

2.4.5 Local invertibility at points in M^{SO{Z^)) 89 

2.4.6 Fredholmness of band-dominated operators 

with slowly oscillating coefficients 93 

2.4.7 Nets vs. sequences 94 

2.4.8 Appendix A: A second proof of Theorem 2.4.27 95 

2.4.9 Appendix B: A third proof of Theorem 2.4.27 100 

2.5 Operators in the discrete Wiener algebra 103 

2.5.1 The Wiener algebra 103 

2.5.2 Fredholmness of operators in the Wiener algebra 107 

2.6 Band-dominated operators with special coefficients Ill 

2.6.1 Band-dominated operators with almost 

periodic coefficients Ill 

2.6.2 Operators on half-spaces 113 

2.6.3 Operators on polyhedral convex cones 119 

2.6.4 Composed band-dominated operators on 124 

2.6.5 Difference operators of second order 128 

2.6.6 Discrete Schrodinger operators 131 

2.7 Indices of Fredholm band-dominated operators 135 

2.7.1 Main results 136 

2.7.2 The algebra A{Z) as a crossed product 138 

2.7.3 The Xi-group of ^(Z) 139 

2.7.4 The iCi-group of A± 142 

2.7.5 Proof of Theorem 2.7.1 144 

2.7.6 Unitary band-dominated operators 147 

2.8 Comments and references 150 

3 Convolution Type Operators on 

3.1 Band-dominated operators on 153 

3.1.1 Approximate identities and P-Fredholmness 153 

3.1.2 Shifts and limit operators 155 




Contents 



vii 



3.1.3 Discretization 155 

3.1.4 Band-dominated operators on L^(R^) 157 

3.2 Operators of convolution 159 

3.2.1 Compactness of semi-commutators 159 

3.2.2 Compactness of commutators 164 

3.3 Predholmness of convolution type operators 169 

3.3.1 Operators of convolution type 169 

3.3.2 Fredholmness 172 

3.4 Compressions of convolution type operators 179 

3.4.1 Compressions of operators in Cp) 180 

3.4.2 Compressions to a half-space 181 

3.4.3 Compressions to curved half-spaces 182 

3.4.4 Compressions to curved layers 184 

3.4.5 Compressions to curved cylinders 184 

3.4.6 Compressions to cones with smooth cross section 185 

3.4.7 Compressions to cones with edges 190 

3.4.8 Compressions to epigraphs of functions 193 

3.5 A Wiener algebra of convolution- type operators 194 

3.5.1 Fredholmness of operators in the Wiener algebra 194 

3.5.2 The essential spectrum of Schrodinger operators 195 

3.6 Comments and references 199 



4 PseudodifFerential Operators 

4.1 Generalities and notation 201 

4.1.1 Function spaces and Fourier transform 201 

4.1.2 Oscillatory integrals 203 

4.1.3 Pseudodifferential operators 204 

4.1.4 Formal symbols 205 

4.1.5 Pseudodifferential operators with double symbols 206 

4.1.6 Boundedness on L^(R^) 207 

4.1.7 Consequences of the Calderon- Vaillancourt theorem .... 210 

4.2 Bi-discretization of operators on L^(R^) 211 

4.2.1 Bi-discretization 211 

4.2.2 Bi-discretization and Fredholmness 213 

4.2.3 Bi-discretization and limit operators 215 

4.3 Fredholmness of pseudodifferential operators 218 

4.3.1 A Wiener algebra on L^(R^) 218 

4.3.2 Fredholmness of operators in >V^(L^(R^)) 222 

4.3.3 Fredholm properties of pseudodifferential 

operators in OPS^ ^ 224 




Contents 



4.4 Applications 228 

4.4.1 Operators with slowly oscillating symbols 228 

4.4.2 Operators with almost periodic symbols 230 

4.4.3 Operators with semi- almost periodic symbols 233 

4.4.4 Pseudodifferential operators of nonzero order 234 

4.4.5 Differential operators 236 

4.4.6 Schrodinger operators 239 

4.4.7 Partial differential-difference operators 242 

4.5 Mellin pseudodifferential operators 243 

4.5.1 Pseudodifferential operators with analytic symbols 243 

4.5.2 Mellin pseudodifferential operators 247 

4.5.3 Mellin pseudodifferential operators with 

analytic symbols 250 

4.5.4 Local invert ibility of Mellin pseudodifferential 

operators 251 

4.6 Singular integrals over Carleson curves 

with Muckenhoupt weights 254 

4.6.1 Carleson curves and Muckenhoupt weights 254 

4.6.2 Logarithmic spirals and power weights 255 

4.6.3 Curves and weights with slowly oscillating data 257 

4.6.4 Local representatives and local spectra of 

singular integral operators 258 

4.6.5 Singular integral operators on composed curves 262 

4.7 Comments and references 265 

5 Pseudodifference Operators 

5.1 Pseudodifference operators 267 

5.2 Fredholmness of pseudodifference operators 273 

5.3 Fredholm properties of pseudodifference operators 

on weighted spaces 276 

5.3.1 Boundedness on weighted spaces 276 

5.3.2 Fredholmness on weighted spaces 278 

5.3.3 The Phragmen-Lindelof principle 279 

5.4 Slowly oscillating pseudodifference operators 280 

5.4.1 Fredholmness on /^-spaces 280 

5.4.2 Fredholmness on weighted spaces, 

Phragmen-Lindelof principle 284 

5.4.3 Fredholm index for operators in OPSO 287 

5.5 Almost periodic pseudodifference operators 288 

5.6 Periodic pseudodifference operators 289 

5.6.1 The one-dimensional case 290 

5.6.2 The multi-dimensional case 292 




Contents 



IX 



5.7 Semi-periodic pseudodifference operators 293 

5.7.1 Fredholmness on unweighted spaces 293 

5.7.2 Fredholmness on weighted spaces 296 

5.7.3 Fredholm index 297 

5.8 Discrete Schrodinger operators 297 

5.8.1 Slowly oscillating potentials 298 

5.8.2 Exponential decay of eigenfunctions 299 

5.8.3 Semi-periodic Schrodinger operators 301 

5.9 Comments and references 302 

6 Finite Sections of Band-dominated Operators 

6.1 Stability of the finite section method 304 

6.1.1 Approximation sequences 304 

6.1.2 Stability vs. invert ibility 306 

6.1.3 Stability vs. Fredholmness 307 

6.2 Finite sections of band-dominated operators on 1 } and 1 ? 312 

6.2.1 Band-dominated operators on the general case 313 

6.2.2 Band-dominated operators on Z^: slowly 

oscillating coefficients 315 

6.2.3 Band-dominated operators on Z^ 318 

6.2.4 Finite sections of convolution type operators 320 

6.3 Spectral approximation 321 

6.3.1 Weakly sufficient families and spectra 322 

6.3.2 Interlude: Spectra of band-dominated operators 

on Hilbert spaces 326 

6.3.3 Asymptotic behavior of norms 327 

6.3.4 Asymptotic behavior of spectra 328 

6.4 Fractality of approximation methods 332 

6.4.1 Fractal approximation sequences 333 

6.4.2 Fractality and norms 335 

6.4.3 Fractality and spectra 336 

6.4.4 Fractality of the finite section method for a class 

of band-dominated operators 339 

6.5 Comments and references 342 

7 Axiomatization of the Limit Operators Approach 

7.1 An axiomatic approach to the limit operators method 345 

7.2 Operators on homogeneous groups 361 

7.2.1 Homogeneous groups 361 

7.2.2 Multiplication operators 362 

7.2.3 Partition of unity 363 

7.2.4 Convolution operators 364 

7.2.5 Shift operators 365 




X 



Contents 



7.3 Fredholm criteria for convolution type operators with shift 368 

7.3.1 Operators on homogeneous groups 368 

7.3.2 Operators on discrete subgroups 372 

7.4 Comments and references 373 

Bibliography 375 

Index 387 




Preface 



This text has two goals. It describes a topic: band and band-dominated operators 
and their Fredholm theory, and it introduces a method to study this topic: limit 
operators. 

Band-dominated operators. Let H = be the Hilbert space of all squared 

summable functions x : Z C, i Xi provided with the norm 

Ikf 

It is often convenient to think of the elements x of as two-sided infinite 

sequences {xi)i^z- 

The standard basis of /^(Z) is the family of sequences 

{ei)iez where = (..., 0, 0, 1, 0, 0, . . .) 

with the 1 standing at the ith place. Every bounded linear operator Aon H can be 
described by a two-sided infinite matrix (aij)ij^z with respect to this basis, where 
a^j = {Aej, Ci). The band operators on H are just the operators with a matrix 
representation of finite band- width, i.e., the operators for which aij = 0 whenever 
\i — j\ > k for some k. Operators which are in the norm closure of the algebra of all 
band operators are called band-dominated. Needless to say that band and band- 
dominated operators appear in numerous branches of mathematics. Archetypal 
examples come from discretizations of partial differential operators. 

It is easy to check that every band operator can be uniquely written as a 
finite sum where the dk are multiplication operators (i.e., they are given 

by a diagonal matrix with respect to the standard basis), and where the Vk are 
the shift operators Cj i— > Conversely, every finite sum of this form is a band 

operator. This equivalence allows us to think of band operators as being composed 
of two kinds of generators - multiplication operators and shift operators. 

Fredholmness. We will be mainly concerned with the Fredholm properties of 
band-dominated operators. A bounded linear operator A on H is called a Fredholm 
operator if both its kernel {x e H : Ax = 0} and its cokernel H/ (AH) are finite- 
dimensional linear spaces. Equivalently, an operator A is Fredholm if its coset 
A -f K{H) is invertible in the Calkin algebra L{H)/K{H) where L{H) stands for 
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the algebra of all bounded linear operators on H and K{H) for the ideal of L{H) 
consisting of the compact operators. In particular, the property of being Fredholm 
is invariant with respect to compact perturbations. Thus, no finite part of the 
matrix representation {aij)ij^z oi A E L{H) is responsible for the Fredholmness 
of A, and the whole information on the Fredholm properties of A is hidden at 
infinity, i.e., in the asymptotic behavior of the entries aij . 

Limit operators. How can one draw information from infinity? A convenient way 
is to fix a basis vector ek, to shift the operator A V-nAVm and to observe the 
evolution of the vectors V-nAVnCk as n tends to ±00. This has to be done for 
each basis vector e^, which amounts to considering the behavior of the sequence 
(V-nAVn) for large n with respect to the strong convergence of operators. 

Assume for a moment that we are in the lucky case where the entries of each 
diagonal of A stabilize at infinity (i.e., where the limits limf^ioo exist for 

every integer k). Then the strong limits of the sequence (V-nAVn) as n +00 
and n ^ — 00 exist, and these limits tell us exactly how the operator looks at 
infinity. What happens in the general situation where the entries of each diagonal 
are allowed to form an arbitrary bounded sequence? Then we cannot expect that 
the sequence (V-nAVn) converges strongly but, hopefully, certain subsequences 
will still do. Indeed, using a Cantor diagonal argument, we will even get that if A 
is band-dominated, then every sequence h : N ^ Z which tends to (plus or minus) 
infinity possesses a subsequence ^ : N Z such that the sequence of the operators 

^-g(n)^^g(n) 

converges strongly as n 00. The strong limit of this sequence is called the limit 
operator of A with respect to the sequence g, and the set of all limit operators of a 
given operator A is called the operator spectrum of A. The crucial and surprising 
point is that the operator spectrum of a band-dominated operator contains exactly 
the information from infinity which is needed to decide whether the operator is 
Fredholm or not. The precise statement is: a hand- dominated operator is Fredholm 
if and only if its limit operators are invertible and if the norms of their inverses 
are uniformly hounded. 

Contents of the book. We will not restrict our attention to band-dominated oper- 
ators on /^(Z); rather we consider band-dominated operators on /^(Z^, X) where 
N is a positive integer, 1 < p < 00, and where X is a complex Banach space. The 
main reason for this is that, after a suitable discretization, functions in 
become sequences in /^(Z^, X) with X = L^([0, 1]^), and that a related dis- 
cretization, applied to (wide classes of) convolution and pseudodifferential opera- 
tors on L^(M^), indeed produces band-dominated operators on the discrete space 
/^(Z^, X). Thus, the theory of band-dominated operators which will be devel- 
oped in the first two chapters can immediately be applied to convolution and 
pseudodifferential operators to reproduce some known facts and to uncover some 
new properties of these and other operators. 
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The inclusion of the ‘exotic’ case p = oo and the consideration of sequences 
with values in infinite-dimensional Banach spaces involve some subtleties. For ex- 
ample, we are limited when working with strong convergence of operators, because 
the projections Pn : /^(Z) ^ P(Z) which replace all entries of a sequence (xk) with 
I A: I > n by zero converge strongly to the identity operator if and only if p ^ oo. 
Another point is that the notions of Predholmness and of invertibility at infinity 
(which are synonym for operators on spaces of sequences which take values in a 
finite-dimensional Banach space) become basically different for operators on spaces 
of sequences with values in infinite-dimensional Banach spaces. The applications 
we have in mind suggest to give preference to the aspect of invertibility at infinity 
over Predholmness. 

So we start in the first chapter with modifying the standard concepts of 
strong convergence, compactness and Predholmness by introducing the notions 
of 'P-strong convergence, P-compactness and P- Predholmness. Here, P is a given 
approximate identity, for instance, the sequence (Pn) we encountered in the pre- 
ceding paragraph. Based on these P-notions, we introduce the general concept of 
a limit operator in Section 1.2. 

In case 1 < p < oo and dim A < oo, all P-notions reduce to their usual mean- 
ings. Thus, readers who are exclusively interested in band-dominated operators on 
scalar- valued sequences can skip the first part of this chapter. It is perhaps also a 
good advice for a first reading of Chapters 1 and 2 to skip Section 1.1, to ignore 
the P, and to set A = C in what follows. 

The second chapter is the heart of the book. Here we introduce band-domi- 
nated operators on the spaces /^(Z^, A) and prove that they possess sufficiently 
many limit operators in the sense that a band-dominated operator is P-Fredholm 
if and only if all of its limit operators are invertible and if the norms of their 
inverses are uniformly bounded. 

The status of the uniform invertibility hypothesis is not really evident at 
this moment. On the one hand, it might be quite hard to check the uniform 
boundedness of the norms of the inverses of a family of operators explicitly; so the 
condition is very unpleasant from this practical point of view. On the other hand, 
we do not know any example of a band-dominated operator, all limit operators of 
which are invertible, but which fails to be P-Fredholm. Moreover, it turns out that 
there are large and important classes of band-dominated operators for which we 
can prove that the uniformity of the invertibility is indeed redundant. In particular, 
this happens for band-dominated operators in the Wiener algebra (which includes 
all band operators) as well as for band-dominated operators with slowly oscillating 
coefficients. These results will also be presented in Chapter 2. Partially, these 
results are based on the compatibility of the limit operators method with another 
local principle, which is due to Allan and Douglas. Thus, a large part of the second 
chapter is devoted to the study of the relations between these local theories. 

The last part of Chapter 2 deals with the problem of calculating the index of 
a Fredholm band-dominated operator A in terms of its limit operators. Here we 
restrict ourselves to band-dominated operators on /^(Z) with scalar- valued coeffi- 
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dents. Under these assumptions, we get an index formula of astonishing simplicity. 
For, choose an arbitrary limit operator of A with respect to a sequence tending 
to +(X) as well as an arbitrary limit operator B- of A with respect to a sequence 
tending to — oo. Then the index of A is the sum of the local indices of B± at ±cx), 

ind A = ind+ + ind_ B - . 

In Chapters 3 and 4, we are going to specify the results on Fredholmness 
obtained for general band-dominated operators to convolution operators and pseu- 
dodifferential operators on L^(R^), respectively. The key steps are to embed these 
operators into suitable operator algebras of Wiener type and to discretize in an 
appropriate manner these operators to get band-dominated operators on a discrete 
/^-space of vector- valued sequences. A similar approach is chosen in Chapter 5 in 
order to illustrate the applicability of the limit operators method to study the 
Fredholmness of pseudodifference operators on /^(Z^)-spaces with weight. Par- 
ticular attention is paid to Phragmen-Lindeldf type theorems on the exponential 
decay at infinity of solutions to pseudodifference equations, to the description of 
the essential spectrum of discrete Schrodinger operators, and to the decay of their 
eigenfunctions at infinity. 

Chapter 6 shifts the attention from analysis to numerical analysis. We con- 
sider the finite section method for the approximate solution of equations with 
band-dominated system matrices. The basic observation here is that the sequence 
of the finite sections of a band-dominated operator on can be interpreted as a 
band-dominated operator on Z^+h Moreover, the sequence is stable if and only if 
the corresponding operator is P-Fredholm. Thus, the results from Chapter 2 apply 
immediately to yield stability results for the finite section method. In the Hilbert 
space case p = 2, these stability results will be further used to derive characteri- 
zations of the asymptotic behavior of the norms, condition numbers, eigenvalues, 
pseudo-eigenvalues, and Rayleigh quotients of the finite section matrices. 

So far we have only discussed the application of the limit operators method 
to the Fredholm theory of band-dominated (and related) operators. The goal of 
the final Chapter 7 is to indicate that the range of the applicability of the limit 
operators method is much larger. So we will develop an axiomatic scheme which 
covers most applications of the limit operators method. As concrete examples 
we consider the Fredholmness of convolution operators as well as of convolutions 
combined with (non-Carleman) shifts on the Heisenberg group. 

Preliminaries. We assume that the reader has basic knowledge in linear Func- 
tional Analysis. For Chapters 4 and 7, a first acquaintance with pseudodifferential 
operators and with non-commutative harmonic analysis would be helpful. 

Acknowledgements. The authors are grateful to their friends and colleagues Al- 
brecht Bdttcher, Marko Lindner and Alexander Rogozhin who read large parts of 
the manuscript, suggested many improvements and also pointed out a few mistakes 
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subject as well as the writing of this book by several travel and research grants 
(DFG grants 436 RUS 17/67/98 and 436 RUS 17/24/01, and CONACYT project 
32424-E). This book would not exist without the generous support by these insti- 
tutions. 




Chapter 1 

Limit Operators 



1.1 Generalized compactness, generalized convergence 

We start with recalling how the class of the compact operators on a Banach space 
determines both the strong operator topology and the set of the Fredholm opera- 
tors. This characterization is then taken as a starting point to introduce generalized 
notions of strong convergence and Fredholmness. 

1.1.1 Compactness, strong convergence, Fredholmness 

Let E be a Banach space with norm ||.||£; and with Banach dual All Banach 
spaces occurring in this book are supposed to be linear spaces over the field C 
of the complex numbers. By L{E) we denote the Banach algebra of the bounded 
linear operators on E with norm 

\\Ml(E) ■= sup \\Ax\\e/\\x\\e- 

xeE\{o} 

We further let K{E) stand for the closed ideal of the compact operators in L{E). 
The identity operator on E will be denoted by /. Finally, we will write KerA 
and ImA for the kernel {x G : Ax = 0} and the range {Ax : x G F^} of A, 
respectively. 

Strong convergence. A sequence (A^) of operators A^ G L{E) is said to converge 
strongly if the sequence (A^x) converges in the norm of E for each x e E. Then 
Ax := limAnX defines an operator A on E which is called the strong limit of 
the sequence (A^) and which we denote by s-limA^. One also says that the An 
converge strongly to A and writes An ^ A strongly. 

In general, the adjoint sequence (A* ) of a strongly convergent sequence {An) 
fails to be strongly convergent. Thus, the sequence {An) is said to converge *- 
strongly if both sequences {An) and (A* ) converge strongly on E and E*, respec- 
tively. In this case. 



s-limA* = (s-limAn)*. 
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Theorem 1.1.1 (Banach- Steinhaus) Let the sequence {A^) of bounded linear opera- 
tors on E he strongly convergent to an operator A. Then A is a bounded and linear 
operator on E, the sequence {An) is uniformly hounded, and 

||^||l(£;) < liminf m„||i(£;). 

We agree upon calling a non-empty set M C L{E) of operators uniformly invertible 
if the operators in M. are invertible and if the norms of their inverses are uniformly 
bounded. 

Proposition 1.1.2 

(a) If An A and Bn B strongly, then An E Bn ^ A B and AnBn — ^ AB 
strongly. 

(b) If An A strongly, and if the operators An are uniformly invertible, then A 
has a trivial kernel and a closed range, and A~^A I strongly. 

(c) If An A * -strongly, and if the operators An are uniformly invertible, then 

A is invertible, and A~^ A~^ -strongly. 

Proof. The proof of (a) is straightforward. It makes use of the uniform boundedness 
of the sequence {An) due to the Banach- Steinhaus theorem. The last assertion of 
(b) is a consequence of the estimate 

\\A~^Ax — x\\ < sup \\A~^ II ll^lx — Anx\\ 

and of the strong convergence of An to A. Thus, letting n go to infinity in 
< (711.4x11, we obtain ||x|| < (7||4x|| for all x ^ E, i.e., the operator 
A is bounded below. This boundedness implies that A has a trivial kernel and a 
closed range. If, in addition, 4l* ^ A* strongly, then the same arguments yield 
that A* has a trivial kernel, too. Since 

clos ImB =-^ (KerB*) := {x e E : f{x) = 0 for all / G KerB*} 

for every bounded linear operator B, the range of A is all of E. Thus, A is invertible. 
The strong convergence of A~^ to A~^ follows from 

\\A~^x - A~^x\\ < sup||.4“^|| P“^|| \\Ax- Anx\\, 

and the strong convergence of adjoint sequence follows similarly. □ 

Compactness and strong convergence. The notions of compactness and of strong 
convergence are intimately related by the following theorem. 

Theorem 1.1.3 Let An, A G L{E). Then \\AnX — Ax^e 0 for every x e E if and 
only if \\AnK - AK\\l{e) 0 for every K G K{E). 

Proof. Let {An) be a strongly convergent sequence with strong limit A, and let K 
be a compact operator, i.e., suppose the set M := {Kx : ||x|| < 1} is relatively 
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compact. Assume that 

\\AnK-AK\\= sup \\AnKx - AKx\\ = SM-p\\Any - Ay\\ 

||x||<i yeM 

does not converge to zero as n ^ oo. Then there are an £ > 0 as well as an infinite 
sequence {yn) ^ M such that \\Anyn ~ Ayn\\ > s. Since M is relatively compact, 
one can extract a subsequence {zn) of {yn) which converges to a 2 : G For every 
n, this choice implies 

£ < \\AnZn - AZnW < \\{An ~ A){Zn ~ z)\\ + ||(An ~ A)z\\ 

< SUp||A/e - A\\\\Zn - 2:|| + \\{An ~ A)z\\. 
k 

The right-hand side of this inequality becomes smaller than any prescribed e > 0 if 
only n is large enough. This contradiction verifies the ‘only if’ part of the assertion. 

For the ‘if ’-part, given x e E, choose a functional f e E* such that ||/|| = 1 
and f{x) = ll^ll, which is possible by the Hahn-Banach theorem, and consider the 
operator 

KxV ■■= f{y)x, y G E. (1.1) 

This operator is of rank one, hence compact, and ||i^a;||L(E) = ll^lls- Since \\AnK — 
AK\\ 0 for every compact operator K by hypothesis, one has 

- Ax\\e = \\Ka^. - KaAl{E) = UnK, - AK:,\\LiE) ^ 0 

for every x E E. Hence, An ^ A strongly. □ 

Consequently, the strong convergence of An to A, considered as operators on E, 
is equivalent to the strong convergence of to A, considered as operators of left 
multiplication on K{E). In Section 1.1.4 we are going to employ this equivalence 
in order to introduce other kinds of strong convergence. 

Actually, the algebra L{E) is isometrically and isomorphically embedded into 
L(K{E)) via its left regular representation, which associates with every operator 
A G L{E) an operator A/ on K{E) acting as multiplication from the left, 

Ai :K{E)^K{E), K ^ AK. 



Proposition 1.1.4 If A E L{E), then Ai E L{K{E)), and the mapping A ^ Ai is 
an isometry. 

Proof. Evidently, the operator A/ acts linearly on K{E), and the estimate || AX|| < 
||A|| l|i^|| shows that A/ is bounded and that \\Ai\\l{k{e)) < I1-4||l(£;)- For the 
reverse estimate, let Kx be as in (1.1). Then 



\\A\\l{K{E)) 



WAKhjE) \\AKxh(E) 

Keic(i)\{o} I|.?‘'IIl(£) ~ xeE\{o} \\Kx\\l{e) 



sup 

a;eE\{0} 



\\Kax\\l{E) 

\\Kx\\l{E) 



sup 

x€B\{0} 



Me 



= miiL(E), 



which proves the assertion. 



□ 
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Fredholm operators. An operator A E L{E) is called Fredholm if both its kernel 
Ker A and its cokernel Coker A := £'/Im A have finite dimension. In this case, the 
range of A is closed, and the integer 

ind A dim Ker A — dim Coker A 

is called the index of A. Let Fred (E) stand for the set of the Fredholm operators 
on E. 

Theorem 1.1.5 

(a) If A is Fredholm and K is compact, then A+iC is Fredholm, and ind (A+X) = 
ind A. 

(b) Fred {E) is open in L{E), and the function ind : Fred (E) X is continuous. 

(c) Fred (E) is a semi-group under multiplication, and ind is a homomorphism 
from Fred (E) into the additive group Z. 

(d) If A is Fredholm, then A* is Fredholm, and ind A* = —ind A. 

Compactness and Fredholmness. The ideal of the compact operators determines 
the set of the Fredholm operators in the following sense. 

Theorem 1.1.6 An operator A E L{E) is Fredholm if and only if the coset A-\-K{E) 
IS invertible in the quotient algebra L{E)/K{E), the Calkin algebra of E. 

The norm and the spectrum of the coset A K{E) in L(E)/K{E) are referred to 
as the essential norm || A||ess and the essential spectrum <Jess(A) of A, respectively. 

The proofs of the preceding theorems can be found in standard textbooks on 
Functional Analysis. Immediate consequences of Theorem 1.1.6 are the invariance 
of the Fredholm property under small and under compact perturbations as well as 
the semi-group property of Fred (E). 

1.1.2 P-compactness 

Let £" be a Banach space, and let V = (Pn)^o ^ bounded sequence of operators 
in L{E). We call V an increasing approximate projection if, for every m G N, there 
is an N{m) E N such that 

PnPm = PmPn = Pm for all u > N{m), (1.2) 

and P is a decreasing approximate projection if, for every m G N, there is an 
N{m) E N such that 



PnPm = PmPn = Pji for all u > N{m). (1.3) 

If P = (Pn) is an increasing approximate projection, then the sequence {Qn) 
with Qn I — Pn forms a decreasing approximate projection which we call 
associated to P. 
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An (increasing or decreasing) approximate projection (Pn) is said to be proper 
if Pn 7 ^ 0 and Pn ^ I for all n. If (Pn) is a proper increasing approximate projec- 
tion, then II Pn||>l for all sufficiently large n. 

It is also clear that P* (Pn) is an increasing (decreasing) approximate 
projection in L{E*) whenever P = (P^) is an increasing (decreasing) approximate 
projection in L{E). Further, every infinite subsequence of an increasing (decreas- 
ing) approximate projection is an increasing (decreasing) approximate projection 
again. 

In what follows, we will mainly be concerned with proper and increasing 
approximate projections, which therefore will be simply called approximate pro- 
jections. 

P-compactness. Every approximate projection P = (Pn) gives rise to a substitute 
of the ideal of the compact operators. 

Definition 1.1.7 An operator K G L{E) is P-compact if 

\\KPn - P|| — > 0 and \\PnE - K\\ ^ 0 as n ^ oo. 

By K{E,V) we denote the set of all V -compact operators on E, and by L{E,V) 
the set of all operators A G L{E) for which both AK and KA are V -compact 
whenever K is V -compact. 

It is immediate from this definition that all operators in P are P-compact and 
that 

K{E\V^) = {K* :K e iG(P,P)}, L{E\V^) = {A* : A G L(P,P)}. (1.4) 

Proposition 1.1.8 Let P = (P^) be an approximate projection and Qn := I — Pn- 

(a) An operator A G L[E) belongs to L{E,V) if and only if for every /c G N, 

\\PkAQn\\^0 and ||(5nAP/e|| 0 asn^oo. (1.5) 

(b) L{E^V) is a closed subalgebra of L{E) which contains the identity operator, 
and K{E,V) is a closed ideal of L{E,V). 

Proof, (a) The conditions (1.5) are clearly necessary for A G L{E,V). Let, con- 
versely, A satisfy (1.5), and let K G K{E,V). Given £ > 0, choose r such that 
\\K — PrK\\ < e, and choose N such that ||Qn^^r|| < ^ for all n> N. Then 

WQnAKW < \\QnA\\ \\K - PrK\\ + \\QnAPr\\ \\K\\ < s (||Q,A|| + lli^ll) 

for all n > A^. The other conditions can be checked similarly. 




6 



Chapter 1. Limit Operators 



(b) It is immediate from the definitions that L{E,V) is a subalgebra of L{E) and 
that K{E,V) is contained in L{E,V) and forms an ideal of this algebra. To get 
the closedness of K{E^V)^ let Km be 7^-compact and \\Km ~ ^|| ^0. Choose 
r such that \\K — Kr\\ sup||Qri|| < ^/2, and N such that ||iC^(5„|| < e/2 for all 
n > N. Then 

||-^Qn|| ^ \\KQn — KrQnW T ||^rQn|| < ^ 

for all n> N. The ‘dual’ assertion HQn^ll 0 can be checked analogously. 

Let now {Am) be a sequence in L{E^V) which converges in the norm to 
A G L{E). If K is P-compact, then (AmK) and {KAm) are sequences in K{E^V) 
which converge in the norm to AK and KA^ respectively. Since K{E^ V) is closed, 
one has AK, KA G K{E,V) and, hence, A G L{E,V). □ 

It is also easy to see that K{E, V) is the smallest closed ideal of L{E, V) which 
contains the operators Pm constituting V. 



Invertibility in L(^, 7^). A delicate question is that of the inverse closedness of 
L{E, V) in L{E). Recall that a (not necessarily closed) subalgebra S of a Banach 
algebra A with identity is called inverse closed in A if whenever an element b E B is 
invertible in A, its inverse b~^ already belongs to B. In case ^ is a C*-algebra with 
identity, every symmetric and closed subalgebra of A which contains the identity 
is inverse closed. 

For the inverse closedness of L{E, V) in L{E) we need some stronger proper- 
ties of V. Given an approximate projection V = {Pn)//Lo we set Sq := Pq 

and Sn '= Pn — Pn-i for n > 1. Further, for every bounded subset U of M, we 
define Pu ^keNnu Qu •= I — Pu- (Thus, Pk has still the same meaning 

as above, whereas P^^y — Sk-) The approximate projection V is called uniform if 

sup \\Pu\\ < oo? the supremum over all bounded 1/ C M. (1-h) 

Theorem 1.1.9 If P is a uniform approximate projection, then L{E,V) is an in- 
verse closed subalgebra of L{E). 

Proof Let again (Qn) stand for the approximate projection which is associated to 
P. Further we will write m <C n if PkQn = QnPk =0 for all A: < m, and we denote 
the supremum in (1.6) by C. 

Let the operator A G L{E,P) be invertible in L{E). By (1.5), what we have 
to show is that 



\\PkA ^Qnll^O and \\QnA as n ^ oo. 

Given e > 0, choose and fix a positive integer m with ||A||/m < £, and 

choose integers 



0 = r[^^ < r2^^ < r^^ < r^^^ < r^^ < • • • < < r[^^ < r^^^ < r^^ < 
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such that 

k + <^k and k + <C /c + 

for all 1 < / < 3, 1 < i < m and 1 < j < m — 1 and such that 



( 1 -^) 

(1-9) 

( 1 . 10 ) 



That is, given we choose such that /c + r^^^ ^ k-\-r[^^ and that (1.7) 

holds, then such that k + r^^ and that (1.8) is satisfied, then 

which fulfills k + ^ k -\- and (1.9), and finally such 

that k + ^ /c + and that (1.10) is valid. 

Let n » /c + . We set 

Ui := {k + r[^\ k + 4'^], Vi := {k + k + 

V':=[0,k + ri% U':=%k + 4% 

Then, since n ^ /c + ^ k -h for all i, 

PkA~^Qn = PkPy.'A~^Qn 

= PkA ^PiffAPy^A ^Qn-\-PkA ^Qjj'.APyfA ^Qn ( 1 - 11 ) 

with 

\\PkA-^Qu'APviA-^Qn\\ < C{C + l)\\A-^f\\Qu'APvi\\ 

< C{C + l)s (1.12) 

due to (1.8) (observe that \\Qu || = ||i — Pu || < 1 + C). Further, since n ^ k + , 

PkA~^ Py APy A~ ^ Qn 

I t 

= — PkA~~^Pu'.AQyfA ^Qn 

= — PkA~^ PuiAQy^A~^Qn - PkA~^Pjj'\UiAQyfA~^Qn 

= - PkA~^Pu,APy^A~^Qn - PkA~^ Pu^AQ A~^ Qn 

- PkA~^Pu'\UiAPy-A~^Qn ~ PkA~^ Puf,\ij.AQ A~^Qn 

= - PkA~^PuiAPy.A~^Qn - PkA~^Pu^AQ^^^(^i)A~^Qn ( 1 - 13 ) 

- PkA~^Puf\jj^APy.A~^Qn. 
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For the middle term on the right-hand side of (1.13), we have by (1.9), 
\\PkA-^Pu>AQ^^^^^,,A-^Qn\\ 

< CiC + l)\\A-^\\^P^^^,.,AQ^^^<,4<CiC + l)s (1.14) 

and, for the last term, due to (1.7), 

\\PkA-^Pu^\u.APv,A-^QnW 
- W^kA AQ A ^Qn\\ 

< C'2(C' + l)e (1.15) 

where we used that 

^ 

^ ^ k-\-r2^ ^ ^ k+r^^ ^k-{-r^^^ ' 

From (1.11 )-(!.! 5) we conclude that 

PkA ^Qn = —Pk^ ^PUi^PVi^ ^QnPDi (1.16) 

where Di is an operator with norm less than ce with c being a constant independent 
of i and e. Summarizing the identities (1-16) we get 

m m 

mPkA-^Qn = -J2PkA~^Pu,APv,A-^Qn + Y,Di 

2=1 2=1 

m 

= -Pk^~^PUiU---UUm^PViU---UVm^~^Qn + A 

2=1 

772 

- ^PkA~^PuiAP^ViU -UV,n)\Vi^'~^Qn (1-17) 

i=l 

since Ui H U j = Vi H Vj = 9 for i ^ j. For the first item in (1.17) we find 

\\PkA-^Pu,u-vu^APv,u-uv^A-^Qn\\ < C^{C + 1 ) 

and for every term in the Icist sum in (1.17) we obtain 

\\PkA~^PUiAP(^V^^J...^Vm)\ViA~^Qn\\ 

< C{C+l)\\A-^f\\Pu,AP(y^^...^y^)\y^l (1.18) 



Pf/. = p 



k-\-r 



(0 



^k-{-r[^^ 












Since 
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(recall that k r\ <C A: + and, similarly, 

Pu. = 

as well as 

P(V^U-UV^)\V, = 'P(ViU--UK,_2) + 

+ •P(^+^(i+i)_^_^^(.+D] + C(Vi+2u-uv„) 

= ^fe+r(*-i)-P(ViU-uvi_2) + 

+ <5fc+^(i+i)r’fc+^(. + i) + Qk+r^W)P(Vi+2U-UV^), 

we can further estimate the right-hand side of (1-18) by 

l|rc/i^-P(Viu---uv„)\v"i II 

^ \\PUiAP^^^{i-i) II l|-P(V"iU---UV"i_2) + II 

+ iia/,^<3^+^(^+iiii \\Pk+r^j*‘'’ + av',+2u uK.)ii 

< C(1 + 2C) II + 2C(C + 1) llP^t,,.. II 

< c(i + 2C)||<3^^^,.,g^^,,„2ip^^^,,-.,ll 

+ 2C(C + 1) ||P^,^^(il2l^?^.+^j^?^^^(j+l)|| < ds 

with a constant d independent of i and e due to (1.9) and (1.10). Inserting these 
estimates into (1.17) and dividing by m, we arrive at 

||Cfc24-ig„|| < -{C^{C+l)\\A-^\\^\\A\\+mcs + mde) 

m 

< {C^ {C + 1) + c + d)s 

for all n Thus, \\PkA~^Qn\\ 0, and the dual assertion \\QnA~^Pk\\ 

0 can be checked analogously. □ 

Equivalent approximate projections. We call the approximate projections V = 
{Pn) and P' = (P^) equivalent if 

lim PmPn = lim P^Pm = Pm and lim PnP'm = P^Pn = P^ 

n — >•00 n — >•00 n —^00 n— >00 

for all m > 0. For example, every infinite subsequence of an approximate projection 
V is equivalent to P. 

Lemma 1.1.10 The approximate projections V and V' are equivalent if and only if 
K{E,V)=K{E,V'). 
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Proof. Let V = (Pn), P' = (Pn)^ set \= I — and Q'^ I — Pf. Further 
let K G K{E,V). Then, for all m, n > 0, 

KQ'^ = {K- KPM + KPmQ'n- 

Given e > 0, choose m such that \\K — KPm\\ < s and N{m) such that 
= II Pm - PmPnII < ^ wheucver n > N{m). 

Then 

II^Q^II < ffsupllQ^II + ells'll for all n > N{m), 

n 

whence UP'Qnll 0- Similarly one gets ||(5^iC|| ^ 0, i.e., K G K{E,V'). 

Conversely, the equality K{E,V) = K{E,V') implies that Pm G K{E,V') 
for all m, i.e., 

lim PmP'n ^ Pm = Hm P'nPm- 

n—^oo n—^oo 

Changing the roles of V and P', we get the second condition for the equivalence 
of approximate projections. □ 

Consequently, if V and V' are equivalent, then L{E,V) = L[E^V'). 

1.1.3 P-Fredholmness 

Let again V = (Pn) be an approximate projection on the Banach space P, and set 
Qn = I — Pri’ The following definition is motivated by Theorem 1.1.6. 

Definition 1.1.11 An operator A G L{E^V) is called P-Fredholm if the coset A -f- 
K{E^V) is invertible in the quotient algebra L{E,V)/ K{E,V). 

This definition implies that the P-Fredholmness of an operator is invariant both 
under sufficiently small and under P-compact perturbations, and that the product 
of P-Fredholm operators is P-Fredholm again. It is also clear that if P and P' are 
equivalent approximate projections, then an operator is P-Fredholm if and only if 
it is P'-Fredholm. We call the norm and the spectrum of the coset A + K{E^V) 
in L{E^V)/ K(E^V) the V -essential norm and the V -essential spectrum of A. 

Proposition 1.1.12 An operator A G L{E,V) is V -Fredholm if and only if there 
exist operators C, D G L{E,V) and an m G N such that 

QmAC = Qm and DAQm = Qm- (1.19) 

Operators A G L{E,V) which satisfy (1.19) are also called invertible at infinity. 

Proof. If A G L{E^V) is P-Fredholm, then there exist operators C G L{E,V) and 
K G K{E,V) such that AC = I -\- K. Multiplying this equality by Qr from the 
left-hand side and adding Pr to both sides yield QrAC Pr = I + QrK ^ Choose 
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r such that ||(5r^|| < 1 and m such that QmPr = 0 and, hence, QmQr = Qm 
(which is possible due to (1.2)). Then I QrK is invertible, and we get 

QrAC{I + QrK)-^ + Pr{I + QrK)~'^ = I. 

Multiplying this equality by Qm from the left-hand side yields the invertibility at 
infinity of A from the right-hand side. (Observe that the operator C{I QrK)~^ 
lies in L{E,V) by Neumann series.) The invertibility at infinity from the left-hand 
side follows analogously. 

Conversely, (1.19) implies AC — I — Pm + Pm AC I + K\ and DA — 
I — Pm + DAPm =: / + with Ki, K 2 P-compact. Hence, A is P-Fredholm. □ 

1.1.4 T^-strong convergence 

Let V = (Pn)^o ^ ^(P) an approximate projection. Theorem 1.1.3 suggests 
the following definition. 

Definition 1.1.13 Let An G L{E,V). The sequence (An) converges P-strongly to 
A e L{E) if, for all K G K{E,V), both 

\\{An-A)K\\L^E)-^0 and \\K{An - A)U^e) ^ b. 

In this case we write An ^ A V -strongly or A = V-\im An. 

The P-strong convergence of bounded sequences can be characterized as follows. 

Proposition 1.1.14 If (An) is a hounded sequence in L{E,V), then (An) converges 
V -strongly to A E L{E) if and only if 

\\{An-A)Pm\\^0 and \\Pm{An - A)\\ 0 for every fixed Pm (1-20) 

Proof Since V C K{E,V), the P-strong convergence of An to A implies (1.20). 
Conversely, let (1.20) be satisfied for operators An and A which are uniformly 
bounded, and let K be P-compact. Then, for every P^, 

||(A, - A)K\\ < ||(A, - A)PmK\\ + ||(A, - A){I - Pm)K\\ 

< ||(A„ - A)Pm\\ + ||A„ - ^11 ||(/ - PM- 

The right-hand side of this estimate becomes as small as desired if m is large 
enough. Thus, \\{An — A)K\\ 0 for every K, and the dual condition follows 

analogously. □ 

For example, it is immediate from (1.2) that Pn I P-strongly. On the other 
hand, (1.20) indicates that the notion of P-strong convergence has some serious 
defects. For example, the P-strong limit in not unique in general (choose P as 
the constant sequence (P) with a non-trivial projection P). So we will have to 
impose further conditions on P which guarantee, for example, the uniqueness of 
the P-strong limit. 
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Approximate identities. The approximate projection V — (Pn) is called an ap- 
proximate identity if 

sup||Pn^ll ^ ll^ll for each X G P, (1.21) 

n 

and it is called a symmetric approximate identity if, besides (1.21), 
sup ||-P*/|| > ll/ll for each / € E* . 

n 

For A G L{E^V)^ consider the operators of left and right multiplication 
Ar.K^ AK and Ar : K ^ KA 



on the Banach space K{E,V). The following proposition is the P-analogue of 
Proposition 1.1.4. It shows that L{E,V) is topologically embedded into the Ba- 
nach algebra L{K{E,V)) under each of the mappings A Ai {= left regular 
representation) and A Ar (= right regular representation). As a consequence 
we get that the P-strong convergence of An to A is essentially equivalent to the 
(usual) strong convergence of the operators {An)i and {An)r to Ai and Ar on 
K{E^V) , respectively. 

Proposition 1.1.15 LetV = [Pn) ^ L{E) be an approximate identity, A G L{E,V), 
and set Cj> := sup l|Pn||- Then 



\\^t\\l(K(E,V)) < imiL(B) < Cv\\Ar\\L(K{E,V)) (1-22) 

and 

\\A\\l{K{E,V)) < II^IU(B) < C'|>ll^i||L(K(B,P))- (1-23) 

Proof. The first inequality in (1.22) is obvious. For the second one, let A G L{E,P) 
and 5 > 0. Choose an xq G P with ||xo|| = 1 such that ||Axo|| > HA|| — e, and let 
Pn C P be such that ||PnAxo|| > |lAxo|| -e:, which is possible due to (1.21). Then, 
since P C P(P,P), 



sup 

KeK(E,V)\{0} 



\\KA\\ ^ WPr^AW ^ WPnAxo 



\m 



> 



C-p 



>—(11^11 -2e). 

Up 



Thus, ll^ll <Cp|i^,||. 

The first inequality in (1.23) is again obvious. Let e > 0. As we have just 
seen, there is an m such that 

\\PmA\\>\\PmA\\/\\Pm\\>T\\A\\-e. 

Up 

Choose n such that HP^AQ^H = WPin^ — Pm^PnW < ^ (see Proposition 1.1.8 (a)). 
Then 

> CvWAPnW > \\PmAPnW > \\PmA\\ - \\PmAQn\\ > fr ~ 2 £- 

Hence, HA|| < \\Ai\\l(^k{e,v))' 
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Corollary 1.1.16 Let V be an approximate identity. Then no sequence in L{E^ V) 
possesses more than one V- strong limit. 

Indeed, if \\K{An — ^)|| ^0 and \\K{An — B)|| ^ 0 for all P-compact operators 
then \\K{A — B)\\ =0 for all K G K{E,V). Hence, {A — B)r = 0, whence 
A — B = 0hy the preceding proposition. □ 

Here are some properties of P-convergent sequences which are more or less imme- 
diate consequences of Propositions 1.1.2 and 1.1.15. In particular the hypotheses 
in assertion (c) are chosen such that the invertibility of the P-strong limit follows 
without effort from Proposition 1.1.2. We will discuss this invertibility problem 
under weaker assumptions for V in Section 1.1.5. 

Proposition 1.1.17 Let V he an approximate identity, and let (An) and {Bn) be 
sequences of operators in L{E,V) which converge V-strongly to operators A, B ^ 
L{E), respectively. 

(a) The operator A belongs to L{E,V), the sequence {An) is uniformly hounded, 
and 

||^I|l(£;) < Cj> liminf ||An||L(£;)• 

7n particular, L{E,V) is a closed subspace of L{E) with respect to V-strong 
convergence. 

(b) An + Bn ^ A B and AnBn AB V-strongly. 

(c) If V is uniform, if the Pn converge * -strongly to the identity operator, and if 
the operators An are invertible for all sujficiently large n and the norms of 
their inverses are uniformly bounded, then A is invertible, and A~^ — » A~^ 
V-strongly. 

(d) IfV is symmetric, then > A* V* -strongly. 

Proof. Let An ^ A P-strongly and K G K{E,V). Then we have AnK G K{E,V) 
and KAn G K{E,V) since, by cissumption. An G L{E,V). Further, ||ylri7C — 
AK\\ — > 0 and HXAn ~ ^^11 ^ 0- Since K{E,V) is closed, this implies that AK 
and KA belong to K{E,V), i.e., A is in L{E,V). 

Consequently, the convergence \\{An — A)K\\ 0 for all K G K{E,V) is 

equivalent to the strong convergence of the operators An to A on K{E,V) if 
we identify operators on E with their action on K{E,V) as left multiplication 
operators. Similarly, the condition \\K{An - A)\\ 0 for all K G K{E,V) is 

equivalent to the strong convergence of the operators An to A on K{E,V), but 
now considered as acting as right multiplication operators on this Banach space. 
This shows that P-convergence is essentially strong convergence on a specified 
Banach space. Thus, by the Banach- St einhaus theorem, the sequence {{An)r) of 
right multiplication operators is uniformly bounded, and \\Ar\\ < liminf ||(74n)r ||- 
Taking into account (1.22) we arrive at assertion (a). Similarly, (b) follows from 
Proposition 1.1.2. 
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To prove (c), notice that the invertibility of A follows from Proposition 1.1.2 
(c). By Theorem 1.1.9, the inverse of A belongs to L{E,V). Thus, for every K G 
K{E,V), we have A~^K G K{E,V) and consequently, 

||(A-i - A-^)K\\ < 1|A;;1|| ||(A„ - A)A-^K\\ < - A)A~^K\\ ^ 0. 

The dual condition follows similarly, and assertion (d) is obvious. □ 

Approximate identities with specific properties. In what follows we will often 
meet approximate projections V = {Pn) with 

supllPn^ll = ll^ll for every X G E. (1-24) 

n 

Evidently, every approximate projection which satisfies this condition is an ap- 
proximate identity. Condition (1.24) implies that ||Pn|| ^ 1 for all n. Together 
with (1.2), this shows that ||Pn|| = 1 for all sufficiently large n and that Cr = 1. 
Thus, under the assumption (1.24), the inequalities in (1.22) and (1.23) become 
equalities. Moreover, the limit lim^-^oo ll^n^ll exists and 

lim \\Pnx\\ = ll^ll for every X G E. (1.25) 

n — >oo 

Indeed, let x G and e > 0. Choose m such that ||x|l - 6 < ||TWi^|| and N such 
that 

\\PmX\\ = \\PmPnX\\ < \\PnX\\ for all 71 > N. 

Thus, ||x|| - £ < llPri^ll < 11^11 for all sufficiently large n. 

Moreover, an obvious modification of the proof of Proposition 1.1.15 under 
the additional assumption (1.24) also yields that 

lim \\PnA\\ = II All for all A G L{E) (1.26) 

and 

lim||APn|| = II All forallAGL(£;,P). (1.27) 

Another class of approximate identities is provided by approximate projections 
which converge strongly to the identity operator. (It is again obvious that the 
strong convergence Pn ^ I forces condition (1.21).) We will call an approximate 
identity V = (P^) perfect if both Pn I and P* -> /* strongly. Perfect approxi- 
mate identities are symmetric. 

If P is a perfect approximate identity, then Theorem 1.1.3 implies that 
K{E) C K{E,V). This shows that Fredholm operators are P-Fredholm, and that 
P-strong convergence implies common strong convergence. For the latter, notice 
that P-strong convergence of (An) to A implies \\AnKx — AKx\\ 0 where is 
as in (1.1), whence \\AnX - Ax\\ 0 for every x e E. 

Conversely, if all operators Pn are compact in the common sense, then every 
operator K e K{E, V) is the uniform limit of the compact operators PnK, whence 
K{E,V) C K{E). Thus, if P is perfect and P C K{E), then K{E,V) = K{E) 
and L{E,V) = L{E), and all ‘P-notions’ reduce to their common meaning. 
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1.1.5 Inver tibility of P-strong limits 

In order to get information about the invertibility of the limit of a 7^-strongly 
convergent sequence without assuming the symmetry or the strong convergence 
of the approximate identity V, we have to restrict the class of sequences under 
consideration. To have a frame in which we can work, let J^{E) stand for the set of 
all bounded sequences [An)n>o of operators in L{E). Provided with the operations 

(An) + {En) ’•= {An + Bn), {An){Bn) ‘>= (AnBn), <^(^n) •= (<^^n) 

and with the norm ||(^n)|| •= sup||^ri||, this set becomes a Banach algebra with 
identity element (/). If is a Hilbert space, then the involution {An)* := (^*) 
makes E{E) even to a C*-algebra. 

To motivate the following definition, recall that an operator A G L{E) belongs 
to L{E^V) if, for every m > 0, 

\\PmAQn\\^0 and \\QnAPm\\ ^ 0 asn^oc. (1.28) 

Definition 1.1.18 ^ sequence {An) G E{E) belongs to the class T{E,V) if, for 
every m > 0, 

sup \\PmAkQn\\ 0 and sup 0 asu-^oo. 

/c>0 /c>0 

It follows immediately from (1.28) that if {An) G P{E,V), then every operator 
An belongs to L{E,V) and that, conversely, for every operator A G L{E,V), the 
constant sequence {A) belongs to P{E,V). It is also evident that the sequence 
{Pn) is in T{E,V). 

Theorem 1.1.19 7^) is a closed subalgebra of P{E). If the approximate iden- 

tity V is uniform, then E{E,V) is inverse closed in T{E). 

Proof. It is obvious that P{E,V) is a linear space. We show that the product of 
two sequences {An), {Bn) ^ J-{E,V) also belongs to T{E,V). For m, r > 0, we 
have 



sup \\PmAkBkQn\\ < 

k 

^ sup \\P mAj^P-pB]^Qn\\ T sup ||i^ rnAkQrBkQnW 
k k 

< C sup \\PrBkQn\\ + c sup \\ Pm AkQrW- (1-29) 

k k 

We choose and fix an r such that the second term in (1.29) becomes as small as 
desired, and then an no such that the first term in (1.29) becomes smaller than 
a given constant for all n > uq. This shows that T{E,V) is an algebra, and the 
proof of its closedness is also fairly standard. 

The inverse closedness of E{E, V) in P{E) can be verified in exactly the same 
way as the inverse closedness of L{E,V) in L{E) in Theorem 1.1.9. □ 

Let Eq stand for the closure in E of UmlmPrn- 
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Lemma 1.1.20 

(a) E{) consists of all x E E with QnX — > 0. 

(b) Eq is a closed linear subspace of E. 

(c) The subspace Eq is invariant for operators in L{E^V). 

Proof Let x E Eq and £ > 0. Choose m eN and y E E such that ||x - PmVW < 
and choose N such that QnPm = PmQn = 0 for all n > Thus, for all n > 

\\QnX\\ < \\Qn{x - PmV)\\ + WQnPmVW < ||Qn|| - Pm2/|| < Ce, 

yielding QnX 0. Conversely, QuX 0 for some x E E implies x = lim PnX, i.e., 
X E Eq. Assertion (b) follows immediately from (a). For (c), let A E L{E,V) and 
X E E he such that QnX 0. Then, for all m, 

\\QnAx\\ < WQnAPmXW + \\QnAQmX\\ < \\QnAPm\\ I^H P C\\QmX\\, 

where the right-hand side becomes less than any ^ > 0 if m is chosen such that 
WQmXW < e/2 and if n is sufficiently large. Thus, QnAx — > 0 and Ax E Eq. □ 

Here is the desired generalization of Proposition 1.1.17 (c). 

Proposition 1.1.21 Let V be a uniform approximate identity, and let (An) be a 
sequence in T{E,V) with V-strong limit A. If all operators An are invertible, and 
if the norms of their inverses are uniformly bounded, then A\eq is invertible, and 
^u^\eo ^ Strongly. 

Proof From PmX = A~'^AnPmX we conclude that ||Pm3:|| < C\\AnPmx\\ for all 
X E E and m > 0. Passage to the limit as n ^ (X) yields ||Pm^|| < C\\APmx\\, and 
letting m go to infinity in case x E Eq shows that 

ll^ll < X E Eq. (1.30) 

From Proposition 1.1.17 we know that A E L{E,V). Thus, by Lemma 1.1.20, Eq 
is an invariant subspace for A, and from (1.30) we conclude that the operator A\eq 
has a trivial kernel and a closed range. We claim that the range of A\eq is all of 
Eq. For every /c, m > 0, we have 

\\{I-AA-^)Pk\\ = \\{An-A)A-^Pk\\ 

= \\{An-A){Pm+Qm)A-^Pk\\ 

< C\\{Ar,-A)Pm\\+C\\QmA-^Pk\\. 

Given e > 0, choose and fix m such that < £ uniformly with respect 

to n which can be done since the sequence {A~^) belongs to E{E) and, hence, to 
T{E,V) by Theorem 1.1.19. Further, choose no such that ||(An - A)Pm\\ < s for 
all n > uq. These choices guarantee that ||(/ — AA~^)Pk\\ < for all n > no, 
whence 



AA^^PkX PkX for allx E E, k >0 



(1.31) 




1.2. Limit operators 



17 



as n ^ oo. Since V is uniform, the operators A~^ belong to L{E,V)^ hence, they 
leave the space Eq invariant. Thus, (1.31) shows that PmX is the norm limit of 
vectors in lmA\Eo’ Since we already know that this range is closed, we obtain 
PmX e lmA\Eo for every x e E and m > 0. Employing the closedness of AEq once 
more we get lmA\Eo = whence the invert ibility oi A\eq- 
Finally, it follows from ||(/ — AA~^)Pk\\ 0 that 

\\A-^P, - {A\Eo)-^Pk\\ < ||(^|bo)-'II \\{I - AAn^)Pk\\ - 0, 

whence the strong convergence of A~ ^\eo fo (A\eo) D 

If, in particular, Pn ^ I strongly, then the preceding proposition guarantees the 
invertibility of A = 7^-lim^n on E = Eq without further symmetry assumptions 
on V (but only for operators (An) in T{E,V), whereas Proposition 1.1.17 (c) 
gives this result for sequences in P{E)). Let us also mention that in Chapters 2 
and 6 we will meet situations where Eq is a proper subspace of E, but where E 
can be identified with the second dual of Eq, which also can be used to prove the 
invertibility of the P-strong limits on E, not only on Eq. 

1.2 Limit operators 

The theory of limit operators which we are going to introduce in this section 
will provide us with an adequate tool to investigate band and band-dominated 
operators. 



1.2.1 Limit operators and the operator spectrum 

Let iV be a positive integer. We suppose that the additive group acts contin- 
uously on the Banach space E, i.e., that there is a bounded family V = {Vk}kez^ 
of operators 14 ^ such that VkVi — T4+z for all /c, / G Z^ and Vb = /. It is 

possible to formulate and prove many of the following notions and results also for 
more general (in particular, non-commutative) locally compact topological groups 
in place of Z^. We renounce to consider these more general settings here since 
they would not only blow up the size of the book essentially, but would also be 
redundant for most of the applications we have in mind. Only in Chapters 4 and 
7, we will have to deal with actions of discrete Heisenberg groups in place of Z^. 
In these cases, the analogues of the following notions and results are evident. 

Let H stand for the set of all sequences h : N Z^ which tend to infinity 
in the sense that, for every R > 0, there is an mo such that \h{m)\ > R for all 
m > mo. Further we assume that there is an approximate identity V = (Pm) on 
E which is related with the group action V as follows. For every m, n G N, 



there is an P > 0 such that PmVkPn = 0 for all \k\ > P, 



(1.32) 
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and for every m G N and k G 

there is an no G N such that PmVkQn = QnVkPm = 0 for all n > no- (1.33) 

The latter condition ensures that V C L{E,V) due to Proposition 1.1.8 (a). 

Definition 1.2.1 Let A G L{E^V), and let h £l~L. The operator Ah G L{E) is called 
limit operator of A with respect to h if 

— PAilRm-^oo ^—h{m)-^^h{m) ’ 

The set CTop{A) of all limit operators of A is called the operator spectrum o/^. 

An operator can possess only one limit operator with respect to a given sequence 
(Corollary 1.1.16) which justifies the notation Ah for the limit operator. Observe 
also that if ^ is a subsequence of G then g is also in H, and if the limit operator 
Ah exists for an operator A G L{E,V), then Ag also exists, and Ag = Ah. Let 
us further recall from Proposition 1.1.14 that Ah is the limit operator of A with 
respect to the sequence h if and only if 

lim \\{V_h{n)AVh{n) - Ah)Pm\\L{E) =0 

n^oo ^ ^ ^ ^ ^ ^ 



and 

\\PmiV-h(n)AVh(n) ~ ^h)\\L{E) = 0 

for every Pm G V. 

Here are some elementary properties of limit operators which are immediate 
consequences of Proposition 1.1.17. 

Proposition 1.2.2 Let V he an approximate identity, let h G TL, and let A, B he 
operators in L{E,V) for which the limit operators Ah and Bh exist. Then 

(a) ||A/i|| < C||A|| with a constant C independent of A and h. 

(b) the limit operators {A + B)h and {AB)h exist and {A B)h = Ah P Bh and 
{AB)h = AhBh- 

(c) if V is perfect and A is invertible, then Ah is invertible, the limit operator 
(A~^)h exists, and {A~^)h = {Ah)~^. 

(d) ifV is symmetric, then the limit operator {A*)h (taken with respect to V*) 
exists and {A*)h = (Ah)*. 

(e) if C, G L{E, V) are operators with \\C — ^ 0, and if the limit 

operator s{C^'^^)h exist for all sufficiently large m, then the limit operator Ch 
exists, and \\Ch — (C'^’^^);^|| ^ 0. 

Proposition 1.2.3 The operator spectrum of an operator in L{E,V) is hounded and 
closed with respect to V -strong convergence. 
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Proof. The boundedness of the operator spectrum follows from Proposition 1.2.2 
(a). For the proof of its closedness, let A G L{E) be the 7^~strong limit of a sequence 
of limit operators of an operator A G L{E^V). 

Due to the definition of a limit operator, there exists an increasing sequence 
of points h(l), h(2), . . . G such that 



\\{V_h(k)AVh^k) - A^'^^)Pi\\ < 1/k for all I = 1, . . . , k. 

and 

\\Pi{V^h(k)AVh(k) - < 1/k for all 1 = 1, ...,k. 

We claim that A is the limit operator of A with respect to the sequence (h(A:))^^. 
Let Pm G V and £ > 0. Choose ki such that 

IK^(fc) _i)P^|| <g/2 forallfc>fci. 

and k 2 such that 1/^2 < e/2. Then, for all k > majcjm, ki, ^ 2 }, 

\\{V-Hik)AVhik) - A)Pm\\ < \\iV-H(k)AV^(k) - A^^^)Pr^\\ + - i)P„|| < £. 

The ‘dual’ condition follows analogously. This proves our claim. □ 

If 5 is a limit operator of an operator A then V-kBVk is also a limit operator of 
A for every k G . Indeed, let h be a sequence in H such that B = Ah. Then 

y-k-h{n)^yh{n)-\-k = y-ky-h{n)^yh{n)yk y~kBVk 

P-strongly as n oo. Thus, operator spectra are shift invariant In combination 
with the preceding proposition, this has the following nice consequence. 

Corollary 1.2.4 Every limit operator of a limit operator of A is a limit operator 
of A. 



1.2.2 Operators with rich operator spectrum 

Operators A G L{E^ V) which possess limit operators Ah for sufficiently many 
sequences h are of particular interest. 

Definition 1.2.5 An operator A G L{E^ V) is called an operator with rich operator 
spectrum or simply a rich operator if every sequence h ^ H contains an infinite 
subsequence g such that the limit operator of A with respect to g exists. The set of 
all operators with rich spectrum will be denoted by L^{E, V) . 

For example, the operators are rich, and (JopiVk) = for ^ ^ The 
richness of 7^-compact operators is part of the following proposition. Moreover, 
assertion (c) of that proposition states that richness is essentially a sequential 
compactness condition with respect to P-convergence. 
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Proposition 1.2.6 Let V he an approximate identity. 

(a) V) is a closed subalgehra of L{E^ V). 

(b) K{E, V) is a closed ideal of L^{E^ V). In particular, aop(K) = {0} for every 
V -compact operator K . 

(c) An operator A G L{E, V) is rich if and only if the set {V-kAVk}kez^ of its 
shifts is relatively sequentially compact with respect to the V -strong conver- 
gence. 

Proof, (a) Let A, B e L^{E, V) and G By hypothesis, there are subsequences 
f oih and g of f such that Aj and Bg exist. From Proposition 1.1.12 (b) we know 
that then {A + B)g and {AB)g exist, hence, L^{E,V) is an algebra. 

Now let be a sequence in L^[E, V) which tends uniformly to an 

operator A G L{E, V), and let h E H. By hypothesis, we can find a subsequence 
gi of h such that Ag\^ exists, then a subsequence g 2 of gi such that A^^^ exists, 
and so on. Proceeding in this way, we obtain for each /c > 2 a subsequence gk of 

(k) 

gk -1 such that Agj^^ exists. Define a new sequence g by g{k) := gk{k). Evidently, 
g is a subsequence of h, and the limit operators Ag^^ exist for all m. Then, by 
Proposition 1.2.2 (e), the limit operator Ag exists, too. Thus, A G L^{E, V), 
showing the closedness of L^{E, V) in L{E, V). 

(b) Our next objective is the inclusion K{E, V) C L^{E, V). Let h e H and 
Pm C V. Then, for every K G K{E, V) and Pn G V, 

\\V_h{k)KVh{k)Pm\\ < \\V_h{k)KPnVh{k)Pm\\ + \\V_h{k)KQnVh{k)Prn\\ 

< C\\PnVk^k)Pm\\+C\\KQn\\ 

with a constant C (recall the uniform boundedness of the families V and V). Given 
e > 0, choose n such that C||i^(5n|| < ^ and then such that C\\PnVh{k)Pm\\ < ^ 
for all k > ko (compare (1.32)). Then \\V-h{k)P'^h{k)Pm\\ < for all k > ko. 
The convergence II ^ 0 follows analogously. Hence, K{E, V) C 

L^{E, V), and the operator spectrum of a P-compact operator is the singleton 

{ 0 }. 

(c) Let {V_k{n)^yh(n))neN be a sequence in {V-kAVk}kez^ ■ If the sequence h is 

bounded, then it possesses a constant subsequence g, and {V_g(^j^^AVg(^rL))neN is 
evidently a convergent sequence. If h is unbounded, then it has a subsequence I 
which tends to infinity. Then, by definition of richness, there is a subsequence g 
of I such that (E_^(^) ^yg{n)) neN converges P-strongly. The reverse implication is 
obvious. □ 

Corollary 1.2.7 If A G L^{E, V), then (Jop{A) is sequentially compact with respect 
to the V -strong convergence. 

Indeed, the set {V-kAVk}kez^ is relatively sequentially compact with respect to 
the P-strong convergence by Proposition 1.2.6 (c). By definition, the operator 
spectrum of A is contained in the 7^-strong closure of this set, and the operator 
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spectrum is 7^-strong closed by Proposition 1.2.3. Being a closed subset of a se- 
quentially compact set, (Jop{^) is sequentially compact with respect to the P-strong 
convergence. 

The perfect case. In what follows we will mainly be concerned with the P- 
Fredholm properties of operators in L^{E, V) and with the invertibility of their 
limit operators. The most complete information on invertibility of limit operators, 
which we have at our disposal is Proposition 1.2.2 (c), where a perfect approximate 
identity is assumed. So we start with focusing our attention on the perfect case. 

Proposition 1.2.8 Let V be a perfect approximate identity. Then L^{E^ V) is in- 
verse closed in L{E, V). IfV is moreover uniform, then L^{E, V) is inverse closed 
in L{E). 

Proof Let A G L^{E, V) be invertible in L{E, V), and let h e H. Then there 
is a subsequence g of h such that Ag exists. By Proposition 1.2.2 (c), the limit 
operator {A~^)g also exists. Thus, A~^ has rich spectrum, which reveals the inverse 
closedness in L{E, V). The inverse closedness in L{E) follows from Theorem 1.1.9. 

□ 

Proposition 1.2.9 Let V he a perfect approximate identity. If A E L{E, V) is a 
V- Fredholm operator, then all limit operators of A are invertible, and the norms 
of their inverses are uniformly hounded. 

Proof. Let A G L{E, V) be a P-Fredholm operator, i.e., there exist operators 
D G L{E, V) and Ti, T 2 G K{E,V) such that DA ^ I F Ti d.nd AD = I T 2 . 
If h G W is a sequence such that the limit operator Ah exists, then, for every 
'P-compact operator K, 

K = V^h{n)iyh{n)K = V_h{n)DVh{n)y-h{n)iy^h{n)K ~ Vl/i(n)Tl I4(n) ^ 
and, consequently, 

< C\\y_hin)Ayhin)K\\ + \\y-hin)Tiyhin)K\\. 

Passage to the limit n ^ oc yields 

< C\\AhK\\ for all K G K{E, V) 

(recall from Proposition 1.2.6 that {Ti)h exists and is the zero operator). Analo- 
gously, 

||A:|| < C||A;;i^l| for all K G K{E\ P*). 

Since P is perfect, we have K{E) C K{E, V) a^ well as K(P*) C K{E\ P*). 
Thus, we can replace by a rank one operator as in (1.1) in the latter two 
estimates to get 

||x|| < C\\Ahx\\ and ||/|| < C\\Ay\\ 

for all X e £■ and / e E*. Hence, Ah is invertible, and ||(Y4ft)“^|| < C. □ 
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Proposition 1.2.10 Let V be a perfect and uniform approximate identity. Then 
V)/K{E, V) is an inverse closed subalgebra of L{E, V)fK{E, V). 

Proof. Let A G L^{E^ V) be a P-Fredholm operator and let D G L{E, V) be 
a regularizer of A (i.e., the coset D + K{E, V) is the inverse of ^ -h K{E, V)). 
Since any two regularizers of A differ by a P-compact operator, and since every V- 
compact operator belongs to L^{E, V), it is sufficient to prove that D G L^{E, V) 
for at least one regularizer of A. We choose D such that DAQm = Qm for some 
m G N (compare Proposition 1.1.12). 

Now let G 7Y. Since A is rich, there is a subsequence g oi h for which Ag 
exists. For every 7^-compact operator K we then have 

^-g{n)D^g{n)^g^ 

~ ^—g(n)^^g{n)i^g ^—g{n)^Qm^g{n))^'P ^—g{n)D^Qm^g(n)^ 

^—g{n)^^g(n){^g ~ ^—g{n)^^g{n)^—g{n)Qm^g(n))^ ^—g{n)Qm^g(n)^' 

The right-hand side of this equality tends to K in the operator norm (observe that 
\\V-g{n)QmVg(n)K ~ K\\ = \\V_g(^ri)PmVg(ri)K\\ ^ 0 by Proposition 1.2.6). Hence, 

V-gi^ri)Dyg{n)Ag I P-strongly as n ->cx). 

Since Ag is invertible (Proposition 1.2.9), and since L{E^V) is inverse closed 
in L[E) (Theorem 1.1.9), this yields the 7^-strong convergence of VT^(n) DVgin) 
toA-i. □ 

The preceding results suggest that limit operators are closely related with Fred- 
holmness. One of our main objectives in this book is to single out classes of oper- 
ators for which the converse of Proposition 1.2.9 is true. 

The non-perfect case. As in Section 1.1.5, to derive the invertibility of the limit 
operators of an invertible operator under weak conditions for 7^, we have to restrict 
the class of operators under consideration. 

Definition 1.2.11 An operator A G L{E) belongs to the class L{E,V,V) if, for 
every m > 0, 

sup ||P^VL/cA14(5n|| ^ 0 and sup ||(5n^-/e^VfcPrn|| ^ 0 asn^oo. 

kez^ 

Theorem 1.2.12 Let V be an approximate identity. Then L{E, P, V) is a closed 
subalgebra of L{E) which contains K{E, V) as its closed ideal. If V is uniform, 
then L{E, P, V) is inverse closed in L{E). 

Proof. The closedness and inverse closedness of L{E, P, V) can be checked as in 
Theorem 1.1.19 (one can also refer directly to this theorem because, after rear- 
ranging, the sequence (V-kAVk) can be viewed of as an element of P(P, P)). 
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We are left with the implication K{E, V) C L{E^ 'P, V). Let K G K{E^ V). 
Since \\PgKPs — K\\ ^ 0 as 5 — > oo, and since L{E, P, V) is closed, it is sufficient 
to show that PgKPg G L{E, P, V) for every s. Let us check, for example, that 

lim sup \\PmV-kPsKPsVkQn\\ =0 

kez^ 

for every m G N. By (1.32), there is an P > 0 such that PmV-kPs — 0 for all 
|/cl > P. So it remains to show that 

lim \\PmV-kPsKPsVkQn\\ = 0 for every fc e with |fc| < R. 

n-^co 

This assertion follows immediately from (1.33). □ 

Specifying Proposition 1.1.21 to the present context essentially yields the following. 

Proposition 1.2.13 Let V he a uniform approximate identity. If A e L{E, P, V) is 
invertible and if the limit operator Ah exists for a sequence h £H, then Ah\Eo 
invertible, {A~^\Eo)h exists, and {Ah\Eo)~^ = {A~^\Eo)h- Moreover, the norms of 
the inverses of the operators Ah\Eo CL'ee uniformly hounded. 

Proof. Let A G L{E, P, V) be invertible, and let h G P be a sequence for which the 
limit operator Ah exists. Then the sequence {V-h{n)AVh(n)) belongs to T{E, P) 
and is invertible in P{E). Thus, Ah\Eo is an invertible operator by Proposition 
1.1.21. The P-strong convergence of I to {Ah\Eo)~^ on Eq follows 

in the standard way: 

\\y-h{n)A~^Vh(n)Pm ~ {Ah\Eo)~^Pm\\ 

< sup ||Vfc|P ||^~'^|| ||(^/i - V-h{n)Ayh(n)){Ah\Eo)~^Pm\\ 0 

k 

and the dual assertion can be checked analogously. Finally, the uniform bounded- 
ness of the inverses of the limit operators is a consequence of 

||x|| < C ||^/ix|| for all X G Po 

with a constant C independent of the sequence h which can be seen as in (1.30). 

□ 

If, in particular, Pn ^ I strongly, then Proposition 1.2.13 yields the invert ibility of 
Ah on E = Eq without symmetry assumptions for P (but only for operators A in 
L{E, P, V), whereas Proposition 1.2.9 gives this result for operators in L{E, V)). 

1.3 Algebraization 

The algebraic properties of the mapping Ap^ Ah are summarized in Proposition 
1.2.2. It says essentially that if h G W and if S is a subalgebra of L{E, P) such 
that the limit operator Ah exists for every A E B, then the mapping A Ah is 
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an algebra homomorphism from B into L{E). But, of course, this mapping is not 
an algebra homomorphism on all of V)] it is not even defined on V). 

In this section we will briefiy discuss two ways to algebraize the concept of limit 
operators in order to get algebra homomorphisms. 

1.3.1 Algebraization by restriction 

Here we will single out subalgebras of L^{E, V) on which the mapping A Ah 
acts homomorphically. 

Proposition 1.3.1 Let B be a separable subset of L^(£', V). Then every sequence 
h ^ H possesses a subsequence g such that the limit operator Ag exists for every 
AeB. 

Proof Let {Bn}n>i be a dense subset of B, and let ho h e TL. Since the 
operators Bn are rich, we find, for every n > 1, a subsequence hn of hn~i such 
that the limit operator of Bn with respect to hn exists. Set g{n) := hn{n). Then 
g and the limit operators {Bn)g exist for every n. 

If now A ^ B and h e H, then there is a subsequence (An) of {Bn} which 
tends to A in the norm, and there is a subsequence g oi h such that all limit 
operators {An)g exist. By Proposition 1.2.2 (e), the limit operator Ag exists, too. 

□ 

For each subset B of L{E, V), we let TLb stand for the set of all sequences h 
for which the limit operator Ah exists for each A ^ B. 

Proposition 1.3.2 Let B be a separable subalgebra of L^{E, V). Then the mapping 
A\-^ Ah is a continuous algebra homomorphism on B for every h eTIb, and 

(Jop{A) = [Ah : h e TLb} for every AeB. 

Proof. The first assertion is a consequence of Proposition 1.2.2 (and holds for any 
subalgebra of L{E, V)). For the second one, let Ah be a limit operator oi A e B. 
By Proposition 1.3.1, there is a subsequence g oi h which belongs to Hb- Thus, 
Ah = Ag e {Ah : h e TLb}- □ 

One can push this result a little bit further by including 7^-compact operators. 

Proposition 1.3.3 Let B be a separable subalgebra of L^{E^ V), and let A be the 
smallest closed subalgebra of L{E) which contains B and the ideal K{E, V). Then 
every sequence h eTL possesses a subsequence g such that the limit operator Ag ex- 
ists for every AeB, the mapping A i— > Ah is a continuous algebra homomorphism 
on A for every h e TLa, and 



aop{A) = {Ah : h e TLa} for every A e A. 
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Proof. Let A e A, and let {Bn}n>i be a dense subset of B. There are a subsequence 
{An) of {Bn} and a sequence {Kn) of P-compact operators such that An + Kn 
tends to A in the norm. The operators An + Kn are rich by assumption and by 
Proposition 1.2.6. Thus, the assertion follows as in the preceding proposition. □ 

From Proposition 1.2.6 we further know that Kh = 0 for every P-compact operator 
K and every sequence h ^ 7i. Thus, if A is as in Proposition 1.3.3 and h G Bai 
then the mapping 

Wh : A/K(E, V) ^ L{E), A + K{E, V) ^ An (1.35) 

is well defined, and it is a continuous algebra homomorphism. This homomorphism 
is unital if A contains the identity operator. 

1.3.2 Symbol calculus 

In this section we will see how to associate an operator- valued function smb A with 
every operator A G L^{E, V) such that the set of the values of smb A coincides 
with the operator spectrum (Jop{A) and such that the mapping A smb A is a 
continuous algebra homomorphism. In this case we call smb a symbol mapping and 
smb A the symbol of A. 

Given A G L{E, V), let Ha denote the set of all sequences h e H such that 
the limit operator Ah exists. A most natural candidate for the symbol of A is the 
function 

smb°^ ; 7{a ^ L{E), h ^ Ah. (1.36) 

There arise obvious difficulties if one wants to add or to multiply such ‘symbols’. 
Indeed, smb^A and smb^.B are defined on Ha and Hb, respectively. Thus, their 
‘sum’ smb^A + smh^B is naturally defined on Ha ^Hb only. On the other hand, 
the ‘symbol’ smb^(A + 5) of A + B is defined on Ha+b which can be a much larger 
set than Ha ^Hb- For example, Ha H H-a = Ha, whereas Ha- a — H^ — H. 
Thus, the mapping smb^ defined by (1.36) is not a symbol mapping in our sense. 
To avoid these difficulties, we are going to introduce an equivalence relation which 
will allow us to identify smb^A + smb^(— A) with smb^O for all A G L^{E., V). 
For, we first have to define an equivalence relation on H as follows. Two sequences 
h ^H are equivalent if there exist /c, / G N such that 

g{k + n) = h{l + n) for all n G N. (1-37) 

Definition 1.3.4 A subset D of H is an admissible domain if the following condi- 
tions are satisfied: 

(a) Every sequence h eH possesses a subsequence which belongs to D. 

(b) If h ^ D, and if g eH is equivalent to a subsequence of h, then g G D. 

Evidently, H itself is an admissible domain, and so are all sets Ha with A G 
B{E, V). 
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Proposition 1.3.5 The intersection of an at most countable set of admissible do- 
mains is an admissible domain again. 

Proof. Let Di, D 2 ^ ... be admissible domains and D* := It is evident that 

D* satisfies property (b) of an admissible domain. We claim that D* is subject to 
condition (a). 

Let h £ Tt. Since Di is admissible, there is a subsequence h\ of h which 
belongs to Di. Analogously, there is a subsequence h 2 of hi which belongs to 
and so on. We form a new sequence /z* by h*{k) := hk{k). This sequence belongs 
to D*. Indeed, the sequence /z* is equivalent to a subsequence of the subsequence 
(7z*(/c+l), /z*(/c+2), . . .) of /zfc. Hence, /z* belongs to Dk for every k due to property 
(b) of the admissible domain D^. □ 

Let denote the set of all bounded functions X which are defined on an admis- 
sible domain D{X) C H and take values in L{E)^ and which own the following 
property: If h G D{X) and if ^ G W is equivalent to a subsequence of h then 
X{h) = X{g). For example, all functions smb^A defined by (1.36) belong to 

We provide with operations as follows: Given A, T G the sum X -\-Y 
(resp. the product XY) is the function which is defined on D{X)nD{Y) and takes 
the value X{h) + Y{h) (resp. X[h)Y{h)) at /z G D{X) fl D{Y). Further, if o; G C, 
then aX is the function which is defined on D{X) and takes the value aX{h) at 
h G D{X). Finally, we set 

||X|| :=sup{||X(/i)|UeD(X)}. 

Evidently, both operations satisfy the associativity and distributivity laws, and 
the addition is also commutative. The (additive) zero and (multiplicative) identity 
element are the functions 

0 : W L{E), h^t) and I : L{E), h^I 

with D{0) = D{I) = H respectively. But observe that, in general, X — X ^ 0 
because of the different domains of definition of the functions X — X and 0. Also, 
||.|| satisfies the usual properties of a norm with the only exception that ||A|| = 0 
does not necessarily imply A = 0. 

The announced equivalence relation on which is aimed to solve these 
problems is defined by 

A ~ y if and only if A|^(x)nD(v) = ^|D(x)nD(y)- 

Proposition 1.3.6 The relation ~ is an equivalence relation on which is com- 
patible with the operations and with the norm. 

Proof. The refiexivity and symmetry of ~ are evident. For the transitivity of 
let A ~ y and Y ^ Z, and let h G D{X) fl D{Z). By property (a) of admissible 
domains, there is a subsequence g oth which lies in D(Y). Further, by property (b). 
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g belongs to every of the sets D{X), ^(^)* Now we have X{h) — X{g) — 

Y{g) because of X ~ F, and we have Z{h) = Z{g) — Y{g) because of F ~ Z. 
Hence, X{h) =Y{g) = Z{h) for all h G D{X) fl D{Z). 

Let now Xi ^ Fi and X2 ~ F2. We will show that this implies Xi + X2 
Fl + F2. The compatibility of ~ with the other operations follows analogously. 
What we have to check is the equality 

+ -^2|D(Xi+X2)nD(yi+y2) = + ^2|D(Xi+X2)nD(yi+y2)- 

By definition, D{Xi + X2) = D(Xi) H D{X2) and D{Yi + F2) = D{Yi) fl D{Y2). 
So, our claim is equivalent to 

Xi + X2|D(Xi)nD(X2)nD(yi)nD(y2) = + ^2|D(Xi)nD(X2)nD(yi)nD(y2)- 

Let h G D{Xi) n D{X2) H D{Yi) H D{Y2). Then 

Xi{h) = Yi{h) since h G D{Xi) fl D{Yi) and Xi ~ Fi, 

X2{h) — Y2{h) since h G D{X2) fl D{Y2) and X2 ~ F2. 

Hence, Xi{h) + X2{h) = Yi{h) + Y2{h). 

Finally, if W{X) C L{E) denotes the set of the values of the function X, 
then X ~ F implies that TF(X) = W{Y). Indeed, if A G IF(X), then there is an 

h G D{X) with X{h) = A, and we can find a subsequence g of h which is in both 

D{X) and D(Y). Hence, A = X{h) = X{g) = Y{g), i.e., A eW{Y). This shows 
that ||X|| = ||F|| whenever X - F. □ 

Let Te denote the set of all equivalence classes X"" of elements of with respect 
to the equivalence relation By the preceding proposition, it is correct to define 
operations on Te by 

+ F~ := (X + F)~, X'-F- := (XF)^, aX~ := {aX^ 



and a norm on Ee by 



||X-|| := ||X||. 



Proposition 1.3.7 Te is a Banach algebra. 

Proof. The proof is straightforward. We will only check that ||X~|| = 0 implies 
X ~ 0 and that the normed space Xe is complete. 

Let ||X~|| = 0 and let X be a representative of the coset X"". Then X = 0 
on D{X) and 



-^li:>(x)nD(o) = ^\ d { x ) — 0|d(x) — 0|D(x)nD(o). 

hence, X ~ 0 . Together with the above remarks this shows that Te is a normed 
algebra. 
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Let now {X^) be a Cauchy sequence in choose representatives Xn G 
and set D* := r\nD{Xn)- 

The Cauchy property of (X~) implies that, given £ > 0 there is an no such 

that 

IIX^Id* - Xmlo* II < £ for all m, n> tiq. (1.38) 

In particular, {Xn{h)) is a Cauchy sequence in L{E) for every h ^ D*. Hence, 
{Xn{h)) is convergent, and we can define a function X on D* by 

X{h) := lim Xn{h) for every h E D* . 

n—^oo 

The function belongs to Indeed, D{X) = D* is an admissible domain due 
to Proposition 1.3.5, and if g is equivalent to a subsequence oi h G then 
^n{g) = Xn{h) for all n and, thus, X{g) = X{h). 

Our next goal is the boundedness of X. From (1.38) we conclude 

sup \\Xn{h) — Xm{h)\\ < £ for all m, n > no. 
hen* 

Letting m go to infinity yields 

sup \\Xn{h) — X{h)\\ < £ for every n > no (1.39) 

heD* 

and, consequently, ||X|| < ||Xn|D*|l + ^ ^ l|-^n|| 

So we have X G and the convergence of to X"" in follows from 

||x;r-x-||= sup \\Xn{h)-x{h)\\ 

heD* 



and (1.39). □ 

In case is a Hilbert space, one can define an involution on in an obvious way 
which makes Te to 8i C* -algebra. 

Definition 1.3.8 The symbol of the operator A G V) is the coset smb A := 

(smb^A)"^ with smb^A defined by (1.36). 

This definition is correct because Ha is an admissible domain and smb^A G Ee 
for all A G L^{E, V). 

Corollary 1.3.9 The mapping smb : L^(E', V) Te is a continuous algebra ho- 
momorphism. 

Proof Let us check, for example, that smb A + smb H = smb {A-\-B). By definition, 
smb^^+smb^jB is the function, which is defined on Ha^T~Cb hy h Ah Bh, and 
smb^(A + B) is the function defined on Ha-\-b hy h {A B)h- Both functions 

coincide on Wyi n Wb n □ 

Corollary 1.3.10 If A E L^{E,V) is V-Fredholm, then smb A is invertible in Ee- 
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1.4 Comments and references 

The first appearance of limit operators is in Favard’s paper [53], where they are 
used to verify the existence of almost-periodic solutions of ordinary differential 
equations with almost-periodic coefficients. Later, Muhamadiev [109, 110] applied 
limit operators to the question of solvability of elliptic partial differential equations 
in The limit operators method has been developed further in the papers [93, 
95, 94, 118, 126, 137] for the study of the Fredholm property of wide classes of 
pseudodifferential operators and convolution operators on R’^ and Note also the 
paper [27], where the limit operators method has been applied to the computation 
of the essential spectrum of singular integral operators on Carleson curves acting 
in general weighted L^-spaces. See also the monograph [72] for lots of applications 
in numerical analysis. We will give impressions of these results in Chapters 3, 4 
and 6. Observe that in all of these papers, the method of limit operators is applied 
to a concrete class of operators acting on a concrete Banach space. 

Generalized notions of compactness have been introduced in [31, 52, 149], 
for example. Theorem 1.1.9 and its proof are (with minor modifications) taken 
from Kozak and Simonenko [87] . The original formulation of their result says that 
the inverse of an operator of local type is of local type again. It has been already 
employed in [149] to study the stability of approximation methods on spaces with 
supremum norm. 

There are other algebras besides L{E, V) which can be associated with an ap- 
proximate projection P in a natural way. A good candidate would be OLT{E^ 7^), 
the algebra of all operators A G L{E) with \\PnA — APn\\ 0 as n ^ oo. One 
easily checks that OLT{E, V) is a closed subalgebra of L{E) and that K{E, V) C 
OLT{E, V) C L{E, V). Moreover, it is evident that the algebra OLT{E, V) is in- 
verse closed in L{E). So, working with operators in OLT{E, V) seems to be much 
easier than working with operators from L{E, V). We give L{E, V) preference 
over OLT{E^ V) for at least two reasons: L{E^ V) is not only the largest algebra 
for which the P-compact operators form an ideal; this algebra is also (in contrast 
to OLT{E, V)) invariant with respect to the substitution of V by an equivalent 
approximate projection. Thus, when dealing with operators in L{E, V), we can 
switch over between equivalent approximate projections and choose that one which 
fits to our actual purposes. 




Chapter 2 

Fredholmness of Band-dominated Operators 



In this chapter we introduce a class of operators for which the converse of Corollary 
1.3.10 can be proved: if the symbol of the operator is invertible, then the operator is 
P-Fredholm. The class under consideration consists of band and band-dominated 
operators which act on /^-spaces over Z^. In the forthcoming chapters we will point 
out that this class is large enough to include, e.g., discretizations of convolution 
operators and of pseudodifferential operators. 

2.1 Band-dominated operators 

We start with fixing the Banach spaces E, the approximate identities V, and the 
group actions V, which will be used throughout this chapter. Then we continue with 
introducing the basic objects of this chapter: band and band-dominated operators 
with operator- valued entries. The main result of the section is Theorem 2.1.6, 
which provides us with different characterizations of band-dominated operators. 

2.1.1 Function spaces on Z^ 

For N a positive integer, let Z^ denote the set of all Wtuples x = (xi, . . . , xn) 
of integers, provided with the norm |x| = |x|oo •= max{|xi|, . . . , |xiv|}, and let X 
stand for a fixed complex Banach space. For p > 1, let P(Z^,X) and /^(Z^,X), 
respectively, stand for the Banach space of all functions / on Z^ with values in X 
such that 



ll/llp-= E ll/(^)llx<oo and ||/||oo sup ||/(a;)||x < oo. 

Let further co(Z^,X) refer to the closed subspace of /"^(Z^,X) which consists of 
all functions / with 

lim l|/(x)||x =0. 

x^oo 

In case X = C, we will simply write and co(Z^) in place of 1^{Z^ ,X) and 

co{Z^,X). 
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For 1 < p < oo, the dual space of ,X) can be identified with ,X*) 
where l/p+ 1/q = 1, and the dual of Cq{Z^ ^X) is isomorphic to If, in 

particular, X is a reflexive Banach space, then the spaces P(Z^,X) are reflexive 
for all 1 < p < oc. If X = i/ is a Hilbert space, then /^(Z^, iJ) is a Hilbert space 
with respect to the inner product 

if, a) ■= 9 {x))h- 

In what follows, we agree upon using the notation to refer to one of the 
spaces /^(Z^,X) with 1 < p < oo or to co(Z^,X), whereas the symbol E will be 
used if only the spaces P(Z^,X) with 1 < p < oo or cq(Z^,X) are taken into 
consideration. Our main emphasis will be on the spaces E, whereas the spaces 
/^(Z^,X) and /^(Z^,X) will play a major role only in Section 2.5, which is 
devoted to operators in the Wiener algebra. 

Given m G Z^, let Sm stand for the function on Z^ which is / G L{X) at m 
and 0 at all other points. The corresponding operator on L{E^) of multiplication 
by Sm will be abbreviated to Sm- For n > 0, we define Pn as the sum Sm 

and we set Qn '= I — Pn- The operators Pn and Qn are projections, and 

QnPm = PmQn = 0 whenever n > m. 

Hence, the family P := (Pn) constitutes a uniform approximate identity on each of 
the spaces and P is a perfect approximate identity for all spaces E. It is non- 
perfect but still symmetric for the space /^(Z^,X), whereas it is neither perfect 
nor symmetric for /^(Z^,X). To see the latter, let / G /°°(Z)* be a functional of 
norm one which vanishes on Co(Z). The existence of such functionals is guaranteed 
by the Hahn-Banach theorem. Then (P*f){x) = f{Pnx) = 0 for all x G /^(Z) and 
all n, whence the non- symmetry of V. Moreover, the same functional also yields 
a compact operator which does not belong to L(/^(Z), V). Indeed, choose a non- 
zero constant function g G /°^(Z) and consider the rank one operator Kx f{x)g. 
Then PmKQnX = f{Qnx)Pm9 = f{x)Pmg is independent of n and non-zero if x 
is accordingly chosen. 

Finally, for k G Z^, let Vk refer to the shift operator 

{Vkf){x) = f{x - k), xeZ^. (2.1) 

Clearly, 14 ^ L{E°^) and ||14 ||l(£;°°) == and (1.32) as well as (1.33) are satisfied. 
Thus, the family V := {14 : /c G Z^} constitutes a group action on E"^ in the 
sense of Section 1.2.1. 

2.1.2 Matrix representation 

It is often convenient to think of the operators in L{E^) as matrices with entries 
in L{X). For n G Z^, consider the restriction and extension operators 

Rn • Im ^ ^ (• • • 7 0? Xm O5 • • •) * ^ 

En '- X ^ImSn, Xn^ 0 , 0 , . . .), 



and 
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with the Xn standing at the nth place in the sequence. With every operator A G 
L{E"^)^ we associate the matrix {Aij)i j^iN where Aij := RiSiASjEj. Then, if 
u := G E"^ is a sequence with finite support, the vector Au =: v = 

is given by 

Vi = RiSiAu = RiSiA'^^ SjEjUj = ^^AijUj, 
j 3 

thus, A acts as a usual matrix. The more interesting question is: Given two op- 
erators A, B ^ L{E^) with the same matrix representation, is then necessarily 
A = B1 Of course, the answer is no in general: The matrix representation of the 
operator K G considered at the end of Section 2.1.1 is the zero matrix, but 

Proposition 2.1.1 Both the operators in L{E) and the operators in L{E^ ^ V) are 
uniquely determined by their matrix representation. 

Proof. First observe that, for every operator A G L{E^) and for each n, the matrix 
representation {Aij) of A determines the operators PnAPn completely. This follows 
from Pn = E|m|<n and 

PnAPn = SiASj = EiAijRjSj. 

\i\,\j\<n 

Now, if p < oc, then the projections Pn converge strongly to the identity operator. 
Hence, PnAPn A strongly for every A G L{E)^ showing that A is uniquely 
determined by its matrix representation. If p = oo, the Pn converge 7^-strongly to 
I. Thus, PnAPn A T^-strongly for every operator A G L{E^, V), what again 
yields the assertion. □ 

2.1.3 Operators of multiplication 

Let 1^{Z^ ^ L{X)) stand for the Banach algebra of all functions a on with 
values in L{X) and 

||a||oo := sup ||a(x)|lL(x) < oc, 

and denote by co(Z^,L(X)) the closed ideal of /^(Z^,L(X)) which consists of 
all functions a with 

lim \\a{x)\\^x) = 0. 

x^oo 

We abbreviate /^(Z^,L(C)) to and we will often identify a function 

a G V^{'L^) with the function x a{x)I G L{X) which belongs to 1^{1j^ ^ L{X)). 
Every function a G V^{'L^ ,L{X)) gives rise to an operator on E"^ via 

(a/)(rc) = a{x)f{x), x e . 

We call this operator the operator of multiplication by a and denote it by al. 
Evidently, al G L{E°^) and \\aI\\L(^E°^) — ll<^||oo* 
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Proposition 2.1.2 For a 6 ^L{X)), the operator al belongs to L{E^^ V). 

This operator belongs to K{E^, V) if and only if a e cq{Z^ , L{X)). 

Proof Let K e K{E^, V). Since al commutes with every operator Qn, we have 

WaKQnW < \\al\\ \\KQn\\ ^ 0 and WKaQJ = \\KQnaI\\ < \\KQn\\ \\al\\ ^ 0 

as n ^ oc. Similarly, \\QnKaI\\ 0 and 0, whence al G L{E°^ , V). 

For the second assertion observe that al G K{E^, V) if and only if, given 
c > 0, there is an no G N such that ||a(5n|| £ ^ for all n > no or, equivalently, 
such that ||a(x)|| < e for all x with \x\ > no- The latter is equivalent to a G 
co(Z^,L(X)). □ 

We proceed with two equivalent characterizations of multiplication operators. 

Proposition 2.1.3 An operator A G L[E^) is an operator of multiplication by a 
function in 1"^{Z^ , L{X)) if and only if 

ASm = SmA for all m G . (2.2) 

Proof It is evident that (2.2) holds if is a multiplication operator. For the reverse 
implication, let A be subject to (2.2), and let E^ and Rn be defined as in Section 
2.1.2. By Ma we denote the operator of multiplication by the function 

a : -> L{X), m RmSmASmEm- 

Evidently, a G /^(Z^,L(X)), and for all m G Z^ and all u = (um)mGZ^ C 
we have 

RmXf A^ — EmOj(^m^Um — EjYiRfjiSfYiASmEjYiUYn — S^mASmU — SmAu 

due to (2.2). This necessarily implies that Mau — Au for all u G E^ ^ i.e., is a 
multiplication operator. □ 

Thus, an operator is an operator of multiplication if and only if its matrix repre- 
sentation is a diagonal matrix. For another criterion, let ^ = (^i, . . . , ^at) G 
consider the function Ct which is defined at x = (xi, . . . , Xjv) G by 

et{x) := exp {i{tiX\ -h ^ 2^2 H h tNXN)), (2.3) 

and denote the restriction of a function a on onto Z^ by d. 

Theorem 2.1.4 

(a) An operator A G L{E) is the operator of multiplication by a function in 
1^{Z^,L{X)) if and only if 



CfA = Actl for all t G R^. (2.4) 

(b) An operator A G L{E^^ V) is the operator of multiplication by a function in 
/^(Z^,L(X)) if and only z/ (2.4) holds. 
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Proof. Clearly, every multiplication operator satisfies (2.4). For the reverse direc- 
tion, we claim that if an operator A G L{E^) is subject to condition (2.4), then 

AbPn = bAPn for every bounded continuous function b on (2-5) 

Once this is verified, and if A G V), we take the P-strong limit of both 

sides of (2.5) which yields Abl = bA for all b and, hence, ASm = SmA for all m. 
Then assertion (b) follows from Proposition 2.1.3. In case A G L{E), we can take 
the usual strong limit in place of the P-strong one which yields the conclusion 
without further restriction on A. 

To verify (2.5), let C denote the closure with respect to the supremum norm 
of the linear hull of all functions e^, and let Mn [— n, n]^ . Then, due to (2.4), 

aA = Aal for all a G C. (2-6) 

The Weierstrafi’ approximation theorem implies that the restriction of C onto Mn 
is all of C{Mn). Hence, if 6 is a bounded continuous function on then, for every 
fixed n, there is a function a e C such that = ^|Mn- Consequently, 

AbPnf = AaPnf = aAPnf for all f e E^ (2.7) 

due to (2.6). Further, the function a can be chosen such that it takes at x G 1j^\Mn 
an arbitrarily prescribed value. Since the left-hand side of (2.7) is independent of 
a, this shows that the function APnf vanishes outside Pi M^. Hence, 

AbPnf = aAPnf = bAPnf for all f e E^ 

which proves our claim (2.5). □ 

There are operators on L{l^{Z)) which satisfy (2.4), but which fail to be multi- 
plication operators (see [91], Remark 2.1.9). 

2.1.4 Band and b£ind-doniinated operators 

The basic objects of our interest are band and band-dominated operators. They are 
constituted by operators of multiplication and by the operators of shift introduced 
in (2.1). 

Definition 2.1.5 A band operator is a finite sum of the form where a G 

Z^ and Oa G /^(Z^,L(X)). A band-dominated operator is the uniform limit of 
a sequence of band operators. 

To justify this notation note that, in case X = C and N = 1 and with respect to 
the standard basis of E"^ , band operators are given by matrices with finite band 
width. Observe also that the class of band operators is independent of the concrete 
space E"^ , whereas the class of band-dominated operators depends heavily on E^ . 
We denote this class by 
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Every multiplication operator and every shift operator belong to the algebra 
L{E^^ V). Moreover, if A is a multiplication operator and k G then V-kAVk 
is a multiplication operator again. Thus, the band operators form an algebra and 
Ae°° is a closed subalgebra both of L{E'^) and L{E"^ , V). 

For an equivalent characterization of band-dominated operators, we will have 
recourse to the class BUC{pJ^) of the bounded and i/niformly continuous complex- 
valued functions on This class forms a C*-algebra with respect to pointwisely 
defined operations and involution and to the supremum norm. In particular, the 
functions Ct defined in (2.3) are in BUC{K^). 

For arbitrary vectors ^ (^i, . . . , ^at) and x — (xi, . . . , xat) in we define 

their product by tx \= (tiXi, ..., t^XN)- Given a function ip on E^ and vectors 
t, r G E^, we define (pt{x) := (p{tx) and set (pt,r{x) := (pt{x — r). Recall further 
that, for any bounded complex- valued function cp on E^, (p stands for the re- 
striction of (p onto Z^. The function 0 belongs to /®^(Z^) and, conversely, every 
function in /^(Z^) is of this form. Instead of cp^ we will write 

Finally, for every subset F of E^ or of Z^, we let \f stand for the charac- 
teristic function of this set, i.e., for the function which is 1 on F and 0 outside F 
and, given subsets F and G of E^, we let 

dist (F, G) := inf {|s — t|, s G F, t G G] 
denote their distance. 

Theorem 2.1.6 Let A G L[E) or A ^ L{E'^^ V). Then the following conditions are 
equivalent: 

(a) The operator A is hand- dominated. 

(b) For every ^ > 0, there is an M such that whenever F and G are subsets of 
Z^ with dist (F, G) > M , then 

\\XfAxgI\\l{e) < (2.8) 

(c) For every ip G BUG{R^), 

lim sup \\Tt,rA — A0t,rmL{E) ~ 0- (2-9) 

(d) For every ip G BUG{R^), 

Im \\0tA - A0tI\\L{E) = 0. (2.10) 

(e) Condition (2.10) holds for the function ip {x\, ..., xn) :=expi(xi-| I-xaa). 

Proof We will prove the assertion under the assumption A G L{E). For A G 
L{E^^ F), the proof is completely analogous (the only difference being that then 
assertion (b) of Theorem 2.1.4 is invoked). Observe also that the implications 
(a) (b) => (c) =4> (d) (e) are valid for arbitrary operators A G L{E'^). 
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(a) ^ (b): If A is a band operator then, evidently, xf^Xg^ = 0 whenever 
dist(F, G) is large enough. Thus, (2.8) holds for band operators A. The valid- 
ity of (2.8) for arbitrary band-dominated operators A G Ae follows by a simple 
limit argument. Indeed, let (An) be a sequence of band operators which converges 
to A in the norm. Given £ > 0, choose an n such that \\A — An\\ < e/2, and choose 
M such that HxeAuXcIW < e/2 whenever dist (F, G) > M. Then 

HxeAxg^I < WxfAuXg^I + \\xf(A - An)xGm < e/2 + \\A - An\\ < e. 

(b) ^ (c): It is sufficient to verify (2.9) in the case of a real- valued and non- negative 
function ip G BUG(R^). First let r = 0. For every £ > 0 and k eN, consider the 
sets 



■■= {xeR^ : Mx) > ke}, := {xeR^ : ^t{x) > {k - l/2)e}. 

Since iy9 is a bounded function, there is an m G N such that C/^ ^ and G ^ are empty 
sets for k > m. Set 



and -=^Y 

k=l ’ k=l 

which is in accordance with our earlier definition of ipt for a function ip. Clearly, 
\\<ft - ^ ^ 

for every t G M^. Let now A G L(E) be subject to condition (2.8). Then 
\\AiptI - <PtM 

< \\A{<pti - + WA^^'^h - PG^aw + 

< 2e\\A\\ + \\App^h-pp^'>A\\. 

The latter term is not greater than 

m m 

k=l ' ’ /c=l 

Since limt^odist (U/ ^, \ J = oo, there exists an (5 > 0 such that, for all t 

with 1^1 < S, 

m 

II Tx!7i .^XR«\L/g VII < 1- 

k=l 

To estimate the first term in (2.11), consider the sets 

G t := {x eR^ : {k- 5/8)e < (pt{x) < ke}, 
up := {xeR^ :{k- l/2)e < ipt(x) <{k+ l/2)£}. 
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Then 

Im dist ((K^ \ Ul,) \ Ul„ Ul,) = oo, lim dist (t/^ , \ Ul,) = oo 
and, consequently, 

m m 

k=l k=l 

Since t ~ ® ^ t ~ ® whenever j ^ k, we can further 

estimate 

m 

II - ll^ll’ 

fc=l 

Combining the derived estimates we conclude for every s > 0 the existence of a 5 
such that for all \t\ <5, 

~ 0t^\\ ^ 3e + ^ll^ll- 

This verifies (2.9) in case r = 0, and in the very same way one can check that the 
convergence in (2.9) is uniform with respect to r G 

The implications (c) (d) ^ (e) are trivial. To check the implication (e) => (a), 

let the function e be defined by e(xi, . . . , xn) •= expi{xi + • • • + xn). Note that 
the functions are just given by (2.3). Thus, the operator A G L{E) is subject to 
condition (e) if and only if 

Urn \\etA — Aetl\\ = 0. (2.12) 

The identity egSt = eg-\-t implies 

||e^74.e_^/ s-^ll ^ ll^t— s-^ll? 

which together with (2.12) yields the continuity of the function 
Ia • ^ ^ 

Moreover, the functions t eti and t e-tl are 27r-periodic in each variable tj^ 
and so is the function /a- We fix A > (N' — 1)/2 and consider the Riesz polynomials 

|/c|<n ^ ^ 

of / where 

Ak := f dt G L{E). 

J[0,27r]^ 




2.1. Band-dominated operators 



39 



Then 



ll^n(/A;0)-/^(0)|| = ||i?^(/^;0)-A|U(£)-.0 asn^^ (2.13) 

([83], Chapter I, Section 2.2). In case N = 1 one can choose A = 1 which yields 
the standard Fejer polynomials. 

In view of (2.13), it remains to show that R^{fA] 0) is a band operator for 
each n. This can be seen as follows. The operators AkV-k commute with each of 
the multiplication operators egl- 

esAkV-ke-sI = {27t)-^ f dt V^k = A^V-k- 

J[0,27t]^ 

Hence, by assertion (a) of Theorem 2.1.4, AkV-k is the operator of multiplication 
by a certain function ak G /^(Z^,L(X)). Thus, Ak = akVk, and 

RnifA;0)= E 

\k\<n ^ ^ 



is a band operator. □ 

Here are a few simple but useful consequences of this theorem. 

Proposition 2.1.7 The algebra Ae^ contains the ideal V). 

Proof. Let T be 7^-compact and (p G BUCfR^). It is easy to see that the operators 
(ftl converge 7^-strongly to p{Qi)I as t ^ 0. Hence, by the definition of 'P-strong 
convergence, both TptI and ptT tend to ^(0)T in the operator norm. This implies 
that \\ptT — Tptl\\ ^ 0 as t ^ 0. Since p is an arbitrary element of PC/(7(R^), 
the operator T belongs to Ae^ due to Theorem 2.1.6 (d). □ 

Proposition 2.1.8 The algebra Ae°<=> is inverse closed in L^E"^). 

Proof. Let A G Ae°° be invertible in L{E^). Then A is invertible in L{E^, V) 
by Theorem 1.1.9, and the estimate 

\\ptA ^—A ^ptI\\<\\A \\ptA — Aptl\\ 0, 

which holds for every function p G PC/C(M^), shows via Theorem 2.1.6 (d) that 
A~^ belongs to ^£:oo. □ 

Proposition 2.1.9 The quotient algebra Ae°°/K{E^, V) {which can be formed by 
Proposition 2.1.7) is inverse closed in the Calkin algebra L{E^, V)/K{E°^, V). 

Proof. Let A be a P-Fredholm band-dominated operator, let B G L{E'^ , V) be 
a regularizer of A, and let T\ and T 2 stand for the P-compact operators BA — I 
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and AB — /, respectively. Further we abbreviate the commutator CD — DC of two 
operators by [C, D\. One easily checks that, for every function Lp G BUC{EC^)^ 

[B, ^tl] = [Ti, ^tl] B-B[A, ipj] B - [B, T2. 

The proof of Proposition 2.1.7 shows that ||[Ti, (^^7] jB|| ^ 0 as t 0, and 
Theorem 2.1.6 implies the convergence ptI]B\\ 0 because of Ae^ ^ 

L{E"^ , V). Finally, it is clear that [B, pti] 0 P-strongly whence, due to the V- 
compactness of T 2 , \\[B, ptI]T2\\ — > 0. Hence, ||[H, ptl]\\ 0, whence B G Ae°<= 
by Theorem 2.1.6 (d) again. □ 

2.1.5 Limit operators of band-dominated operators 

Our next goal is limit operators of band-dominated operators with respect to the 
group action V = {Vk)kez^ specified in Section 2.1.1. 

Proposition 2.1.10 Limit operators of multiplication, band and band- dominated op- 
erators on are operators of the same kind. 

Proof Let ^4 be a multiplication operator and let Ah be the limit operator of A with 
respect to a sequence h ^ 7i. Thus, 7^-lim V-h{n)^^h{n) — From Proposition 
1.1.17 we infer that 



P-lim SmV-h{n)AVh(n) = SmAh and "P-lim V^h{n)AVh,(n)Sm = AhSm 

for every m G Since the operators are multiplication operators 

again, we get SmAh = AhSm- Thus, Ah is a multiplication operator by Proposition 
2.1.3. Since the only limit operator of the shift operator Vk is Vk itself, the other 
assertions follow easily by an approximation argument. □ 

It turns out that, conversely, every multiplication (band, band-dominated) opera- 
tor is the limit operator of a certain multiplication (band, band-dominated) oper- 
ator. This can be seen by means of the following construction called the inflation 
of an operator A by a sequence h 

Let h :N ^ be a sequence with 

\h{k) — h{n)\oo > 3/u for all k > n. (2.14) 

It is easy to define such sequences recursively: One starts with an arbitrary /i(0) 
and chooses h{l) such that 



IM1)-M0)|oo >3. 



Then h{2) is chosen such that 



\h{2) - /i(0)|oo > 6 and \h{2) - /i(l)|oo > 6, 
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etc. From (2.14) one concludes 

\h{k)\oo > \h{k) - /i(0)|oo - IM0)loc >sk- |/i(0)|oo, (2.15) 

which shows that each sequence with property (2.14) tends to infinity. Conversely, 
every sequence tending to infinity possesses a subsequence with property (2.14). 
Let /c G N. To each operator A G L{E^ ^ V)^ we associate the operator 

k 

^ ^ ^h{n)Pn^Pn^—h{n)'i 

n=0 

and we claim that the sequence (Ak)keN converges P-strongly. Let i G . Then, 
by (2.15), 

\i - h{n)\oo > \h{n) - h{0)\oo ~ |/i(0) - z|oo > Sn - |/i(0) - i|oo > ^ 

whenever 2n > |h(0) — i|oo- Thus, PnSi_h{n) — 0 for these n, and one gets for 
k>\h{0)-i\oo/2 

k k 

AkSi ^ ^ ^h{n)PnAPnV—}i(^ji^Si ^ ^ ^(n) — /i(n) 

n=0 n=0 

[|/i(0) — i|oo/2] 

^ ^ ^(n) — /i(n) /i(n) ~ ^[|/i(0) — i|oo/2]*^i 

n=0 

where [y] refers to the integer part of y G R. Thus, the sequence (Ak) converges 
strongly on a dense subset of K(E^^ V). Moreover, for every i G Z^ , there is at 
most one n G N such that 

^h{n)^nAPnV—}T^(^rL)Si — Vfi(n)^nAP 7 ^ 0 . 

Indeed, if this condition is satisfied for some n, then \i — h{n)\oo < n, and for 
m ^ n one gets 



i-h{m)\oo > 

> 



\h{m) - h{n)\oo ~ \h{n) - i\oo 



3m — n 
3n — n 



if m > n 
if n > m 



> m. 



whence PmSi^h{m) = 0. Thus, 

IIAfcll = max ||P„^P„|| < \\A\\, 

0<n<k 



(2.16) 



i.e., (Ak) is a uniformly bounded sequence. The Banach-Steinhaus theorem implies 
the 7^-strong convergence of that sequence. 
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Definition 2.1.11 Let A G V) and let h e H be a sequence which satisfies 

(2.14). Then the -inflation of A is the operator 

oo 

Ih{A) := Vh(n)PnAPnV-h(n) 

n=0 

where the series is understood in the sense of the V -strong convergence. 

Lemma 2.1.12 

(a) Ih maps V) into L{E"^, V) isometrically. 

(b) Ih maps multiplication, band, and band- dominated operators to operators of 
the same kind. 

Proof, (a) From Proposition 1.1.17 we infer that Ih maps L{E^, V) into itself. To 
verify the isometry of 7/^, we first observe that, in analogy to (2.16), ||7/j(A)|| = 
sup„ IIPri^T’nll- Thus, by the Banach- St einhaus theorem and by (2.16), 

\\Ih{A)\\ < liminf Pfcll < ||^||, 

whereas Banach-Steinhaus and the identity P-limP^^P^ = A imply 

\\A\\ < liminf llPnAP^II < snp\\PnAPn\\ = \\Ih{A)\\. 

(b) Evidently, Ih maps band operators of a certain band width to band operators 
with the same band width. This shows the first two assertions. Let now A be 
band-dominated and {An) be a sequence of band operators which converges to A 
in the norm. Then {Ih{An)) is a sequence of band operators which converges to 
Ih{A) flue to the continuity of Ih- Hence, 7^ (A) is band-flominated. □ 

Lemma 2.1.13 Let A G L{E^, V) and let h be a sequence which satisfies (2.14). 
Then the limit operator of I h{ A) with respect to the sequence h exists, and it is 
equal to A. 

Indeed, this is a consequence of the identity V^h{n)^h{A)Vh{n)Pn = Pn^Pn- D 

Theorem 2.1.14 7e^ A G L{E^,V) and h E H. Then there exist an operator 
B G L{E^) as well as a subsequence g of h such that the limit operator Bg of B 
with respect to g exists and that Bg = A. 

To see this, choose a subsequence g of h with property (2.14), and apply the 
preceding proposition to the operator B := Ig{A). □ 

The following corollary follows immediately from Lemma 2.1.12 (b) and Theorem 
2.1.14. 

Corollary 2.1.15 Every multiplication {band, band- dominated) operator on E^ is 
the limit operator of a certain multiplication {band, band- dominated) operator 
on E"^. 
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There is some feeling that the limit operator Ah tends to be a simpler object 
than the original operator A. For example, the P-strong limit of the sequence 
(V-nAVn) Tie'Ll as n ^ oc is, if it exists, a shift invariant operator. But in general, 
limit operators of A are 7^-strong limits of certain subsequences of (V-nAVn), and 
the preceding corollary shows that these limit operators need not to possess any 
further special structure. Thus, the only sense in which Ah is simpler than A is 
that the spectrum of Ah is contained in the essential spectrum of A. 

2.1.6 Rich band-dominated operators 

In what follows we will have to deal with operators which are both band-dominated 
and possess a rich operator spectrum. We will refer to these operators as rich band- 
dominated operators, and we will write A%oo for the set of all of these operators. 
Thus, A%oo = ^£;oo n V). Analogously, we will use the terms rich multi- 

plication operator and rich band operator. 

The algebra A^^oo is a closed subalgebra of L{E^), and K{E^, V) is a closed 
ideal of A%oo (Proposition 1.2.6 and Proposition 2.1.7). Further, A% is an inverse 
closed subalgebra of L{E) (Propositions 1.2.8 and 2.1.8), and A^^/K{E, V) is a 
closed and inverse closed subalgebra of L{E, V)/K{E, V) by Propositions 1.2.10 
and 2.1.9. 

The rich multiplication operators can be characterized as follows. 

Theorem 2.1.16 The operator al of multiplication by a ^ ,L[X)) is rich if 

and only if the set {a{x) : x G of values of a is relatively compact with respect 
to the norm topology on L{X). 

Proof Let {a{x) : x G Z^} be relatively compact, let h eH, and let xi, X 2 , ... be 
any enumeration of the points of Z^. Then, for every / G E’^ and /c G N, 

{V_h{m)ayh{m)f){xk) = a{xk + h{m))f{xk). 

The set {a{xi + h(m))}^^i is relatively compact in L{X) by assumption. Hence, 
there exists a subsequence gi of h such that the sequence (a(xi + ^i(m)))^^i is 
norm convergent. The same reasoning yields a subsequence g 2 of gi such that the 
sequence {a{x 2 + ^2(^)))m=i converges in the norm. We proceed in this manner 
and define a new sequence g by g{m) := gmi'^n)- Evidently, ^ is a subsequence of h, 
and the sequences {a{xk + ^(m)))^^i are norm convergent for every k. We denote 
the limit limm^oo + g{rn)) by d(x). It is easy to see that ||a/||oo < ||c^^||oo- 

We are going to show that a I is just the limit operator of al with respect to 
the sequence g. Indeed, for every Pn G V, 

\\{y—g{m)^yg{m) Pn\\ L{E°°) 

= \\{V-g(m)CiVg^m) - aI)Pn\\oc < max ||a(x + g{m)) - a{x)\\^x)- 

\x\<n 

The maximum is taken over a finite set. Consequently, 

lim \\(V_g(^jyi'^aVg(^jji^ dI^Pn \\ ^ 
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for every Pn ^ V. The ‘dual’ assertion follows analogously. Hence, {al)g = al as 
desired, which proves the ‘if’-part of the assertion. 

For the ‘only if ’-part, let (a(/i(m)))^^^ be an arbitrary sequence of values 
of a which is ordered in such a way that the sequence h belongs to H. Since 
al G 7^), there exists a subsequence g oi h such that the limit operator 

Ag exists. This limit operator is an operator of multiplication by a function ag G 
/^(Z^,L(X)) again. Because 

~ ^g)'5o||oo ll^(^(^)) ~ ^ 0? 

the sequence {a{h{m))) possesses a convergent subsequence. □ 

For example, if X is a finite-dimensional space, then every multiplication operator 
al with a G L(X)) is rich (since balls in L{X) are norm compact). Sim- 

ilarly, if a G /^(Z^) and B G T(X), then the operator of multiplication by the 
function m i-> a{m)B belongs to V)^ whereas the operator of multiplica- 

tion by the function m ^ Sm fails to be rich. 

Corollary 2.1.17 If X has finite dimension, then - 

The following approximation property often simplifies the treatment of band-dom- 
inated operators with rich operator spectrum. 

Theorem 2.1.18 Every rich band- dominated operator on E"^ is the norm limit of 
a sequence of rich band operators. 

Proof Let A G L{E^) be a band-dominated operator with rich operator spectrum. 
For k G Z^, we define the operators A^^^ as in the proof of the implication (e) (a) 

of Theorem 2.1.6, i.e., we let 

Aik) ^(fc) f dt. 

^[0,27r]^ 

Here we integrate a continuous function. Thus, the integral exists in the Riemann 
sense, and A^^^ is the norm limit of the corresponding Riemann sums 

„ \r,m\ 

r, m 

where we subdivide [0, 27 t]^ into cubes • • • ? with side length 27r/r, 

and where the points tr^m ^ Ir,m are arbitrarily chosen. Since Ae°^ is an algebra, 
all Riemann sums belong to Ae°^, and since this algebra is closed, we also have 
G Ae oo , Hence, the sequence of band operators, which is the outcome of the 
last step of the proof of Theorem 2.1.6 and which converges to A in the operator 
norm, consists of operators with rich operator spectrum. □ 

Proposition 2.1.19 Limit operators of rich multiplication {band, band- dominated) 
operators on E^ are rich multiplication {band, band- dominated) operators again. 
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Proof. Let al be a multiplication operator with rich spectrum, and let al be a 
limit operator of al. (From Proposition 2.1.10 we know that every limit operator 
of al is a multiplication operator.) It is evident from the proof of Theorem 2.1.16 
that all values a{x) belong to the closure of the set {a(o:) : x G Z^} of the values 
of a. The compactness of this closure implies that {a{x) : x G Z^} is a relatively 
compact set. Hence, al has a rich operator spectrum by Theorem 2.1.16 again. 

The assertion for band and band-dominated operators follows by simple al- 
gebraic and continuity arguments. □ 

2.2 P-Fredholmness of rich band-dominated operators 

We have seen in Proposition 1.2.9 that all limit operators of a P-Fredholm operator 
with rich spectrum are invertible and that the norms of their inverses are uniformly 
bounded. The main result of this section (Theorem 2.2.1 below) states that, at least 
for rich band dominated operators, the converse is also true: If all limit operators 
of A G A% are invertible, and if the norms of their inverses are uniformly bounded, 
then A is P-Fredholm. 

Another goal of this section is to establish symbol calculi for the P-Fred- 
holmness of rich band-dominated operators. 

In this section, we will exclusively deal with operators on the spaces E. 



2.2.1 The main theorem on P-Fredholmness 

Here is the announced basic P-Fredholm criterion. 

Theorem 2.2.1 A rich band- dominated operator A G L[E) is V -Fredholm if and 
only if all of its limit operators are invertible and if 

sup{||(A)“^|| : Ah G ^op (A)} < oo. 

As already mentioned, the necessity part of the theorem follows immediately from 
Proposition 1.2.9. The remainder of this subsection is devoted to the proof of the 
sufficiency part. 

Let (p :R [0, 1] be a continuous function with 

r = 1 for \x\ < 1/3 

cp(x) ^ > 0 for |x| < 2/3 (2.17) 

[ = 0 for jxj > 2/3. 

We further suppose that the family with (pa{^) ’= - a) forms a 

partition of unity on R in the sense that 

= f for all X G R . 
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This condition can be forced as follows: If / : M ^ [0, 1] is a continuous function 
satisfying (2.17) in place of (/?, then the non- negative function ip defined by 



Lp{xf 



fix) 

'Ec.ezfix-a)’ 



X eR, 



has the desired property. (Note that this definition makes sense since the series 
in the denominator is strictly positive and has only finitely many non-vanishing 
terms for each fixed x.) 

Given x = {xi, , xn) C a e and R > 0, we define p^^\x) := 
p{xi) • • • p{xn), p[^\x) := (p^^\x—a) and := ip\^\x/R). (This notation 

differs slightly from that one used in the preceding section.) Further, let : M 
[0, 1] be a continuous function which also satisfies (2.17) in place of p, but with 
the constants 1/3 and 2/3 replaced by 3/4 and 4/5, respectively. For this function, 
we define analogously. Clearly, ~ ^l^R ^ 

family forms a partition of unity on for every fixed R. 

The following construction goes back to Simonenko [168]. 

Proposition 2.2.2 Define PPl andppi as above. If {Aoc]aez^ ^ bounded family 

of operators in L{E, V), then the series converges in the V- 

strong operator topology of E for every fixed R, and 

II E ^2^ sup ||>la|lL(£;). 



Proof. We first show that the series converges strongly. To start with, let N' = 1 
(in which case we drop the superscript *^^^) and E = P(Z, L(X)) with 1 < p < oo 
(the case p = 1 does also cause no difficulties) . Since 



suppy)a,fi n supp<p/ 3 ,ij = SUppV’a,fl nSUppi/>/3,iI = 0 



whenever a ^ (3 and both a and j3 are even, we get 

II E ‘Pa,RA-a'^a,Ru\Y‘ = E \\'fa,RAa'tfa,RU\\^ 

aG2Z aG2Z 

< SUp||A„|| y] ||l/)a,iju||P < SUp||A„||P ||u||P 
“ a62Z " 

for every u ^ E. Analogously, 

II E ‘Pa,RAa'4’a,RuV < sup \\Aa\\’^\\u\\P. 

ae2Z+l ^ 



These estimates show that the series converges strongly on E, 

and from 

II y] <^a.fl^a^a,flM|| < || E ‘fia,RAa'4>a,Ru\\ + || <fia,RAa'^a,RU\\ 

q;G2Z q;G2Z-|-1 
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we conclude that 

II '^0a,RAa'tpa,R\\ < 2sup||yla||. (2.18) 



In case TV = 1 and E = cq(Z, L(JV)), we have 



II V Va,fl^al^a,Rw||oo = max ||<^„,ij^a^a,_RW||oo < SUp||Aa|| ||m|| 

q;G2Z 

ol G 2Z 



which, together with an analogous estimate for odd a, also implies (2.18). 

For A/' > 1, we proceed by induction. Writing points x G as {x\ x^) G 
R^“^ X R, we have 



whence 

II E = II E 



iSN)i 



iAN-i),,.,n) 



with 



B, 



c^N •— ^ ^{a',aN)^a',R 

a'GZ^-i 



The assumption of the induction guarantees that 



IBaJI <2 



N-l 



sup ||.A(^/,c,^)|| < 2^ sup \\Aa\\, 
a'eZ^-^ aez^ 



hence, 






E 

qGZ" 



(JV) 






/II < 



2 sup II Bo 

OLN^^ 



< 2 



AT 



sup \\Ao 



by what has been already shown. Thus, the series defines a 

bounded linear operator on E. Since 



p p _ Q 

^rn^a.R ~ ^cx,R^rn ~ O 



for every fixed m whenever a is large enough, this sequence also converges in the 
sense of the 'P-strong convergence. □ 

We will use this result to construct regularizers of P-Fredholm band operators. 
Henceforth we will omit the superscript at the functions and 



Proposition 2.2.3 Let A G Ae, o.nd letipa,R cls above. Suppose there is a constant 
M > 0 such that, for all positive integers R, there is a p{R) > 0 such that, for all 
a G with \a\ > p{R), there are operators Ba,R ^ L{E, V) and Ca,R ^ L{E, V) 
with \\Ba^R\\L{E) < ^ j \\Ca,R\\L{E) < ^ 



Ba,RAlpa,R^ = i^a,RACoc,R — 'Ipa.R^- 

Then the operator A is V -Fredholm, and the V -essential norm of any regularizer 
of A is not greater than 2^+^M. 
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Proof. To start with, let ^ be a band operator. Let be a partition of unity 
satisfying (2.17). By the preceding proposition, the series 

^ ^ ^ ^ 0a,RBa,R0a,R'^a,R^ 

\a\>p(R) H>P{R) 

converges P-strongly to a certain operator Br with \\Br\\ < 2^M, and from 
Proposition 1.1.17 (a) we conclude that Br e L{E, V). Because of 

lim dist (supp ipa.R, supp (1 - 'il^a.R)) = oo. 



we further have 

^a,R^ = Pa,R^'^a,Rl (2.19) 

for all a and all sufficiently large R. Thus, if R is large enough, then 

BrA = ^ ^a,RBa,R0a,RA'lpa,Rl 

\a\>p{R) 

~ ^ ^a,RBa,RAlfa,R0a,Rl + Tr 

\a\>p{R) 

= €,rI + Tr=I- + (2.20) 

\a\>p{R) \a\<p{R) 

where 

Tr = ^ 0a,RBa,R[0a,Rl, A]lpa,Rl ■ 

\a\>p{R) 

The P-strong convergence of the latter series is a consequence of Proposition 2.2.2 
again, and Tr G L{E, V) by Proposition 1.1.17 (a). Further, Theorem 2.1.6 (c) 
implies that 

lim A]||l(e) = 0 

R — >^oo 

uniformly with respect to a G Thus, |1 Th 1| ^ 0 as ^ oo. 

We fix a sufficiently large R such that \\Tr\\ < 1/2. Then I -\-Tr is invertible 
and II (/ + Tr)“^|| < 2. Multiplying (2.20) by (/ + Tr)~^ from the left-hand side 
yields 

{I + Tn)-^BRA = I-{I + TR)-^ Y, 0c, rI- (2-21) 

|al<p(i?) 

Since Yj\a\<p{R) P-compact, and since (J+Tr)”^ G L{E, V), this equality 

shows that (/ + Tr)~^Br is a left-sided regularizer of A with ||(/ + Tr)~^Br\\ < 
2iv+i^ A right-sided regularizer can be constructed analogously. This settles the 
assertion for band operators. 

To deal with the general case, we first verify that if the hypotheses of the 
proposition are satisfied for an operator A ^ Ae with respect to a constant M, and 
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if G is an operator with ||^ — A'|| < 5 and eM < 1, then these hypotheses 
are also satisfied for A' with respect to M' := M/(l — eM). 

Indeed, let be such that < M and Ba^RAijja^Rl = Then 

Boc.rA'xI^oc.rI = Ba^RAlpa^Rl ~ Ba,R{A - A')'lpa,Rl 

= 'i’a.Rl ~ Boc^r{A — A')'4;a,Rl = {I ~ Bo,^r{A A'))'lpa,RB 

Since \\Ba,R{A — yl')|| < sM < 1, the operator I — Ba,R{A — A') is invertible, and 
for B'^ j, := (/ - Bc,^r{A - A'))~^Ba,R one has \\B'^J\ < M/(l - sM) = M' and 

^'a,R^''^a,Rl = '0a, 

Let now A G L{E) be a band-dominated operator which satisfies the as- 
sumptions of the proposition. We choose a sequence (An) of band operators with 
\\A — An\\ < 1/n. As we have just seen, for n sufficiently large, the operators An 
also satisfy these assumptions with Mn := M/{1 — M/n) in place of M. Hence, 
by what has already been proved, the operators An are 'P-Fredholm, and the V- 
essential norm of any regularizer Bn of An is not greater than 2^+^Mn. It remains 
to recall a standard fact from Banach algebra theory saying that if and a are 
elements of a unital Banach algebra with ||an — n|| ^0, and if the are invertible 
and sup ||a“^|| < M < oo, then a is invertible and a~^ < M. We apply this result 
in the algebra Ae/K{E, V) with a := A-\- K{E, V) and An + K{E, V) to 
finish the proof. □ 

Proposition 2.2.4 Let A E Ae and suppose that the limit operator Ah with re- 
spect to the sequence h £ H exists and is invertible. Then, for each function 
(f G /^(Z^,L(A)) with finite support, there is a number mo such that, for all 
^ ^ ^ 0 ; there are operators Bm and Cm in Ae with 

IIB^II <2||(A)-i||, ||C.„||<21|(A)-'|| 



and 

BmAVh{m)T^—h{m) ^h{rn)T^—h{rn)^^rn ^h{m)T^—h{m) • 

Proof. Given ip G l"^{2>^ ,L{X)), choose a function % G 1"^{Z^ ,L{X)) with finite 
support such that XT = T- It is immediate from the definition of a limit operator 
that 

V-him)^yh{m)X^ = AhXl + Tm ( 2 . 22 ) 

where the Tm are operators in Ae with ||T^|| 0 as m oo. Multiplying (2.22) 

by from the left-hand side and by ipV^h(m) from the right-hand side yields 

^h^y-h{rn)^yh{rn)Ty-h{rn) = (/ + Aj^^Tm)(pV^h{m) ■ (2.23) 

Choose mo such that ||A^^Tm|| <1/2 for all m > mo- Then 7-hA^^T^ is invertible 
and 11(7 + Aj^^Tm)~^\\ < 2, and multiplication of (2.23) by Vh{m){^ + 
from the left-hand side gives 

l/i(m) (-^ “b Tm) A^ ^—h{rn)^^h{rn)T^—h{rn) ^h{m)T^—h{m) • 
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Thus, the ‘left-sided’ assertion of the proposition holds with the operators Bm 
being specified as i ^nd its ‘right-sided’ analogue 

can be verified in the same manner. □ 

Now we are in position to prove the sufficiency part of Theorem 2.2.1. Let A G 
let all limit operators of A be invertible, and let 

Ma ■■= sup{||^;;;^|| : Ah e <yop{A)} < oo, 

but assume contrary to what we want that A is not 'P-Fredholm. Proposition 2.2.3 
implies that, for M Ma, there is an > 0 such that, for all p > 0, there 
is an ai G with \ai\ > p such that BA^oci.rI A '0^1, for all operators 
B G L{E, V) with ||^|| < M^. A repeated use of this construction (where, in the 
second step, \ai\ plays the role of the p and a 2 is accordingly chosen) yields a 
sequence (a^) ^ with ak ^ oo such that 






(2.24) 



for all k and all B G L{E^ V) with ||.B|| < Ma- 

Since A is rich, there is a subsequence h := (a^:m^)m=o ^f (which 

also tends to infinity) such that the limit operator Ah exists. By hypothesis. Ah 
is invertible, and ||A^^|| < Ma- From Proposition 2.2.4 we know that, for every 
function ^ G /°®(Z^,L(X)) with finite support, there are operators Bm C Ae C 
L{E, V) such that 

\\Bm\\<2\\Ap\\<2MA 



and 



BmAV^h{m)^^h{m) ' 



Choosing ^ := 'ipo^R, we have 



^—h{m)^^h{m) ^—ak^R^^ak^R 

and, consequently, 

BmAlpak^,Rl = 'lpak^,Rl 

with certain operators Bm C L{E, V) with \\Bm\\ < Ma- This contradicts (2.24). 
Hence, our assumption was wrong, and A is 7^-Fredholm. □ 

It will be a main goal of Sections 2. 3-2. 5 to single out classes of band-dominated 
operators for which the uniform boundedness of the norms of the inverse limit 
operators is redundant, i.e., for which the invertibility of all limit operators already 
guarantees the 'P-Fredholmness. A simple criterion is the following. 

Proposition 2.2.5 Let A G A^^, and let all limit operators of A be invertible. If 
<Jop{A) lies in a finite- dimensional subspace of L{E), then 

sup{||(A;»)“^|| : Ah e (Top{A)} < oo. 

Proof By Proposition 1.2.3 and by hypothesis, the operator spectrum (Top{A) is a 
bounded and closed subset of a finite-dimensional space. Hence it is compact, and 
the continuous function Ah on aop{A) attains its maximum. □ 
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2.2.2 Weakly sufficient families of homomorphisms 

As mentioned in Section 1.3, it is often advantageous to consider suitable subalge- 
bras of the algebra of the rich band-dominated operators on which the mappings 
A Ah act as algebra homomorphisms. In this section, we will reformulate Theo- 
rem 2.2.1 in an appropriate way. For this goal, we introduce the notions of weakly 
sufficient and sufficient families of homomorphisms. These notions as well as the 
results of this section will be needed in Sections 4.3.2 and 6.3 only. 

In this subsection we will work on Hilbert spaces only, i.e., we let p = 2 and 
X be a Hilbert space. 

Definition 2.2.6 Let B he a C -algebra with identity element e, and let B' be a 
symmetric, unital and dense suhalgebra of B. For every element t of a set T, let 
Bt be a C -algebra with identity element Ct, and let Wt : B ^ Bt be a unital 
* -homomorphism. Then we call {Wt}teT cl weakly sufficient family of homomor- 
phisms for B' if the following assertions are equivalent for every b ^ B' : 

(a) b is invertible in B. 

(b) Wt{b) is invertible in Bt for every t ^T, and 

sup||(Wt(6))“^|| < oo. 

teT 

We call {Wt}teT cl sufficient family of homomorphisms for B' if, for every 
b e B', the assertion (a) is equivalent to 

(c) Wt{b) is invertible in Bt for every teT. 

Theorem 2.2.7 Let B, B' , Bt and Wt be as in Definition 2.2.6. If {Wt}teT is a 
weakly sufficient family for B' , then 

||6|| = sup l|kFt(5)||t for every b e B. (2.25) 

teT 

If the family {Wt}teT is sufficient for B' , then the supremum in (2.25) is a maxi- 
mum. 

Proof. * -Homomorphisms are contractions. Hence, 

||5|| > sup ||lTt(6)||t for every b e B. 
teT 

Suppose there is a 6 G 6 such that 1|5|1 > sup^^^^ Then there is also an 

element b e B' with that property. By the (7* -axiom, 

\\b%\\> sup \\Wt{b%)\\t. 

teT 



Setd:= ||5*5||-sup,^^||ITt(5*5)|lt. Then \\Wt{b*b)\\ < \\b%\\-d< ||5*5|| for every 
teT. Hence, all operators Wt{b^b — ||5*5||e) = Wt(5*6) — are invertible. 
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and 



\\{Wt{b^b-\\b%\\e))-^\\= sup \{x-\\b%\\)-^\ 

xe<j{Wt{b-b)) 

> sup |(x - ||6*6||)-^| = {\\b%\\ - p{Wt{b^b)))-^ < 1/d 
xe[o,p{Wt{b*b))] 

where p{b) denotes the spectral radius ol b e B. Thus, 

sup||(m(&*&-||^*6||e))-i<l/d. 

ter 

Since {W^} is a weakly sufficient family, the latter estimate implies the invertibility 
of 5*5 — ||5*5||e in B which is impossible. This shows (2.25). 

Let now {Wt} be a sufficient family of homomorphisms, and suppose there 
is a 5 G jB' such that 



II m (5) II < sup II W, (5) II for all t G T. (2.26) 

ter 

Again by the C*-axiom we get that (2.26) also holds with 5 replaced by 5*5. Since 
the norm of a self-adjoint element coincides with its spectral radius, (2.26) can be 
rewritten as 

p{Wt{b%)) < supp(m(5*5)) for all t G T. (2.27) 

teT 

Denote the supremum on the right-hand side of (2.27) by M. The elements 
Wt{b*b — Me) — Wt{b*b) — Met are invertible for all ^ G T since p(Wt{b*b)) < M . 
Thus, the sufficiency of {Wt} yields the invertibility of b*b—Me in B. Then, clearly, 
b"^b — me is invertible for all m belonging to a certain neighborhood U of M. On the 
other hand, since sup^^^ p(lL7(5*5)) = M, for every neighborhood U of M there is 
a tf/ G T such that mu := p{Wt^ (^*^)) C U. The element Wt^ (5*5) - muCty is not 
invertible, because the spectral radius of a non- negative element belongs to the 
spectrum of this element. Hence, 5*5 - mue is not invertible. This contradiction 
proves the assertion. □ 

Proposition 2.2.8 Let B, B' , Bt and Wt be as in Definition 2.2.6. If the family {Wt} 
is weakly sujficient for B' , then it is also weakly sufficient for B. 

Proof The implication (a) (b) in Definition 2.2.6 holds for every b £ B. Thus, 

let 5 G 6 be an element which satisfies condition (b), and set 

C:= sup||(m(6))-'||. 

teT 

Choose a sequence (5^) of elements in B' which converges to 5 in the norm. There 
is an no such that ||5 - 5n|| < 1/(2C) for all n > no- Then, since the Wt are 
contractions. 



\\Wt{b) - m(6„)|| < 1/(2C) < l/{2\\{Wt{b)r^\\) 
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for every n > no and t eT. Thus, by Neumann series, Wt{bn) is invertible and 

\\iWt{bn))-^<2\\{Wt{b))-^<2C. 

Since {Wt} is weakly sufficient for B', the bn are invertible for all n > no, and 
from Theorem 2.2.7 we infer that ||6“^|| < 2C. Being the norm limit of a sequence 
of uniformly invertible elements, b is invertible. □ 

It turns out that the mapping A ^ Ah provides us with a family of weakly 
sufficient homomorphisms. To be more precise, for A G let Ha denote the set 
of all sequences h e H ^or which the limit operator Ah exists. If G Ha then, by 
Proposition 1.2.2, the limit operators Bh exist for all operators B which belong 
to the smallest closed subalgebra C*(A) of L{E) which contains the operators A, 
A* and the identity operator I. The algebra C*{A) is a unital (7*-algebra, and the 
mapping B Bh is a. unital * -homomorphism from C*{A) into L{E). As we have 
seen in Proposition 1.3.2, 

aop{B) = {Bh : h G Ha} for every operator B G C*{A). (2.28) 

Further, the ideal C*(A) D K{E, V) lies in the kernel of the homomorphism B 
Bh- Thus, the quotient homomorphism 

Wh : C*(A)/(C*(A) n K(E, V)) L{E), B + C%A) n K{E, V) ^ Bh 

is well defined for every sequence h G Ha^ a,nd Theorem 2.2.1 together with the in- 
verse closedness of C*-algebras yields that [Wh}henA is a weakly sufficient family 
of homomorphisms for the algebra C*{A)/{C*{A) fl K{E^ V)). 



2.2.3 Symbol calculus for rich band- dominated operators 

In terms introduced in Section 1.3.2, Theorem 2.2.1 can be restated as follows. 



Theorem 2.2.9 A rich band- dominated operator is V -Fredholm on E if and only if 
its symbol is invertible in EE- 



Proof. If A G A% is P-Fredholm then (Propositions 1.2.6 and 1.2.10) there are an 
operator B G L>{E, V) and “P-compact operators Ti, T 2 G L^{E, V) such that 



AB = / + Ti, BA = I + T2- 



Applying the homomorphism smb to both sides of these equalities yields invert- 
ibility of smb A because of smbTi = smbT 2 = 0. Conversely, if smb A is invertible, 
then all operators in IF(smb®A) = (Jop{A) are invertible, and the norms of their 
inverses are uniformly bounded. Thus, A is P-Fredholm by Theorem 2.2.1. □ 

We complete this result by showing that the symbol mapping induces an isomor- 
phism from A%/K{E, V) onto a closed subalgebra of Ee^ 
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Theorem 2.2.10 The following estimate holds for A G .4^;; 

llsmb^lljr^; < \\7t{A)\\l(^e,v)/k{e,v) ^ 2^||smb4||:r£.. 

Proof It is sufficient to prove the assertion for band operators. The first inequality 
is an immediate consequence of assertion (a) of Proposition 1.2.2 and of Proposi- 
tion 1.2.6. For a proof of the second inequality, let (fa,R and be the functions 
introduced in Section 2.2.1. Since is a band operator, we have, as in (2.19), 

^ ^l,R^ = 51 

for all sufficiently large R. Given a positive real number p, define 

Qr,p{A) := ^ ^ 

\(^\>p 

Proposition 2.2.2 implies the strong convergence of this series and the estimate 

II<3k,p(^)I|l(B) < 2^ sup ||<^^,HA^a,R/||L(B) 

|q^I>p 

< 2^ sup \\<fa,RAlpa,Rl\\L{E)- 

\o^\>P 

Since = VaR0o,RV-aR we get 

\\Qr,p{^)\\l{E) < 2^ sup \\(po,RV-aRAVaR'lfo,Rl\\, (2.29) 

|q;|>p 

for all p and for all sufficiently large R. Now we fix a sufficiently large R and choose 
a strongly monotonically increasing sequence {pj)j^^. The sequence 

( sup 

|o^|>Pi 

is monotonically decreasing and bounded below, hence convergent. Denote its limit 
by M{A). Prom (2.29) we conclude the estimate 

\\QrAA)\\^e) < 2^M{A). 



We claim that 

M(4)<||smb4||^^. 

Contrary to what we want, let us assume that M{A) > ||smb4||jF£;- By the defi- 
nition of M{A), there is a sequence (ak) tending to infinity such that 

\\T0,RV-akR^yakR'^0,Rl\\- 
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Without loss of generality we can moreover suppose that the limit operator of A 
with respect to the sequence h = {akR)^i exists (otherwise we choose a conve- 
nient subsequence of (ct/e)). Thus, 



M{A) = {{(fo^RAhi^o^RlW- 



Then our assumption yields 

\\Ah\\ > W^o^rAh^I^o^rIW = M{A) > l|smbA||jr^, 
which is a contradiction since ||smb = sup{||A/j||, Ah G cr(A)}. □ 

Let Se denote the set of all symbols of operators in 
Proposition 2.2.11 Se is a closed subalgebra of Te- 

Proof. The mapping smb is an algebra homomorphism. Hence, Se is an algebra. 
To check the closedness of <5^; in let {smh Aj)"^^ be a sequence in <5^; which 
converges to a certain coset in F^;. Then {smh Aj)fL^ is a Cauchy sequence in 
F"^, and (7r(Aj))^2 is a Cauchy sequence in L^{E, V)/K{E, V) by the preceding 
theorem implies. Since A?^/K{E^ V) is closed in L^{E, V)/K{E^ V)^ there is an 
operator A G A% such that \\7r{Aj) — 7 t{A)\\ 0. Again from Theorem 2.2.10 we 

conclude that X'^ = smb A; hence, Se is closed. □ 

Let us further observe that the symbol smb A depends on the coset 7 t(A) only. 
Thus, the quotient mapping 

A|;/X(F', 7^) ^ 5^;, 7r(A)i-^smbA (2.30) 



is well defined. 

Theorem 2.2.12 The mapping (2.30) is a continuous isomorphism between the al- 
gebras A?r/K{E., V) and Se> 

Corollary 2.2.13 Le^ E = with a Hilbert space H. Then the algebras 

A^r/K{E^ V) and Se CLTe isometrically isomorphic. 

Indeed, under these assumptions, both A^^/K{E, V) and Se are C*-algebr 2 LS, and 
smb is a * -isomorphism. Thus, smb is actually an isometry. □ 

Observe also that, in the Hilbert space case. Theorem 2.2.12 offers another way to 
prove Theorem 2.2.9. Indeed, if smb A is invertible in Te^ then it is also invertible 
in Se due to the inverse closedness of C* -algebras. The isomorphy of 5^; and 
A^^/K{E, V) implies that A is P-Fredholm. 

In case of a general space E^ the Theorems 2.2.9 and 2.2.12 show that 5^; is 
an inverse closed subalgebra of F^;. 
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2.2.4 Appendix A: Second version of a symbol calculus 

The symbol calculus introduced in the previous section associates with every band- 
dominated operator with rich spectrum an operator- valued function on (a subset 
of) the space W of all sequences tending to infinity. Here we will establish another 
symbol calculus where the symbol function is defined on the maximal ideal space of 
the C*-algebra i.e., where the limit operators are labelled by the maximal 

ideals of /^(Z^). Some basic facts concerning the Gelfand theory of commutative 
Banach algebras are summarized in Appendix B. 

We restrict our considerations to band-dominated operators with matrix- 
valued coefficients. That is, we specify X = with some positive integer m, and 
we agree upon writing /^xm place of , L(C^)) and in place of 

This particular choice implies that every band-dominated operator on E is rich. 

Let stand for the maximal ideal space of the Banach algebra 

provided with its Gelfand topology, and let denote the subset of M{1^) 

which consists of all non-trivial multiplicative functionals ^ such that ^(/) = 0 for 
all / G with finite support. The fiber is a closed (hence, compact) 

subset of 

Our goal is to associate with each operator A £ Ae ^ function Smb A on 
with values in L{E) which is a symbol in the sense of the definition in 
Section 1.3.2. 

Given a function a = {cHj)Y^j^i G l^xm ^ multiplicative functional ^ G 
we let ^(a) denote the matrix and we define a function 

H G Cxm by 

a^(x) :=^(y_^al4), x G 

(where we again identify a function with the operator of multiplication by this 
function). Further, if A be a band operator, then it can be uniquely written as 

\cx\<k 



and we define an operator A^ by 

A^ := {cta)^ya- 

\a\<k 



Proposition 2.2.14 Let A^ B £ L{E) be band operators. Then {A + B)^ = A^ -£ 
(AB)^ — A^B^, and {aA)^ = aA^ for all complex a. Moreover, ||A^|| < ||A||. 

Proof Having in mind that ^{a-\-b) = ^(a)+^(5) and ^{ab) = ^{a)^{b) for all a, b £ 
^mxm 5 easily verifies that the mapping A i-^ is an algebra homomorphism. 
For the norm inequality observe that, given ^ G M^{1^), there is a directed set 
T and a net h : T ^ {= M(l^) \ AT^(/'^)) such that hr converges to ^ in the 

Gelfand topology (compare [58], Section 43). Thus, a{hr) ^{a) for all a £ If^^m 
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and, consequently, V-h^oVh^ in the P-strong topology. For band operators 

A = J^aaVa, this implies that 

V-h^AVh^ = ^V-h^aaVh,Va A^ P-strongly. 

By Proposition 1.1.17, \\A^\\ < liminf < \\A\\. □ 

Let now A e Ae be a band-dominated operator, and let be a sequence 

of band operators tending to A in the norm. Then is a Cauchy sequence, 

and the preceding proposition shows that is a Cauchy sequence for every 

^ G Thus, lim/e^oo exists, and this limit is independent of the 

concrete choice of the A^^\ We denote this limit by A^. 

Definition 2.2.15 The symbol Smb^ of the operator A G Ae is the function from 
into L{E) defined by (Smbyl)(0 := 

Let Be denote the set of all bounded functions on with values in L{E). 

Provided with pointwise operations and the supremum norm. Be becomes a Ba- 
nach algebra and, if a pointwise involution is defined in case E = L(C^)), 

a C* -algebra. 

Theorem 2.2.16 Let X = Then the mapping 

Smb : Ae Be, A Smb A, 

is a continuous algebra homomorphism of norm 1, and an operator A ^ Ae is 
V -Fredholm (thus, Fredholm) if and only if its symbol Smb A is invertible in Be- 

Proof. The first assertion follows without effort from Proposition 2.2.14. For a 
proof of the second assertion we first remark that the symbol Smb of a compact 
operator is the zero function. In order to see this, approximate K by band operators 
p^{k) _ where the a^ are functions with finite support. If ^ is in the 

fiber M^{1^), then ^(a^) = 0, whence SmbK^^^ = 0. The continuity of the 
mapping Smb yields Smb = 0 for all compact operators. With this information, 
it is elementary to check that the 7^-Fredholmness of A implies the invertibility of 
Smb A (compare the proof of Theorem 2.2.9). 

For the reverse direction, it suffices to verify that 

: e G M^{1^)} = aop{A) for all A G Ae- (2.31) 

Indeed, if Smb A is invertible, i.e., if all operators A^ are invertible and if the 
norms of their inverses are uniformly bounded, then (2.31) implies that all limit 
operators of A are invertible, and that their inverses are uniformly bounded, too. 
Thus, by Theorem 2.2.1, and since every band-dominated operator is rich under 
our assumptions, A is 7^-Fredholm. 
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So we are left with verifying (2.31), for which it is clearly sufficient to consider 
the scalar case m = 1. Choose a sequence of band operators 

(2.32) 

k 

k=l 

which approximates A in the norm topology, and let stand for the smallest 
closed subalgebra of which contains the identity function and all functions 
with k = 1, . . . , r and r = 1,2, ... together with their complex-conjugates and 
which, moreover, has the property that, whenever a function a is in then all 
shifts V-hoVh (with h G of this function belong to again. Thus, is a 
symmetric and separable subalgebra of 1°^. Let M(/^) denote its maximal ideal 
space, and abbreviate M(/^) \ to M^(/2^). 

Repeating the above arguments, one associates an operator Ar^ with each 
rj G We claim that 

{Ar^:rjeM^{l^)} = aop{A) (2.33) 

and 

{Ar,:rje = {A^ : ^ e M^{1^)} (2.34) 

for all A G Ae- Obviously, (2.33) and (2.34) imply (2.31). 

To verify (2.33), let Ah G (Jop{A) for some h G Ha’ Since is separable, 
one can make use of a Cantor diagonalization argument in order to obtain a sub- 
sequence g = (gm) of h such that the limit operator with respect to g exists for 
every function f ^1 "a- Hence, the limit lim^^oo /(^'m) exists for every f ^ 
which implies the existence of a functional g G such that 

lim /(g„) = T]{f). 

m — >■00 

This identity shows that {fl)g = for all f ^ , and the /^-version of 

Proposition 2.2.14 gives Ag = Ag, i.e., 

Ah = Age{Ag:geM^{l^)}. 

For the reverse inclusion, consider Ag with g G M®°(/^). Since is separable, 
M{L^) is metrizable, and we can approximate ry by a sequence h = {hm) Q 
in the Gelfand topology. This sequence contains a subsequence g which also 
approximates g and for which the limit operator Ag exists. It is not hard to check 
that Ag is just the operator Ag^ hence, Ag G aop{A). This proves (2.33). 

For (2.34), recall that the subalgebra of induces a subdivision of 
M^(/^) into fibers M'^’^(/'^) over M'^(l^) where, by definition, ^ belongs to 
if and only if the restriction of ^ onto coincides with g. Since all 
coefficients of the band operators in (2.32) belong to one has 

= {A^^^)g whenever ^ G M^’^(/^), 
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whence 

= Ar^ whenever ^ G 

This verifies (2.34) and finishes the proof of Theorem 2.2.16 since P is a perfect 
approximate identity consisting of compact operators only. □ 

An immediate consequence of Theorem 2.2.10 and identity (2.31) is the following. 

Corollary 2.2.17 Let X = . Then, for A G Ae, 

l|SmbA||^£, < \\^{A)\\l{e)/k(e) < 2^||Smb 

Having this equivalence of norms at our disposal, it is not hard to derive results for 
the symbol mapping Smb which are analogous to Proposition 2.2.11 and Theorem 
2.2.12. Indeed, the set of all functions Smb A with A running through Ae forms a 
closed subalgebra oi Be , and there is a continuous isomorphism between this sub- 
algebra and the algebra Ae/ K{E, V). In the Hilbert space case, this isomorphism 
is an isometry. 

2.2.5 Appendix B: Commutative Banach algebras 

Let S be a commutative unital Banach algebra. An ideal of B is maximal if is not 
properly contained in some proper closed ideal of B. Maximal ideals are closed. If 
X is a maximal ideal of B, then the quotient B/x \s isomorphic to the field C of 
the complex numbers. Thus, to each maximal ideal x oi B and to each element b 
of B, there is associated a complex number ^x(^), which is the image of the coset 
6 + X under the above-mentioned isomorphism. The mapping : 6 i-^ ^x{b) is a 
multiplicative linear functional on B and, conversely, every non- trivial multiplica- 
tive linear functional on B is of this form. There is a one-to-one correspondence 
between the non-trivial multiplicative linear functionals, which are also called the 
characters of B, and the maximal ideals of B: the kernel of every character is a 
maximal ideal, and every maximal ideal is the kernel of a uniquely determined 
character. 

Let M{B) refer to the set of all maximal ideals of the Banach algebra B. 
Given an element b G B, the complex- valued function 

b^ : M{B) C, X ^^(5) 

is called the G elf and transform of b G B. The set M{B) becomes a topological 
space in a natural way: The G elf and topology on M{B) is the coarsest topology on 
M(B) that makes all functions 6^ with b £ B continuous. Equivalently, if M{B) is 
thought of as a set of multiplicative functionals and, hence, as a subset of the dual 
Banach space of B, then the Gelfand topology coincides with the restriction of 
the *-weak topology on B* onto M{B). The set M{B) provided with its Gelfand 
topology will be referred to as the maximal ideal space of the Banach algebra B. 
Finally, the mapping 

is called the Gelfand transformation. 
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Theorem 2.2.18 Let B be a commutative unital Banach algebra. Then 

(a) the element b ^ B is invertible if and only ifb'^{x) ^ 0 for all x G M{B). 

(b) the maximal ideal space M{B) is a Hausdorff compact, and the set B'^ of all 
Gelfand transforms of elements of B separates the points of M{B). 

(c) the Gelfand transformation is a continuous algebra homomorphism with 
norm 1. 

(d) the kernel of the Gelfand transformation is the radical ofB. 

In our above notations, the assertions (a) and (c) are equivalent to saying that the 
Gelfand transformation ^ : B ^ C{M{B)) is a symbol mapping for B. Further, (c) 
reveals that, ior b ^ B, 

||6«|| = sup{|$,(6)| : X e M{B)] < ||6||, (2.35) 

but notice that neither equality holds in this estimate nor the Gelfand transfor- 
mation is injective or surjective in general. However, in the C*-case one has the 
following basic result. 

Theorem 2.2.19 (Gelfand-Naimark) Let B be a commutative unital C* -algebra. 
Then the Gelfand transformation is a -isomorphism from B onto C{M{B)). 

This theorem allows us to think of the elements of a commutative unital C*-algebra 
as continuous functions on a compact Hausdorff space. 

A Banach algebra B with identity e is singly generated if there is an element 
b e B such that the smallest closed subalgebra of B which contains e and b coincides 
with B. In this case, b is called a generator of B. The maximal ideal space of the 
Banach algebra B singly generated by b is homeomorphic to the spectrum a]s{b). 
Under this identification, the Gelfand transform of b is just the identity mapping 
on asib). 

Let ^ be a commutative Banach algebra with identity e, and let S be a closed 
subalgebra of A which contains e. Then the mapping 

r:M{A)^M{B), x ^ x\b, 

which assigns to each non-trivial multiplicative functional on B its restriction onto 
B, is continuous. For y G M{B), the set 

My{A) := {x G M{A) : x\s = y] 

is referred to as the fiber of M {A) overy G M{B). Since r is continuous, each fiber 
is ^ compact subset of M{A). It can happen that My{A) = 0 . 
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2.3 Local 'P-Fredholmness: elementary theory 

Up to now, we have considered limit operators with respect to sequences h which 
tend to infinity in the sense that, for each R > 0 , there is an mo such that 

h{m) e {z e : |2;| > i^} for all m > mo- 

It is, however, often desirable and useful to take into account the direction into 
which h tends. This idea is made precise in what follows by introducing local 
operator spectra. Moreover, local principles will enable us to weaken the uniform 
invertibility condition in Theorem 2.2.1. 

2.3.1 Local operator spectra and local invertibility 

Let 5^“^ denote the unit sphere {rj G : \rj\2 = 1} where I77I2 stands for the 
Euklidean norm of 77. Given a ‘radius’ i? > 0, a ‘direction’ 77 G 5^“^, and a 
neighborhood U C of 77, define the neighborhood at infinity of r] by 

Wr^u •= {z G : |z| > and z/\z\ G U}. (2.36) 

If is a sequence which tends to infinity, then we say that h tends into the direction 
of if, for every neighborhood at infinity Wr^u of 77, there is an mo such 

that 

h{m) G Wr^u for all m > mo. 

Definition 2.3.1 Let 77 G and A G L{E, V). The local operator spectrum 

(Jr^{A) of A at 77 is the set of all limit operators Ah of A with respect to sequences 
h tending into the direction ofrj. 

Proposition 2.3.2 Let A G L{E, V). Then Gop{A) — U^^s^-iGpiA). 

Proof. It is evident that each local operator spectrum is contained in the operator 
spectrum. For the reverse inclusion, let Ah G Gop{A) with respect to a certain 
sequence h tending to infinity. Due to the compactness of 5^“^, there is a sub- 
sequence g of h for which g{m)/\g{m)\ converges to a certain point 77 in 
as 771 ^ oo. Then, obviously, the sequence g converges into the direction of 77 to 
infinity. Thus, Ah = Ag e Gg{A). □ 

If .A is a band-dominated operator, then the uniform invertibility of the operators 
in Gop{A) is equivalent to the “P-Fredholmness of A, as we know from Theorem 
2.2.1. The uniform invertibility of the operators in the local operator spectrum 
Gp{A) is related with some kind of local invertibility at 77 in a similar way. 

Definition 2.3.3 Let 77 G and A G L{E). The operator A is locally invertible 

at 77 if there are operators C ^ L{E) and a neighborhood at infinity W of rj 
such that 

BAxwI = XwAC = xwl 

where xw refers to the characteristic function ofW. 
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Before going into the details, we will provide an axiomatic frame for studying local 
invert ibility problems. 

2.3.2 PT^-compactness, 7^7^-Fredholmness 

In the section, we return to the setting from the very beginning: is a Banach 

space and V = {Pn)'^=o is an increasing approximate identity. Besides 'P, we 
consider a decreasing approximate projection, IZ \= {Rn)^=Q^ which is related 
with V as follows: For every m > 0, there is an N{m) such that 

RnPm = PmRn = 0 whenever n > N{m). (2.37) 

Evidently, one can choose Rn := I — Pn, in which case we will write IZ := 1Z{V). 

Definition 2.3.4 Let K{E, P, 7Z) stand for the set of all operators K e L{E, P) 
with 

\\KRn\\-^0 and ||Pri^|| ^ 0 asn^oo^ 

and let L{E, P, IZ) denote the set of all operators A G L{E, P) for which both 
AK and KA are in K{E, P, 1Z) whenever K is in K{E, P, IZ). 

Proposition 2.3.5 

(a) L{E, P, IZ) is a Banach algebra, and K{E, P, IZ) is a closed ideal of 
L{E, p, n). 

(b) K{E, V) C K{E, P, n), and L{E, P, 7^) C L{E, P). 

(c) K{E, P, n{P)) = K{E, P), and L{E, P, n{P)) - L{E, P). 

Proof Assertion (a) can be proved as Proposition 1.1.8, and assertion (c) is obvious. 
For (b), let K G K{E,V) and £ > 0. Choose m such that \\K — KPm\\ < s, and 
then choose N{m) such that PmRn = 0 for all n > N{m). Then 

Ili^Pnll < \\{K - KPm)Rn\\ P WKPmRnW < eSUp\\Rn\\ 

for all n > N{m). Thus, HA'Pnll 0 and, analogously, HPnATH ^0. □ 

Definition 2.3.6 The operators in K{E, P, TZ) are called PP-compact, and the 
operators in L{E, P, P) which are invertible modulo K{E, P, P) are called VIZ- 
Fredholm. 

In case P = P(P), the notions PP-compact and P-compact as well as the notions 
PP- Fredholm and P-Fredholm coincide. It is also evident that every operator Pn 
is PP-compact and that every operator Rn is PP-Fredholm. 

Proposition 2.3.7 An operator A G L{E, P, P) is VlZ-Fredholm if and only if there 
are operators C, D ^ L{E, V, 7Z) and Rm C P such that 



RmAC = DARm = Rm> 
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The proof is the same as that of Proposition 1.1.12. Also the following result can 
be proved as its predecessor Theorem 1.1.9. A decreasing approximate projection 
is called uniform if the associated increasing approximate projection is uniform. 

Theorem 2.3.8 Let P be a uniform approximate identity and IZ a uniform de- 
creasing approximate projection related to each other by (2.37). Then the algebra 
L{E, V, IZ) is inverse closed in L{E). 

Now we let again a group action V = {Vk}kez^ enter the scene. As in Section 
1.2.1, we assume that V is related with V by (1.32) and (1.33). In addition, we 
require that V is related with IZ by 

Vm > 0, /c G 3no > 0 Vn > no : {I - Rm)VkQn = QnVk{I - Rm) = 0. (2.38) 

This condition implies that V C L{E, V, IZ). Let 

Hn := G W : 7^-lim,„^oo 1 for all Rn G TZ}. 

One can think of Hn as the set of all sequences which tend to infinity in the 
direction prescribed by IZ. We denote the set of all limit operators of A with 
respect to sequences in Hn by (^n{^) • Clearly, crn{A) C (jop{A). 

Proposition 2.3.9 Let K G K{E^ P, P) and h G Hn- Then the limit operator 
exists, and Kh = 0. 

Proof. Let K G K{E, P, P) and h G Hn- Then, for every Pm ^ P, Rn ^ R and 
A:gN, 

\\V-h(k)KVh^k)Pm\\ < \\V.h(k)K{I - Rn)Vkik)Pm\\ + \\V.h(k)K RnVhik) Pm\\ 

< C\\V_h{k){I - Rn)Vh^k)Pm\\ + C\\KRn\l 

Given 5 > 0, choose n such that HA'i^nll < and fix ko such that \\V_h{k){I ~ 
Rn)yh{k)Pm\\ ^ ^ for all k > ko (which is possible because h G Hn)- Hence, 

\\V_h{k)RVh(k)Pm\\ < 2eC for all k > ko. 

The dual condition \\Pmy-h{k)Ryh(k)\\ 0 follows analogously. □ 

With this result, we get the following generalization of Proposition 1.2.9 without 
effort. 

Proposition 2.3.10 Let P be a perfect approximate identity and P a decreasing ap- 
proximate projection. If A G L{E, P, P) is a PP-Fredholm operator, then all limit 
operators in crn(A) are invertible, and the norms of their inverses are uniformly 
bounded. 

There is also a generalization of Proposition 1.2.3 and its corollary, which is often 
helpful to determine the spectra an{A). 




64 



Chapter 2. Band-dominated Operators 



Proposition 2.3.11 The spectrum (Jn{^) of an operator A G L{E^ V) is hounded 
and closed with respect to V -strong convergence. 

Proof. The boundedness of follows from Proposition 1.2.3 since c^ 7 ^(A) C 

aop{A). To verify the closedness of this spectrum, let A G L{E) be the P-strong 
limit of a sequence of operators in a'jz{A). For a fixed k, let h he a, 

sequence in TCn with Ah = A^^\ Then, due to the definition of a limit operator 
and due to the definition of the class Hn, 

\\Pl{V-hin)AVhin) - 

l,m<k 

\\{V-h(n)RmVh(n) ~ I)Pl\\, \\Pl{V-hin)RmVhin) ~ ^ 0 . 

Thus, there is an n/e such that 

l,m<K 

Set h{k) := h{nk). As in the proof of Proposition 1.2.3, one can verify that A is 
the limit operator of A with respect to the sequence h. It remains to show that h 
belongs to Tin- This follows immediately from our construction since 

ma^{\\{V_-^^,^RmV^,) - I)Pi\\, \\Pi{V_f,^k)RmVf,^k^ - I)\\} < l/k 

for all k > max{/,m}. □ 

Let h G Tin and s G Z^. Then, for every Rm G TZ, 

^—{h{n) + s)^vnVh{ri)-\-s ~ s'^—h{n)^nnVh{n)^s ^ P— = I 

P-strongly as n cx). Thus, the sequence h + s belongs to Tin, loo, and the 
arguments from Section 1.2.1 show that the spectra crn{A) are shift invariant. 
In combination with the preceding proposition, this observation has the following 
consequence. 

Corollary 2.3.12 If B e an{A), then (Jop{B) C an{A). 

2.3.3 Local P-Fredholmness of band-dominated operators 

One can reify the axioms from the previous section as follows. Given rj G 5^“^, 
let (Un) Q be a monotonically decreasing sequence of neighborhoods of ry 

with (InUn = {ry}, and let (r^) C M+ be a monotonically increasing sequence 
which tends to infinity. Then let Rn stand for the operator of multiplication by 
the characteristic function of the set Wr^^Uni set TZ := (i?n)^o* easily 
checks that then all assumptions made for TZ in the previous section are satisfied. 
In particular, it turns out that a sequence h eTi tends to infinity into the direction 
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77 if and only if it belongs to 7-f 7 ^ , that the local operator spectrum (A) coincides 
with ayz{A)^ and that an operator is locally invertible at rj if and only if it is VIZ- 
Fredholm. Thus, we conclude from Proposition 2.3.10 that if A G L{E^ V) is locally 
invertible at 77 , then all operators in cfrj{A) are invertible, and the norms of their 
inverses are uniformly bounded. We will see now, that for rich band-dominated 
operators, the converse of this statement is true. The following theorem can be 
considered as a local version of Theorem 2.2.1. 

Theorem 2.3.13 The operator A G is locally invertible at rj £ if and only 

if all limit operators in <Jr}{A) are invertible and if 

sup{||(^/j)“^|| : Ah G (Tr,{A)} < 00. 

The proof proceeds in the same way as that of Theorem 2.2.1, and we omit the 
details. Roughly speaking, one has to replace the sets {z G : |z| > R} by the 
neighborhoods at infinity of 77 defined in (2.36). For example, the docal’ analogue of 
the crucial Proposition 2.2.3 reads as follows. Again, xu^ refers to the characteristic 
function of the set W. 

Proposition 2.3.14 Let A G Ae, V ^ , and let ipa,R cls in Section 2.2.1. 

Suppose there is a constant M > 0 such that, for all positive integers R, there 
is a neighborhood at infinity Wp^u of 77 with some p = p{R) such that, for all 
^ Wp{R),u, there are operators Ba,R, Ca,R G L{E, V) with \\Ba,R\\L{E) < M, 
\\Ca,R\\L{E) ^ Af and 

Ba,RAlfa,Rl = '^a.RACa^R = '0a, 

Then the operator A is locally invertible at 77 , i.e., there are operators B, C ^ Ae 
and a neighborhood at infinity W of rj such that 

BAxwI = XwAC = xwE (2.39) 

2.3.4 Allan’s local principle 

Here we are going to explain that the theory of limit operators is compatible with 
another local theory, which is called central localization or Allan’s local principle. 

The center cen A of an algebra A consists of all elements a e A such that 
ab = ba for all b e A. Clearly, the center of a unital Banach algebra is a closed, 
unital, commutative, and inverse closed subalgebra of that algebra. Allan’s local 
principle is a generalization of the Gelfand theory for commutative Banach algebras 
to Banach algebras which are close to the commutative ones in the sense that their 
centers are non-trivial. 

Let ^ be a unital Banach algebra. By a central subalgebra B of .4 we mean 
a closed subalgebra of the center of A which contains the identity element. Thus, 
S is a commutative Banach algebra with compact maximal ideal space M{B). To 
each maximal ideal a: of B, we associate the smallest closed two-sided ideal Xx of 
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A which contains x, and we let refer to the canonical homomorphism from 
A onto the quotient algebra AjXx- Notice that, in contrast to the commutative 
setting, the quotient algebras AjXx can differ from each other in dependence on 
X G M{B). Moreover, it may happen that Xx = A for some points x. In this case 
we define that ^x{a) is invertible in AjXx and that ||$a;(a)|| = 0 for each a ^ A. 
The proof of Allan’s local principle is based on the following observation. 

Proposition 2.3.15 Let B he a central subalgebra of the unital Banach algebra A. If 
M. is a maximal left, right, or two-sided ideal of A, then A4 H B is a (two-sided) 
maximal ideal of B. 

Proof, Suppose that Af is a maximal left ideal. Then Ad fl S is a proper (since 
e G B\ M) closed two-sided ideal of B, and we are left with the proof of its 
maximality. 

Let z e B \ M. Then Xz {I az \ I ^ Ad, a G A} is a left ideal of A 
which contains Ad properly (since z ^ M). The maximality of Ad implies Xz = A. 
Hence, e G and 2 has an inverse modulo Ad (note that z G cen A). Furthermore, 
K.Z {n G A : az G Ad} is a proper (since e ^ Kz) left ideal of A containing Ad. 
Since Ad is maximal, we have = Ad. In particular, if t/i, V 2 are both inverses 
modulo Ad of z, then — ^2 C Ad. Thus, the inverses modulo Ad of z determine 
a unique element of the quotient space A/Ad. 

Suppose z — Ae ^ Ad for all A G C. Let y^(A) denote the (uniquely determined) 
coset of A/ Ad containing the inverses modulo Ad of z — Ae. We claim that : 
C A/ M. is an analytic function. To see this, let Aq G C, and let G y^(Ao) 
be an inverse modulo Ad of z - Aoe. Then, for |A - Aq| < l/||?/oll, the element 
e — (A — Ao)yo is invertible in A, and it is readily verified that 2/o[c — (A — Ao)2/o]~^ 
is an inverse modulo Ad of z — Ae. Thus, for |A — Ao| < l/||yo||, 

= 2 /o[e - (A - Ao)yo]"’^ + M, 

which implies the asserted analyticity of If |A| > ||z||, then z — Ae is actually 
invertible in A and 

lb"(A)|| < ||(^ - Ae)-i|| = (1/IADII ^7A”|| = 0(1) as |A| ^ oo. 

n>0 

Therefore, by Liouville’s theorem, y^{\) = 0 for all A G C, contrary to the as- 
sumption that Ad is a proper ideal of A (for y^(0) = 0 would imply that there is 
a 2/0 ^ with y^)Z — e G Ad, whence e G Ad). 

Hence, there is some A G C such that z — \e^M and, since z ^ have 

A A 0. It follows that e == A~^z + 1 for some / G Ad H H. 

Assume there is a two-sided ideal X oiB such that AdflH C X and AdflH ^ X. 
Then there is a z G X \ (Ad D H) C H \ Ad, and by what has been proved above, 
there exist A G C \ {0} and / G Ad fl H with e = A~^z + /. But this implies that 
e G X and, hence, X = B, which verifies the maximality of Ad fl H. □ 
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Theorem 2.3.16 (Allan) Let B be a central subalgebra of the unital Banach algebra 
A. Then 

(a) an element a £ A is invertible if and only if the cosets invertible 

in AjXx for every x £ M{B). 

(b) the mapping M{B) ^ x ||$a:(a)|| is upper semi- continuous for every 

a £ A. 

(c) ||a|| > ll^x(a)||- 

(d) nx^M{B)^x lies in the radical of A. 

Recall that a function / : M{B) — > M is said to be upper semi- continuous at 
xo G M{B) if, for every £ > 0, there exists a neighborhood U C M{B) of xq such 
that f{x) < f{xo) + £ for all X G U. The function / is said to be upper semi- 
continuous on M{B) if it is upper semi-continuous at each point x G M{B). Notice 
that the maximum in (c) is justified since every upper semi-continuous function 
attains its supremum. 

Proof. To prove (a), we show that a £ A is left invertible if and only if ^x{a) is 
left invertible for all x G M[B). The proof for the right invertibility is analogous. 

Clearly, is left invertible if a is so. To verify the reverse implication 

assume the contrary, i.e., suppose ^x{a) to be left invertible in AjTx for all x G 
M{B) but let a have no left inverse in A. Denote by At a maximal left ideal of 
A which contains the set X := {ba : b £ A} (note that e ^ X). Put x = M. B. 
By the preceding proposition, x is a maximal ideal of B. We claim that Xx X J\A. 
Indeed, if I = etkXkbk where Xk £ x and Ok, bk £ A, then I = Ylk=i ^kbkXk 

(because B is central), and hence I £ M. (because Af is a left ideal). Thus, Xx X M. 
By our assumption, ^x{cl) is left invertible in AjXx, that is, there exist d. b £ A 
with ba — e £ Xx, and since Xx X M we have ba — e £ M. On the other hand, 
ba £ X X Ai. This implies that e G At which contradicts the maximality of A4. 
For assertion (b), let x G M{B) and e > 0. We have to show that there is a 
neighborhood U ot x such that 

||^^(a)|| < ||^o:(a)|| T e for all y £ U. 

For, choose elements ai, . . . , G A and xi, . . . , x^i G x such that 




Let y £U and put yj \= Xj — ^y{xj)e. Since the x^’s are elements of the commuta- 
tive Banach algebra S, the cosets ^y{xj) can be identified with complex numbers. 
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namely with the value of the Gelfand transform of Xj at the point y. In particular, 
^y{Vj) — ~ ^yip^j)^) ~ whence yj G y and 

||^j/(a)|| < ||a + y]ojyj||. (2.41) 

The estimates (2.40) and (2.41) give 

ll^y(a)|| - ||^x(a)|| < ||a + ^ || - ||a + || + e/2 

< -a;j)|| + e/2 

= llX)^y(a^j)aill +e/2 < £, 

thus proving the upper semi-continuity oi y ^ ||$^(a)|| at x. 

(c) By definition, ||a|| > ||^a;(a)|| for any x G M{B), which implies that ||a|| > 
max^^M(^) ll^x(a)||. 

(d) Let k G ^xeM{B)'^x- Then, for every a G ^x(e — ka) = ^^(e), whence via 

(a) the invertibility of e — ka. Thus, k lies in the radical of A. □ 

Here is a consequence of the preceding theorem which concerns local invertibility. 

Proposition 2.3.17 Let the situation be as in Theorem 2.3.16. is invertible 

in AjTx, then there are a neighborhood U of x ^ M{B) as well as a neighborhood 
V of a E A such that ^y{c) is invertible in A/Iy and 

||^i/(c)"i <4||4>^(a)-^|| for ally e U andceV. 

The number 4 can be replaced by any constant greater than 1. 

Proof If ^x(<^) is invertible, then there is a 6 G v4 such that ^x{cib — e) = ^x{bci — 
e) = 0. By Theorem 2.3.16 (b), the mappings 

y \\^y{ab - e)\\ and y ^ \\^y{ba - e)\\, 

defined on the maximal ideal space of B^ are upper semi-continuous. Hence, 

\\^y{ab - e)\\ < 1/4 and \\^y{ba - e)\\ < 1/4 

for all maximal ideals y in a certain neighborhood U' of x. Let further V stand 
for the set of all elements c G v4 with ||c — a\\ < (4 1|6||)~^ Then 

^y{c)%{b) = ^y{e) + %{cb - e) and %{b)^y{c) ^ ^y{e) + %{bc - e) 

with 



||4>y(c6 - e)|| < \\%{ab - e)|| + ||$j;((c - o)6)|| < 1/4 + He - a|| ||6|| < 1/2 

and, analogously, \\^y{bc— e)|| < 1/2. Since $(e) is the identity element in A/Xy, 
this implies via Neumann’s series that ^y{c) is invertible in A/Xy and that 

\\%{c)~^\\ < 2 \\^y{b)\\ for all y G /7' and c G V. 
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Employing the upper semi-continuity once more, one finally gets 

||$#)||<2||M6)ll = 2||$.(a)-'ll 



for all y in a neighborhood C /7' of x. □ 

Another supplement to Allan’s local principle concerns the continuity of local 
spectra. Let X be a compact Hausdorff space, and let M be a mapping from X 
into the set of all compact subsets of the complex plane C. Given a point x £ X 
and a sequence {yn) ^ X with ^ x as n — ^ oo, we consider the set L{yn) of all 
limiting points of all sequences (A^) with G M{yn)- Then the limes superior 
limsup^^^, M{y) is defined as UL(^n), where the union is taken over all sequences 
{yn) converging to x. 

Proposition 2.3.18 Let the situation be as in Theorem 2.3.16. Then, for all a E A 
and X G M{B), 

limsupcr(^^(a)) C cr(^a;(a)). 

y-^x 

Proof. Let A G limsup^^^ By definition, then there are points yn G 

M{B) with yn X and numbers An G a{^y^{a)) such that An A. Consider the 
elements a — Xne which converge to a — Ae in the norm of A, and assume the coset 
^x{a — Ae) is invertible. Then, by Proposition 2.3.17, the local cosets ^y^{a — 
Xne) are invertible for all sufficiently large n, which contradicts our hypothesis. 
Consequently, s G a{^x{a))- D 



2.3.5 Local P-Fredholmness of band- dominated operators 
in the sense of the local principle 

Consider the set of all continuous complex- valued functions / on for which the 
functions 

/r : ^ C, 77 1 -^ fivR), 

which are defined for every R > 0, converge uniformly on as — > oc. The 

uniform limit /* lim/^^oo fn is a continuo us f unction on again. This set 

is a commutative unital C* -algebra. If we let refer to its maximal ideal space, 

then the Gelfand/Naimark theorem justifies to denote this algebra by C(M^). 

The function x x/{l -h lx|) maps homeomorphically onto the interior 
RN \ of the unit ball {x G : |x |2 < 1}. This homeomorphism 

induces a *-isomorphism between C(M^) and the algebra of all functions which 
are continuous on \ and which admit a continuous extension onto all of 

B^ , i.e., between C(M^) and C{B^). Thus, is homeomorphic to B^ , and the 
non-trivial multiplicative functionals of C(M^) are either of the form / i-^ /(x) 
with some x G R^ or f f*{v) with some y G S^~^. 

We think of R^ as the compact ification of R^ by the sphere of the 

infinitely distant points. Evidently, a sequence h C R^ , which tends to infinity. 
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tends into the direction rj G with respect to the Euklidean topology if and 

only if it tends to the infinitely distant point rj with respect to the Gelfand topology. 
This observation justifies to call the sets Wr^u introduced in (2.36) neighborhoods 
at infinity of 77 . Notice also that, for every infinitely distant point 77 G there 

is a sequence h in which tends to 77 in the Gelfand topology. 

In what follows, we let tt refer to the canonical homomorphism from L{E, V) 
onto L{E, P)/K{E, V). 

Proposition 2.3.19 

(a) For f G C(R^), the coset 7 r(//) belongs to the center of Ae/K{E, V). 

(b) The maximal ideal space of the algebra Ce '•= {7 t(//) : / G C(M^)} is home- 

omorphic to S^~^, and the homeomorphism identifies rj G with the 

functional 7r(//) 1 -^ 

Proof, (a) It is evident that fl commutes with all multiplication operators. Further, 
the commutator fVa — Vaf is P-compact if and only if the operator G := V-afVa — 
fl is P-compact. But G is just the operator of multiplication by the function 
g : X ^ f{x + a) — f{x) which belongs to co(Z^,C). By Proposition 2.1.2, G is 
P-compact. 

(b) Let / G C(R^) and p G be an infinitely distant point. If G Z^ is a 

sequence which tends to 77 in the Gelfand topology, then the limit operator {fl)h 
exists and is equal to f*{rf)I. By Proposition 1.2.6, this limit operator depends on 
the coset 7 t(//) only. Thus, the mapping 

7 t(//) r{ri)I (2.42) 

defines a character of for every r} G . 

Let, conversely, ^ be a character of Then / 1 -^ ^{^{fl)) is a character of 
C(R^) which, hence, is either of the form / 1 -^ f{x) with x G R^ or / 1 — > f*{p) 
with 77 G . The first case can be ruled out since a function / which is non-zero 
at X and zero outside a certain bounded neighborhood of x generates a 'P-compact 
multiplication operator. Thus, every character of is of the form (2.42). Further, 
by definition, the Gelfand topology is the coarsest topology on which makes 

all functions /* continuous. This finally implies that the maximal ideal space of 
Ce- is homeomorphic to provided with its usual Fuklidean topology. □ 

For every maximal ideal 77 G of C^;, let denote the smallest closed two-sided 
ideal of Ae/K{E^ V) which contains 77 , and write Ae,t] for the quotient algebra 
{AeIK{E^ V))!lrj and tt^ for the canonical homomorphism from Ae onto Ae,t)- 
The following is the specification of Allan’s local principle to the present context. 
Recall in this connection that Ae/K{E^ V) is inverse closed in L{E^ V)fK{E^ V) 
by Proposition 2.1.9 and, hence, an operator A G Ae is P-Fredholm if and only if 
its coset A -h K{E, V) is invertible in Ae/K{E, V). 

Theorem 2.3.20 An operator A G Ae is V -Fredholm if and only if the cosets 7Trj{A) 
are invertible in Ae.ti for all 77 G S^~^. 
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The following theorem relates the invertibility of the coset 7Trj{A) with the local 
invert ibility of A at 77 . 

Theorem 2.3.21 The operator A G Ae is locally invertible at rj e if and only 

if the coset 7t^(^) is invertible in Ae,t]- 

Proof Let A be locally invertible at 77 . Then there are operators B, C e Ae and 
a neighborhood at infinity W oi rj such that 



BAxwi = XwAC = (2.43) 

with xw referring to the characteristic function of W. Choose a function / G 
C(M^) with suppf C W and f*(?]) = 1. Multiplication of (2.43) by fl yields 



BAfI = fAC = fl, 

and applying the local homomorphism to this equality gives 7Trj{B)7Tr^{A) = 
7rrj{A)7Trj{C) = 7T^(/) becaUSe of 7T^(//) = /*(7/)7T^(/) = 7Trj{I). 

Conversely, if 7 Tr^{A) is invertible, then there are operators B^ Ji, J 2 ^ Ae 
with Ji , J 2 G In such that 

BA = I + Ji, AB = IPJ2. 

Clearly, Ji can be written as a sum I^kfkl+R-lS where Ak G Ae, fl iv) — 

R is 7 ^-compact, and where S is an operator in Ae with |15|| < 1/4. Choose a 
neighborhood at infinity W = Ws,v of 77 such that 

\\RxwI\\<l/^ and \\fkXwI\\ < 4 ^||^^^|| for all A: = 1, . . . , r. 

Multiplying both sides of the equality BA = I + Y1 ^kfkl R-\- S by xwl from 
the right-hand side gives 

BAxwI = (^ + AkfkXwI + Rxwl + S)xwl- (2.44) 

Since \\Y. AkfkXwI ^Rxw I +S\\ < 3/4, the operator J+J] A + S' 

is invertible, and from (2.44) we conclude that 

B'AxwI = Xwl with B' = {I '^AkfkXwI + Rxwl + S)~^B. 

Analogously, one verifies the existence of the operator C in (2.39). □ 

Combining Theorems 2.3.20 and 2.3.21, we obtain the following. 

Corollary 2.3.22 An operator A G A% is V -Fredholm if and only if all of its limit 
operators are invertible and if 

sup{||(A)“Nl •• Ah e (Tr,{A)} < 00 for eacht] e 5^“^ 
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This corollary is indeed a generalization of Theorem 2.2.1 since it does not require 
that the suprema are uniformly bounded with respect to 77 G S^~^. 

Let us also mention that (Trj{fl) = {0} for all functions / G C(E^) with 
/*(ry) = 0. This implies that = {0} for all operators J G Ae with 7 t^(J) = 0 

and, hence, cr^(A) depends on the coset 7 t^(v 4) only. Based on this observation, a 
symbol calculus for the invertibility in the local algebra Ae^t] can be established 
in analogy to Sections 2.2.3 and 2.2.4. 

2.3.6 Operators with continuous coefficients 

Given a Banach space X, let C(E^,I/(X)) stand for the set of all continuous 
functions / : L{X) for which the functions 

fn : ^ L{X), r? ^ firjR), (2.45) 

which are defined for > 0, converge uniformly on a,s R ^ oo. The uniform 

limit /* := lim/^^oo /r is a continuous L(X)-valued function on S^~^. We write 
^L(x) for the set of all restrictions of functions in L{X)) onto Z^, and we 

let Cl(^x) refer to the set of all constant functions on Z^ with values in L{X). 
Both classes are closed subalgebras of L(X)). Finally, given a subset B 

of /^(Z^;L(X)), we agree upon denoting the smallest closed subalgebra of L(E) 
which contains all band operators X]|a|</c with coefficients G B by Ae{B) 
and the intersection Ae{B) Pi L^{E, V) by A%{B). 

Proposition 2.3.23 

(a) Let f G Cl(^x) let the sequence h e 7i tend into the direction rj G S^~^. 
Then the limit operator {fl)h exists, and it is equal to the constant function 
on Z^ with value f*{r]) G L{X). 

(b) Ae{C L(^ x)) ‘Is ei closed subalgebra of A^^. 

(c) Every limit operator of an operator in A £ Ae{C l(^x)) belongs to Ae{^l{x))‘ 

(d) For every A G Ae{Ce{x)) ij G S^~^, the local operator spectrum (Jr){A) 
is a singleton. 

Proof, (a) Let Wr^u be a neighborhood at infinity of ry G as defined in (2.36). 

Then, for every x G Z^, the points x + h{n) belong to Wr^u whenever n is large 
enough. Thus, 

f{x + h{n)) f*{'n) as n oc 

due to the uniform convergence of the functions (2.45). This implies the P-strong 
convergence of the operators i/L/^(^)(//)V'^('^) to the constant function with 
value /*(ry). 

For assertion (b), one has to check whether every operator of multiplication 
fl where / is a function in C(M^)l(x) is rich. Let {f{h{n)))neN be a sequence of 
values of /. Then there is a subsequence g of the sequence h which tends to infinity. 
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Moreover, g can be assumed to converge to an infinitely distant point g G 
with respect to the Gelfand topology. Thus, the assertion follows from part (a). 
Assertions (c) and (d) are immediate consequences of (a). □ 

Combining assertion (d) of the preceding proposition with Corollary 2.3.22 we 
immediately obtain the following. 

Corollary 2.3.24 An operator in Ae{Cl(^x)) V -Fredholm if and only if all of its 

limit operators are invertible. 

Thus, for band-dominated operators with continuous coefficients, the uniform- 
ness of the invert ibility of its limit operators is redundant. Another feature of 
these operators is the simple structure of their limit operators, which are band- 
dominated operators with constant coefficients (Proposition 2.3.23 (c)). For such 
operators, there is a simple criterion for their invertibility which we are going to 
derive now. This criterion will finally yield a simple and effective condition for the 
7^-Fredholmness of operators in Ae{Cl(x)) fhe Hilbert space case. 

To every band operator A = X]|a|<A: with coefficients in Cl{x)^ we as- 
sociate the operator- valued function A : L{X) defined at (^i, . . . , 

by 

i(e) := ^ where T := ■ 

\a\<k 

Theorem 2.3.25 Let H be a Hilbert space and E = Then 

(a) the mapping A^ A extends to a contractive homomorphism from Ae{^l{H)) 
into the algebra of the continuous functions on with values in L{H). 

(b) an operator A € Ae{^l{h)) '1^ invertible if and only if the function A is 
invertible at each point of . 

Proof. It will be proved in Section 2.4.8 in a much more general situation that 
assertion (a) is true and that an operator A G Ae{Cl{h)) is 7^-Fredholm if and 
only if the function A is invertible. It remains to show that every P-Fredholm 
operator in Ae{Cl{h)) is already invertible. 

So let A G Ae{^l(H)) be P-Fredholm. Then there are an operator R and 
P-compact operators K and L such that 

AB = I + K and BA = I + L. (2.46) 

The inverse closedness of (7* -algebras implies that B belongs to the smallest closed 
subalgebra B of L{E) which contains the algebra Ae{Cl(h)) f^be ideal of the 
'P-compact operators. Thus, multiplying both identities in (2.46) from the left by 
V-k and from the right by 14, and letting k G tend to infinity, we get AC — I 
and CA = I where C is the P-strong limit of the sequence (V-kBVk) as /c oo 
(the existence of this strong limit is evident). Thus, A is invertible. □ 
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2.4 Local P-Fredholmness: advanced theory 

In the previous section, we have localized the algebra Ae/K{E, V) over its central 
subalgebra consisting of restrictions of functions in C(M^) to However, the 
center of Ae/K{E^ V) proves to be much larger: actually it consists of slowly 
oscillating functions. This observation offers the opportunity of an essentially finer 
localization and, thus, of a further weakening of the uniform invert ibility condition 
in Theorem 2.2.1. 

2.4.1 Slowly oscillating functions 

A function a G /^(Z^,L(A)) is slowly oscillating if 

lim (a(x E k) — a{x)) = 0 for all k G Z^. (2.47) 

X— >•00 

We denote the set of all slowly oscillating functions by and write 

50(Z^) instead of 

Trivial examples of slowly oscillating functions are provided by the functions 
in C'l(x)? whereas Z^ — > C : x i-^ sin \/\x\ is an example of a slowly oscillating 
function which is not continuous at infinity. 

By Proposition 2.1.2, a function a G /"^(Z^, L{X)) is slowly oscillating if and 
only if the operator V-kaVk — al is 7^-compact for every k G Z^ or, equivalently, 
if the commutator aVk — Vkal = Vk{V-kaVk - al) is 7^-compact for every k. 
Since K{E, V) is a closed ideal of L{E^ V)^ we conclude that SOe{x){'^^) is a 
closed subalgebra of 1°^{Z^ , L{X)). If, moreover, the slowly oscillating function a 
is scalar- valued, then the operator of multiplication by a also commutes with every 
multiplication operator. Thus, the cosets SO{Z^) K{E, V) belong to the center 
of the algebra A^^/K{E^ V). We will see below (Theorem 2.4.2) that, conversely, 
every coset in the center of A^^/K{E^ V) is of this form. 

Another special feature of slowly oscillating functions concerns the limit op- 
erators of their multiplication operators. 

Proposition 2.4.1 Let a G 5'0/,(x)(^^)- Then every limit operator of al is a mul- 
tiplication operator in ^l{x)i operator of multiplication by a constant 

function with values in L{X). 

Proof Let a G SOl(^x){'^^)' From (2.47) we conclude that 
lim {a{x' + h{k)) — a{x" + h{k))) = 0 

k-^oo 

for all sequences h tending to infinity and for all x', x" G Z^. Hence, if is a 
sequence such that the limit operator {al)h exists, then lim/c^oo + ^(^)) is 
independent of x G Z^, i.e., {al)h = Al with an operator A ^ L{X). □ 

Again, a certain converse to this fact proves to be true. 




2.4. Local P-Predholmness: advanced theory 



75 



Theorem 2.4.2 The following assertions are equivalent for an operator B G : 

(a) BeSO{Z^) + K{E, V). 

(b) All limit operators of B lie in Cl. 

(c) The coset B + K{E, V) lies in the center of A%/K{E, V). 

For the proof we need a characterization of 'P-compact operators via the asymp- 
totic behavior of their diagonals. For, let A G L{E^ V). Then the series 

Y, SiAS, (2.48) 



converges strongly. Indeed, let An := The sequence (An) is uni- 

formly bounded since 

\\Anxr = II E S,ASM\^ = Y \\S^AS,xr 

|z|<n 

< Mr E = \mPnxr < ii^ni^r (2.49) 

\i\<n 



for every x G £*, and it converges on a dense subset of E" = since 

AnSkX = SkASkX for all n > k. We call the operator in (2.48) the main diagonal 
of A and denote it by D{A). From AnSk = SkASk = D{A)Sk for all n > /c, it 
is also clear that the An converge E-strongly to D{A). Further, for i G Z^, we 
define the jth diagonal of A by Dj{A) := D{AV-j). We consider both D{A) and 
the Dj{A) as elements of 1^{Z^,L{X)). 

Lemma 2.4.3 

(a) The mapping D : L{E, V) 1^{Z^^L{X)) is a surjective contraction. 

(b) If A ^ T(E, V), and if h E H is a sequence such that the limit operator Ah 
exists, then the limit operators Dj[A)h exist for every j G Z^ , and 



^ji^h) — I^j{^)h‘ 



(c) If A e L^{E, V), then Dj{A) G L^(E, V) for every j e Z^ . 

Proof, (a) In (2.49) we have seen that ||Ari|| < \\A\\ for all n G N. Hence, by 
Banach-Steinhaus, 

\\D{A)\\ < liminf pnll < p||. 

Further, D is surjective since D{al) — al for every function a G V^{Z^ ,L{X)). 
(b) First observe that if rl G L{E, V), then both Ah and all diagonals Dj{A) 
belong to L{E, V). Thus, it makes sense to consider Dj{Ah) and Dj{A)h- 
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Let now z, j G and let A G L(E, V) be an operator for which the limit 
operator exists. Then 

\\{V_h(n)Dj{A)yh(n)-Dj{Ah))S,\\ 

= \\y-Hn)Y. SkAV-jSkV^n)S^ -J^SkAV-jSkSiW 

k k 

— ^^—h{n)^i-\-h{n)^^—j^i-\-h{n)'^h{n)^i ~ SiAV—jSi^ 

= \\SiV_hin)AVh(^~^V-jSi - SiAV-,Si\\ 

= \\Si{V_^^n)AV^n)-A)S,-jV.j\\ 
<\\{V_hin)AVf,^r.)-A)Si-j\\^0. 

The dual assertion follows similarly. 

(c) Let A G L^{E, V). Thus, every sequence h eH possesses a subsequence g such 
that the limit operator Ag exists. Then, by part (b), the limit operator Dj{A)g 
exists, too. D 

Proposition 2.4.4 The following assertions are equivalent for an operator K G 
L^{E, V): 

(a) K eK{E,V). 

(b) Dj{K) € co(Z^, L(X)) for every jeZ^. 

Proof. Let K € K(E, P), j € and let /i € W be a sequence such that the limit 
operator Dj{K)h exists. Then the limit operator Kh exists, too (see the proof 
of Proposition 1.2.6 (b)), and Dj{K)h = Dj{Kh) by the preceding lemma. Since 
Kh=^ (Proposition 1.2.6 again), we conclude that zero is the only limit operator 
of Dj{K). Since Dj{K) is rich due to Lemma 2.4.3 (c), this implies via Theorem 
2.2.12 that Dj{K) is P-compact. Thus, 

Dj{K) € K(E, V) n 1^{Z^,L{X)) = co{Z^,L{X)). 

Let now, conversely, K G L^{E, V) be an operator for which all diagonals are V- 
compact, and let /i G W be a sequence such that the limit operator Kh exists. Then, 
for every j G Z^, the limit operator Dj{K)h exists, too, and Dj{K)h = Dj{Kh) 
by the preceding lemma. Since Dj{K) is 7^-compact, we have Dj{K)h = 0 and, 
thus, Dj{Kh) = 0 for every j. By the definition of a diagonal, this implies that 
SiKhSk = 0 for every choice of z. A: G Z^ and, hence, PnKhPn = 0 for every n G N. 
Letting n go to infinity we get Kh = 0. Thus, zero is the only limit operator of K, 
which implies as above that K is 7^-compact. □ 

Proof of Theorem 2.4.2. The implication (a) (b) follows immediately from 

Propositions 1.2.6 (b) and 2.4.1. For the implication (b) (c) recall that the 

algebra A?^IK{E, V) is topologically isomorphic to the symbol algebra Se (The- 
orem 2.2.12). Clearly, (b) implies that the symbol of B belongs to the center of 
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Se- Thus, being the pre-image of smbB, the coset B -h K{E^ V) lies in the center 
oiAl/K{E,T). 

It remains to show the implication (c) => (a). Let B -h K{E, V) be in the 
center of A^^/K{E, V). We claim that the main diagonal of B belongs to 50(Z^) + 
co(Z^,L(X)), whereas all other diagonals of B are in co(Z^,L(X)). 

Let us first mention that, for every k G the operator V-kBVk — B is V- 
compact. Hence, every diagonal oiV-kBVk — B lies in cq{Z^ , L{X)) by Proposition 
2.4.4, which implies via the definition of 50 that every diagonal of B lies in 
50^(Z^,L(X)) (with the richness being a consequence of Lemma 2.4.3 (c)). 

In the next step we will prove our claim for the main diagonal of B. As we 
have just seen, we can consider D := D{B) as a slowly oscillating function which 
takes at n G Z^ a value D{n) in L{X), Let, for a moment, A be an arbitrary 
operator in L{X). Then, for all A G C with |A| > 2 ||A||, 

||A - A/|| > |A| - ||A|| > ||A|| > inf ||A - /i/||. (2.50) 

On the other hand, the continuous function A i-^ ||A — A/|| attains its minimum 
on the compact set {A G C : A| < 2||A||}. By (2.50), this minimum is also the 
minimum of A i-^ 11^ ~ c>f C. 

Thus, we can write every operator D{n) G L{X) as D{n) = an I Kn where 
the G C are chosen such that 

\\D{n) - anl\\ = min \\D{n) - A/|| and |an| < 2 \\D{n)\\. (2.51) 

Hence, the function n i— > is bounded by 2||T>||oo, and the diagonal oper- 
ator {ani) is evidently rich. Thus, the diagonal operator (i^n)nez^ belongs to 
/°^(Z^, L(X))^. Moreover, (2.51) implies for every n that 

\\Kn\\ = min \\Kn + a,/ - A/|| = min \\Kn - A/||. (2.52) 

AgC AgC 

Finally, the coset (A'n)+Co(^^, L{X)) belongs to the center of the quotient algebra 
/®^(Z^, L(AT))^/co(Z^, L(A)) which can be seen as follows. By hypothesis, we 
have AB — BA G K{E, V) for all A G A%. Proposition 2.4.4 implies that then 
D{AB — BA) G co(Z^, L{X)) for all A G A^^ whence, in particular, 

D{AB - BA) - AD{B) - D{B)A G cq(Z^, L{X)) 

for all A G /°^(Z^, L(X))^. Thus, the coset D{B) cq{Z^ , L{X)) lies in the center 
of /^(Z^, L(X))^/co(Z^, L(A)). Since the coset (a^/) +cq(Z^,L(X)) evidently 
also belongs to the center of that algebra, we conclude that {Kn) + cq(Z^, L{X)) 
is in that center, too. In particular, 

\\KnA-AKn\\^0 for all A e L{X) (2.53) 

since (Kn) commutes with all constant functions modulo cq{Z^ , L{X)). 
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We will show now that \\Kn\\ ^ 0 as n — > oo. Contrary to what we want, 
assume there are a monotonically increasing sequence (uk) and an e > 0 such 
that lli^rifell > ^ for all k. Since the diagonal operator {Kn) is rich, there are a 
subsequence (n/ej of (n^) and an operator K G L{X) such that WKn^ ~ ^\\ 0 

as I CO. Then, by 2.53, 

KA = AK for all AeL{X). 

This observation implies that iC is a scalar operator: K — nl with G C (this 
fact is usually referred to as Schur’s lemma). On the other hand, we conclude from 
\\Kn^^ - K.I\\ 0 that 

\\Kn,^-Kl\\<e<\\Kr.,^\\ 

for I being sufficiently large, which contradicts (2.52). This contradiction shows 
that (Kn) G co{Z^ , L{X)). Finally, since 

< \\D{n + 1) - D{n)\\ + ||iC,+i|| + \\KJ ^ 0, 

the scalar-valued function n i-^ an is slowly oscillating, and the assertion for the 
main diagonal follows. 

In the next step we show that every diagonal Dk{B) with A: ^ 0 belongs to 
co(Z^, L(X)). Given k G \ {0}, choose r G N \ {0, 1} such that 

(rZ^ -h A;) n rZ^ = 0. (2.54) 

(Clearly, r cannot exist if A: = 0. If /c = (/ci, . . . , A; at) 7^ 0, every r > max^ |A:^| can 
be chosen.) Further, let / G /^(Z^) be the function which is 1 on rZ^ and zero 
outside this set, and consider the matrix representation of fB. Clearly, if j G rZ^, 
then the jth rows of fB and B coincide, whereas all other rows of fB are zero. 
The same happens with the columns of Bfl. Thus, if B = (Bij)i j^j^N , then all 
entries of B of the form 



Brm+k, rm with TTZ € 

lie in nonzero columns of Bfl but in zero rows of fB (recall our choice in (2.54)). 
Moreover, these entries belong to the A:th diagonal of B and, hence, of Bfl — fB. 
Since this operator is P-compact, we conclude via Proposition 2.4.4 that 

II -^rm+Ze, rm II ^ 0 171 > OO. 

Let b G , B{X)) be defined by b{m) Am-\-k,m (thus, b is the A:th diagonal 

of B). We know already that b G S'0^(Z^, L(X)) and that ||5(rm)|| ^ 0 as 
m OO. These two facts together already imply that b G cq(Z^,L(X)). Indeed, 
let s = (si, . . . , Siv) G Z^ with 



0 < < r — 1 for all i. 



(2.55) 
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Then the 5'0-property implies that 

\\b{rm + 5)11 < ||6(rm + s) — b{rm)\\ + \\b{rm)\\ 0 

as m ^ oc. Since there are only finitely many A^-tuples s with property (2.55), we 
have ||6(m)|| ^ 0. This finishes the proof of our claim. 

Now, if ^ V) is in the center of P), then we can write it 

as the sum of a multiplication operator in SO{Z^) and an operator K G all 
diagonals of which belong to cq(Z^, L(X)). By Proposition 2.4.4, K G K{E, V), 
and we are done. □ 

Thus, 50(Z^) (more precisely, the image of SO{Z^) in J\^^/K{E, V) under the 
canonical embedding) is the natural candidate for a central subalgebra with respect 
to which the algebra J^^/K{E^ V) can be localized by means of Allan’s local 
principle. We will pursue this idea in the following. 

2.4.2 The maximal ideal space of SO{Z^) 

Let M{SO{Z^)) denote the maximal ideal space of the commutative C'*-algebra 
SO{Z^), and write M^{SO{Z^)) for the fiber of M{SO{Z^)) consisting of all 
characters 77 G M{SO{Z^)) such that 77 (a) = 0 whenever a G cq. Every m G 
defines a character of 50 (Z^) by / 1 — > f{m). In this sense, Z^ is embedded 
into M{SO{Z^))^ and M{SO{Z^)) is the union of its disjoint subsets Z^ and 
AT^(50(Z^)). The following is a special case of a general result on compactifica- 
tions of topological spaces, see [57], Chapter I, Theorem 8.2. 

Theorem 2.4.5 Z^ is densely and homeomorphically embedded into M{SO{Z^)) 
with respect to the Gelfand topology. 

Connectedness properties. We will show now that the fiber M^{SO{Z^)) is 
connected if A' > 1 and consists of two connected components if A == 1. In 
the following proposition, we let 50(N) denote the algebra of all restrictions of 
functions in 50 (Z) onto N. 

Proposition 2.4.6 

(a) Let N > 1, and let a G SO{Z^) be a function which only takes the values +1 
and —1. Then one of the sets M± {z G Z^ : a{z) = ±1} is finite. 

(b) The same holds for functions in 50(N). 

Proof. Let A > 1. For 2: G Z^, set U{z) := {y G Z^ : jz — y\oo < 1}, and let 
M+ := {2 G M+ : U{z) fl M_ 0}. 

Suppose that M_|_ is infinite. Let . . . , v^n_i stand for the unit vectors in Z^, 
i.e., for the vectors in Z^ with |t;/|oo = 1 - Then, for each 2; G Z^, 

U{z) \ {z} = {z + vi : I = 1 , . . . , 3 ^ - 1 ] . 
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Since is infinite by assumption, there are a sequence x : N — ^ with 

x{k) oo as A: — > oo and an index /q C {1, . . . , 3^ — 1} such that a{x{k)) = 1 
and a{x{k) -h vi^) = —1 for each /c G N. Thus, a{x{k) + vi^) — a{x{k)) = —2 for all 
/c G N, implying that a cannot be slowly oscillating. This contradiction shows that 
M+ is finite. 

Since M+ is finite, this set is contained in a ball V := {x G : |x|oo < K} 
with radius K chosen large enough. We claim that either B := \ V ^ -^+ or 

B C M_. Indeed, let G B be a point which belongs to M+. Then every point 
in B lies in M+ which can be seen as follows. Given a point Z 2 E B, we choose 
points ?//c G 5, /c = 1, . . . , / such that yi = zi, yi = Z 2 and C U{yk) for each 

k G {1, ...,/ — !} (here we use that N > 2). Since yk ^ and yi G M+, all 

points yk belong to M+. Hence, Z 2 G and B C in this case. If there is no 
point from M_t_ in H, then B C M_. This proves our claim, and the claim on its 
hand shows that either M+ or M_ are finite. This proves assertion (a). The proof 
of (b) follows similarly. □ 

Let us mention that, in case N = both sets M± can be infinite. For an example, 
consider the sign function which obviously belongs to SO{Z). 

Let M^^(50(Z)) stand for the fiber of M{SO{Z)) which contains all char- 
acters of SO{Z) which vanish at every function a G 1^{Z) with lima;_>±oo = 0. 

Theorem 2.4.7 

(a) M^{SO{Z^)) is connected if N > 1. 

(b) M~^^(SO{Z)) and M~^{SO(Z)) are connected. 

Proof. We prove assertion (a) only. Assume that M"^{SO{Z^)) is not connected. 
Then there exists a continuous function d on M^{SO{Z^)) which takes exactly 
the values +1 and —1. By the Tietze extension theorem ([140], Theorem IV.ll), 
there is a real- valued continuous function d on M{SO{Z^)) which coincides with 
d on M^(*SO(Z^)). Hence, there is a slowly oscillating real- valued function a on 
Z^ which has d as its Gelfand transform and for which, consequently, ±1 are the 
only partial limits at infinity. Let 

M+ := {z G Z^ : a{z) > 1/2}, M_ := {z G Z^ : a{z) < -1/2}. 

Then Z^ \ (M+ UM_) is finite. Indeed, otherwise there would exist infinitely many 
points z G Z^ with — 1/2 < a{z) < 1/2. In this case, one could choose a sequence 
{zn) G Z^ which tends to infinity, and for which lim a{zn) exists and belongs to 
[—1/2, 1/2]. This is impossible (recall that ±1 are the only limit points of a at 
infinity). Thus, Z^ \ (M_^ U M_) is indeed finite, and the function 

. . _ J a{z) z G M+ U M_ 

0(z) '-1-1 {M+ U M_) 

differs from a at a finite number of points only. Thus, the function b is slowly 
oscillating, it has exactly two partial limits at infinity (namely ±1), and |d| >1/2. 
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The latter property guarantees that | 6 | is invertible and that | 6 | ^ G SO{Z^). 
Hence, the function 



b/\b\ : ^ 



1 z G M+ 

-1 zeZ^\M^ 



belongs to SO{Z^)^ and both sets M+ and \ are infinite (because both 
+1 and —1 are partial limits of b/\b\ at infinity). By Proposition 2.4.6, this is 
impossible. □ 

A particular consequence of the preceding theorem is that the set of all partial 
limits at infinity of a real- valued slowly oscillating function a on Z^ with A' > 1 is 
a closed interval. Indeed, this set is just the range of the restriction of the Gelfand 
transform of a onto the fiber M^(50(Z^)), i.e., it is the image of a compact and 
connected set under a continuous mapping. 



Neighborhoods at infinity. Let 77 G and let t/ be a neighborhood of 

rj in M{SO) with respect to the Gelfand topology. We agree upon calling the 
intersection U nZ^ a neighborhood at infinity ofrj. The following definition as well 
as Theorem 2.4.9 are taken from [161]. 

Definition 2.4.8 

(a) A subset V C Z^ is called growing if, for every bounded set D C Z^ , there 
is an X ^ Z^ such that x D . 

(b) An unbounded subset Vq of a growing set V is called a center if, for every 
bounded set D C Z^ , there is a bounded set M such that (Vq \ AT) D CV. 

Theorem 2.4.9 Let W be an unbounded subset ofZ^ and 77 G W f^M^{SO) (where 
the bar refers to the closure with respect to the Gelfand topology on M[SO)), and 
let U C M{SO) be a neighborhood of g. Then H := f/ n Z^ is a growing set, and 
there is a neighborhood Uq C U of g such that Vq := Uq (1 Z^ is contained in W 
and a center of V. 

Proof By Uryson’s lemma, there is a continuous function / : M{SO) [0, 1] 
which is 0 at 77 and 1 on M{SO) \ U. Since / is continuous on M{SO), the 
restriction of / onto Z^ is a slowly oscillating function. Set 

U( := {x G M{SO) : f{x) < 1/2} and Uq := U( H W, 

and define V := U flZ^ and Vq := UqDZ^ . Then Vq CWnV. Moreover, since U( 
is a neighborhood of 77 , the set Vq is unbounded. We claim that, for every bounded 
set M, there is a bounded set D such that {Vq\D) M C V. The claim implies 
that V is growing and that Vb is a center of V. 

Assume the claim is wrong. Then there exists a bounded set M such that 
(Vq\D) M V, hence, Vi := {Vq + M) \ F is an unbounded set. So it makes 
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sense to consider the limes superior of |/(x)| when x tends to infinity. Since 
V\ <ZV{) M and / is slowly oscillating, we get 

limsup |/(x)| < limsup max |/( 2 / + m)| 

xG Vi ,cc— ^•cxD yG Vb ,y— >oo 

< limsup max 1 /( 2 / + m) - /( 2 /)| + limsup |/(y)| < 0 + 1/2 = 1/2. 

yGVb,y— >00 yeVo,y^oo 

This is impossible since Vi is in the complement of U and, hence, / is 1 on Fi. □ 

Inadequacy of sequences. We will run into a lot of trouble when trying to realize 
the simple and natural idea to localize the algebra V) over SO. The 

main reason for this is the following observation. 

Proposition 2.4.10 Let rj G M'^(50(Z^)). Then rj G c1osm(50(z^))^^; but there 
is no sequence in which tends to rj with respect to the Gelfand topology of 
M{SO{Z^)). 

Proof. We know from Theorem 2.4.5 that 77 is in cIosm ( so)'^^ and that, hence, 
there is a net with values in Z^ which converges to rj. Assume there is a se- 
quence h with values in Z^ and with limit rj in the Gelfand topology. Since every 
subsequence of h also converges to 77 , we can assume without loss that 

\h{n + 1)1 > \h{n) \ + for all n. 

Let (fo • [0, 1] be a continuous function with support in {t G : |^| < 1} 

and with (/?o(0) = 1, and set (pn{t) •— (p{t/2'^) for 77 > 1. Then the function 

00 

‘fit) ■= XI - h{2n)) 

n>0 

is slowly oscillating, and (p{h{2n)) = 1 and cp{h{2n-\-l)) — 0 for all n. The assumed 
convergence of h to rj implies that both sequences {(p{h{2n))) and {(p{h{2n + 1))) 
converge to (p{rj). Contradiction. □ 

Thus, the topological nature of M{SO{Z^)) requires the use of nets rather than 
sequences. In the following two sections, we are going to recall and provide some 
facts about nets and about limit operators with respect to nets. 

2.4.3 Preliminaries on nets 

Nets and subnets. A set T is directed if there is a binary relation >- on T such 
that 

'^t eT : t y t (refiexivity), 

y r, s, t e T : rys, syt^yryt (transitivity), 

y s, t eT : syt, tys^s = t (anti-symmetry), 

y r, s e T 3t e T : t y r and t y s (inductivity) . 

For example, the set N is directed with respect to the relation >. 
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A mapping x from a directed set T into a topological space X is called a net, 
and this net converges to a point x* e X if, for every neighborhood U of x*, there 
is a to ^ ^ such that x{t) G U for all t >- to. The net x : T -> A is sometimes also 
denoted by (xt)teT where Xt = x(t). Accordingly, if x : T ^ A converges to x*, 
we will write 

lim Xt — X* or Xt x* with respect to T. 
teT 

A net {ys)ses is a subnet of the net {xt)ter if there is a mapping F : S T such 
that 

\/s E S : Vs = ^F(s) 5 

Vt G T 3 So G 5 : F{s) y t for all s so 

(note that we use the same symbol for all apparently different order relations 
on S and T). A subset 5 of a directed set T is called cofinal if 

Wt eT 3s e S : syt. 

Every cofinal subset 5 of a directed set T is again a directed set with respect to 
the restriction of the order relation >- onto S. If S' is a cofinal subset of T, and if 
{xt)teT is a net, then the restriction of {xt)teT onto S is a subnet of {xt)ter- One 
is mainly interested in subnets which do not arise in this simple manner. 

Nets tending to infinity. In what follows we will only be concerned with nets in 
Z^. A net {xt)teT with values in Z^ is said to converge to infinity if 

eN3to eT : |xt| > k for all t y to. 

Let J\f denote the set of all nets in Z^ which converge to infinity. 

Lemma 2.4.11 

(a) For every net {xt)teT ^ AT, the set {xt t E T} of its values is countably 
infinite. 

(b) If h :N ^ Z^ is injective, then the sequence h belongs to Af. 

Proof, (a) Since Z^ is countable, {xt)teT ^ is an at most countable set, and 
since {xt)teT tends to infinity, this set cannot be finite. 

(b) Suppose the sequence h does not converge to infinity. Then 

3 A: G N Vno G N 3n > no : \h{n)\ < k. 

Repeating this argument we get an infinite sequence no < ni < n 2 < • • • such that 
\h{nr)\ < k for all r. But h is injective. Thus, h{ur) ^ h{ns) whenever r ^ s. So 
we have infinitely many points in {z G Z^ : |z| < k}, which is nonsense. □ 

Lemma 2.4.12 Let x E M be a net, and let h be a bijection from N onto the set 
of the values of x. Then x is a subnet of the sequence h. In particular, every net 
X E AT is a subnet of a sequence h eH. 
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Proof. Let x — {xt)teT C Af, and let h : N ^ {xt : t G T} be a bijection. Such 
bijections exist by Lemma 2.4.11. 

To show that x is a subnet of h, define F : T ^ N by F{t) := h~^{xt). Then, 
clearly, Xt = for every t eT, and it remains to check whether 

Vn G N 3^0 C T : F{t) > n for all t >~ (2.56) 

Given n G N, set A: max{|/ii|, . . . , |/in|}- Since {xt)teT belongs to A/", there is a 

to eT such that 

l^tl ^ A: + 1 for all t > to- 

By the definition of F, this implies F{t) > n for all t to which gives (2.56). Hence, 
X is a subnet of /i, and this sequence belongs to H due to Lemma 2.4.11 (b). □ 

A version of Cantor’s diagonalization procedure. The following result can be 
considered as a substitute for Cantor’s diagonalization argument for sequences. 

Theorem 2.4.13 Let Z be a set, and let (/n)n>i cl sequence of functions fn : 
Z which converges uniformly on Z to a function f \ Z R+. Assume 

further that (x^^)tQ^To cl net with values in Z and with the property that, for 
every n > 1, there is a subnet {x^^)t^eTn of {x^~J-Jtr^-leTr^-l such that 

\im U{x'lj=0. (2.57) 

L-n e.1 n 

Then there is a subnet {yw)wew (^to)^oGTo 'cuith limu,ew fiVw) = 0. 

Proof. We split the proof into several steps and emphasize some partial results 
as lemmas. We start with a net (x^^)tQ^To fo ^ a,nd, for every n > 1, with a 
subnet of (^^n-^i )^n-iGTn-i whicfi satisfios (2.57). In particular, we have 

mappings F^ : ^ Tn-i with x^^ = fo^ ^ such that 

ytn-l G Tn-l G Tn : F(tn) >~ ^n-1 for all tn >~ t^. (2.58) 

Step 1. We show that the directed sets To, Ti, . . . can be replaced by one and the 
same directed set S. 

Indeed, set S' := To x Ti x T 2 x • • • and provide S with the order 

(so, Si, S 2 , (sq, s'l, 4, • • •) Sfc X s'fc for all k 

which makes S to a directed set. Further, there are canonical mappings 
Gfi . S > Tji, (<§0, 5i, 52, . . .) I ^ 5 t2- 
For every n G N, define a net {y^)ses by 2/? ^Gn(s)* 

Lemma 2.4.14 

(a) For all n>0, {ys)ses is a subnet of 

(b) For all n>l, {ys)s€S is a subnet of{yf~0ses- 
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Proof of Lemma 2.4.14. (a) By the definition of what we have to check is 
whether 

G Tn 3 G S' : Gn{s) tn for all s >- s^. 

But this is obvious: Set := ^ 2 , • • •) G S. Then, for s one indeed has 

(b) For n > 1, define 



Hn • S > S, (<§0, <§1, S2, . . .) I ^ (^0? • • • 5 ^n— 2? n(<5n)5 <^n+l5 • • •) 

with the Fn{sn) standing at the n - 1th position. Then, for all s = (sq, si, S 2 , . . .) 
in S and all n > 1, 






= X 



n — 1 



v.n— 1 



n—1 



F„(s„) - ^G„-i(Hn{s)) - yn„{s) 



and it remains to show that 



(2.59) 



\/s £ S G S : Hn{s) >~ s for all s >- s^. (2.60) 



Let s = (so, 5i, S 2 , . . .) ^ *5. For k ^ set Sk- In case k = we first choose 
G Tn such that 

Vs„ >- : Fn(Sn) >~ Sn-1 (2.61) 

(which is possible due to (2.58)), and then we choose s° € T„ such that both 
s°° and s° >- s„. Define s° := (sjj, s?, • ■ •) € S. Then, for all s = 

(§ 0 , Si, S 2 , ...)>- s°, we have 



Sk y = 

y y 

Sn y y 

sk y si = 



^00 



for all 0 < A: < n — 2, 

whence Fn{sn) Sn-i due to (2.61), 



for all A: > 72 H- 1 . 



Consequently, 



FAn (^0 5 ^ 1 ? "^2 5 • • •) — 

>- 



(Sq, • • • 7 ^n — 2’) Fni^Sn)^ Sn-, . . .) 

(sq, • • • 5 Sn — 2-) ^n — 15 ^n+l^ • - ■) = S. 



This proves (2.60) and the lemma. 



□ 



Step 2. Choice of the diagonal net. 

Let Pt := S X N. This set becomes directed by the order relation 



(s, n) y (s', n') 



s y s' and n > n' . 



Consider the net 

2/(3, „) := y^. (2.62) 

Of course (and as in the standard diagonalization procedure for sequences) one 
cannot expect that {y(s,n)){s,n)en is a subnet of {y^)ses- But (also as for standard 
diagonalization) one has the following result where we write •= {(s, n) G : 
72 > ?2o} for brevity. Clearly, Qno is a cofinal subset of Q for every ? 2 o G N. 
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Lemma 2.4.15 For all no € N, (y{s,n)){s,n)eQ„g is a subnet of {y^°)s£S- 
Proof of Lemma 2.4.15. For all s e 5 and all n > no, we have 

y{s,n) - ys - yH„{s) ~ y/r„_i(H„( 5 )) ~ ~ y(i/„0 + ioW„0+2O- o/f„)(s) 

(compare (2.59)). This equality suggests to define 

Kno-^ no ^ (^5 ^ ) ' ^ (-f^no + 1 ^ O • • • O 

Then, obviously, 

l/{s,n) y Krigis^n) ^ 7 

and what remains to be verified is 

\/s e S 3 (s, h) G ftno : Kno{s,n) y s for all (s, n) (s, h). 

Set n := no + 1 and construct s := (sq, 5i, . . .) successively as follows. Let s = 
(so, si, . . .) G 5. We set Sk := Sk for k < uq. Further, by (2.58), given Sno C T^q, 

3 -§77,0-1-1 C Tt^q-I-I • (s) y ^no ^ ^no + 1* 

Then choose Srio-^i larger than both § 720+1 ^no-K- 

For Sno + l c Tno + l^ we choose §no+2 c Tno+2 such that 

Vs y §77,0-1-2 • F77,o-1-2(§) y §no + l -^77,0-1-1) 

and, hence, 

F 770 -I-I (F77,o- 1-2(§)) ^ <^no- 

Then choose §no+2 larger than both §no+2 and §no+2- 

We proceed in this way, i.e., we choose §no +3 C Tr^o-i-a such that 

V§ S770-I-3 • Ft 7 ,o- 1 - 3 (§) y §no +2 S770-I-2) 

which implies that 

Ft7,o-1-2(F77o- 1-3(§)) ^ ^no + 1 

and, hence, 

Fno + 1 (Ft 7 o-K 2 (Frio -f 3(5))) ^ • 



Then choose §no +3 larger than §no +3 and §no+ 3 - 



Thus we have fixed 


s. Let now 


§ = 


(sq? Si, . 


. .) §. Then, due to our 


construction. 


Sk 


>- 


Sk 


for all /c < no — 1, 


(Frio-f 1 ^ Frio-1-2 ^ ’ 


' ' ^ Fri)(§ri) 


>- 


Sno 5 




{Fno+2 0 Fno+y, ° ' 


■ ' ^ Fri)(§ri) 


>- 


S?2o + l 5 






Fri(§77,) 


>- 


Sn— 1 ? 






Sk 'y Sk 




Sk 


for all k > n. 
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This shows that 



-^no(^5 — (-^no + 1 O ' ■ * O ^ 



Since 

= (<^05 • • • 7 <Sn— 2? . . .), 

(-^n — 1 ^ ~ (^ 0 ? • • • 5 ^n— 3 ? 1 (-^n (-^n)) 5 -^71(^71)5 ^715 ^ti+I? • • O’ 

(^Hn—2 ^ Hji—i O — 

(sq, • • • 5 -Sn— 4 j n— 2 {F F f^—\(^F ^(577,)), T* ^,(577), Sn^ • • •)’ 

and so on. This finishes the proof of Lemma 2.4.15. □ 

Step 3. Let W := Qq. Then {yw)wew the net we are looking for. 

It is obvious from the above construction that {yw)wew is a subnet of {x^^)toeTo‘ 
So we are left with verifying that lim 7 ,;^vv f{yw) = 0. 

Given e > 0, choose and fix n > 1 such that 11/ — /tiH < s/2. Then, by 
hypothesis, 

lim fnix’lJ^O. 

e J- n 

Since {yw)wenn is a subnet of )tr^eTr ^ , we also have lim 7 j;e^^n fn{yw) = 0, whence 
the existence of an Wn G fin with 

l/ 7 i(y 7 i;)l < s/2 for all w Wn- (2.63) 

Let now w ^ W with w y Wn- Then, evidently, w e fln^ and from (2.63) we 
conclude 

l/(y7i;)l ^ l/(y7i;) “ fn{yw)\ + l/7i(y77;)l ^ 11/ ~ fn\\oo + 1 / 71 (^ 10 )! < S. 

Hence, limn^^vv f{yw) = 0 which finishes the proof of Theorem 2.4.13. □ 

2.4.4 Limit operators with respect to nets 

We return to band-dominated operators on the sequence space E.liy {yw)wew 
is a net in A/*, then we call an operator Ay limit operator of the operator A G L{E) if 
the net {V-y^AVy^ )wew converges 7^-strongly to Ay. In general, the results derived 
for limit operators with respect to sequences remain valid for limit operators with 
respect to nets without changes. We will illustrate this point by two results where 
the Cantor diagonalization procedure for nets is involved. 

Theorem 2.4.16 Let A = al E L{E^ V) he a rich multiplication operator. Then ev- 
ery net {xt)teT ^ Af possesses a subnet y \= {yw)wew such that the limit operator 
Ay exists. 
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Proof. Recall that Ay is the limit operator of A with respect to the net y if and 
only if 

\\{V-y^AVy^ - = 0 for every fc e 

wEW 

where, as before, Sk refers to the operator of multiplication by the function which 
is / at A: G and 0 at all other points. 

Set {x^^)toeTo •= {xt)teT and choose a bijection m : N ^ . Since A is rich 

we find, for every n > 1, a subnet {x^JtneTr^ of G T^_i as well as an 

operator Bn G I/(ImS'^(^)) such that 

~ Bn)Sm{n)\\ ^ 0- (2.64) 

Let B stand for the operator of multiplication by the function 

We claim that B is the limit operator of A with respect to the net y. For, we 
reify Cantor’s scheme (= Theorem 2.4.13) as follows. Set Z := Z^ . For n > 1 and 
z G Z^, define 

n 

fn{z) := ^2-'= - S)5„(fc)||, 

k=l 

and let 

CXD 

f(z) := ^2-'' \\{V.,AV, - B)Sm(k)l 

k=l 

Then, obviously, ||/„-/|| OO ^ 0- Further, by (2.64), we have limt^er^ fn{x^J = 0. 
Now we conclude from Theorem 2.4.13 that there is a subnet {yw)wew of (xt)teT 
such that lim^^w fiVw) = 0. This immediately implies the P-strong convergence 
of the net {V-y^ AVyJ wew to B, whence B = Ay. □ 

Of course, a similar result holds for rich band operators. For another application of 
Theorem 2.4.13, consider the set of all operators A G L{E, V) having the following 
property: every net {xt)teT C M possesses a subnet y := (yw)wew such that the 
limit operator Ay exists. We denote this class by for a moment. As we have 
just remarked, every rich band operator belongs to . 

Theorem 2.4.17 is norm-closed. 

Proof. Let {An)n>i Q be a sequence with norm limit A G L{E), and let 

{x^^)tQeTo ^ A/". By hypothesis, for every n > 1, there exists a subnet 
{x^Jtr^eTr^ of such that the limit operator An,x^ of An with re- 
spect to x^ exists. If n > m, then is a subnet of thus, the 

limit operator Am^x'^ also exists, and it coincides with Am^x^. Since \\Ah\\ < \\A\\ 
for every limit operator Ah of A, we obtain 

||A7T,^2;n II — IIAtt,,^’^ II ~ ll(^n A^)a;;’T'|| ^ ||-^n -^m|| 
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for all n > m. Hence, the sequence {An,x^) converges in the norm, and we let B 
denote its norm limit. 

Now define for all n > 1 and 2 ; G (with the notations Sk and m as in the 
proof of Theorem 2.4.16) 



fn{z) := ^2-'= \\{V-,AnV, - 
k=l 



and 

00 

f{z) := ^2-'' - B)5„(fe)||. 

k=l 

Then again \\fn — /|| ^ 0 and limt^^T^ fn{xtr^) ~ whence via Theorem 2.4.13 
the existence of a subnet y = (yw)wew of (xt^)toeTo such that fiVw) = 0. 

Thus, B = Ay. □ 

As a consequence we get C . One might ask whether one gets something 
new when considering limit operators with respect to nets instead of sequences. The 
next theorem says that the answer is no in some sense: every limit operator, which 
is defined with respect to a net, can also be reached by a sequence. (Nevertheless, 
it is useful to consider limit operators with respect to nets as it will be pointed 
out in the next sections.) 

Theorem 2.4.18 Let A G L{E, V), and let y = {yw)wew £ Af be a net for which 
the limit operator Ay exists. Then there is a sequence z — (2;n)nGN ^ 'hi for which 
the limit operator Az of A exists, and Az = Ay. 

Proof. Let y = (yw)wew bo a net for which the limit operator Ay of A exists, and 
define a function / : Z^ R+ by 

00 

f{z) := X^2-'= WiV.^AV, - A,)5„(,)||, 
k=l 

with the notation as in the proof of Theorem 2.4.16. Then lim^^;^ w fiVw) = 0. For 
every n G N, choose Wn ^ W such that 

0 < f{yw) < Ijn for sl\ w y Wn, (2.65) 

and set Zn := ywrr - Then the sequence 2 : = (zn) tends to infinity, and f{zn) tends 
to 0 as n ^ 00 . Hence, Ay is the limit operator of A with respect to the sequence 2 :. 

□ 



2.4.5 Local invertibility at points in M^(50(Z^)) 

After these preparations, we turn over to the analogue of Theorem 2.3.13 for 
localization over M^{SO{Z^)). 
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Definition 2.4.19 rj G M^{SO{'Z^)) and A G L{E^ V). The local operator 
spectrum (Jr){A) of at ry is the set of all limit operators Ay of A with respect to 
nets y which tend to rj. 

By Theorem 2.4.18, (Ty{A) C aop(A) (recall that (Jop{A) is the set of all limit oper- 
ators with respect to sequences). Let, conversely. Ah G cTop{A) for some sequence 
h e H. Then the intersection ^ ^ ^ M"^{SO{Z^)) is 

non-empty by Theorem 2.4.5. Consequently, there is a subnet y oi h which con- 
verges to a point rj G AT^(*SO(Z^)). Clearly, the limit operator Ay exists and is 
equal to Ah- Hence, 

aop{A) = U^gM«(so(z'^))0->?(^) for every A € L{E). 

Definition 2.4.20 Let rj € M°°(SO{Z^)) and A € L{E). The operator A is locally 
invertible at rj if there are operators C e L{E) and a neighborhood at infinity 
W of rj such that 

BAxwI = XwAC = xwl 

where xw refers to the characteristic function of W. 

The following result, which states the analogue of Theorem 2.3.13 with respect 
to the much finer localization over points in M^{SO{Z^)) instead of points in 
-g main outcome of this section. 

Theorem 2.4.21 Let A G and rj G {SOifL^ )) . Then the operator A is 
locally invertible at rj if and only if all limit operators in (Jp{A) are invertible and 

if 

sup{||(A/,) ^\\ : Ah e ap{A)} < oo. 

The proof of this result will follow the line of the proof of Theorem 2.3.13, and 
we will pay our attention mainly to the differences which are implied by the non- 
metrizability of the topology of M{SO{Z^)) and, hence, by the need of using nets 
in place of sequences. 

A basic step is the specification of Propositions 2.2.3 and 2.3.14 to the present 
context which reads as follows. 

Proposition 2.4.22 Let A G Ae, V G M^{SO{Z^)), and let 'ipa,R be as in Section 
2.2.1. Suppose there is a constant M > 0 such that, for all positive integers R, there 
is a neighborhood at infinity U of r] such that, for all a e U, there are operators 
Ba,R^ Ca,R ^ L{E, V) with \\Ba^R\\L{E) ^ \\Ca,R\\L{E) ^ ^ ^.^.d 

Ba.RA'tfa.R^ = '^a,RACa,R = '^a,RT 

Then the operator A is locally invertible at r], i.e., there are operators B, C ^ Ae 
and a neighborhood at infinity W of y such that 



BAxwI = XwAC = xwT 



(2.66) 
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Proof. We follow exactly the proof of Proposition 2.2.3 where we replace the con- 
dition \a\ > p{R) hy a eU. What results in analogy with (2.21) is the existence 
of a positive integer R such that 

{I + Tr)-^BrA = I-{I + Tr)-^ Y, <Pa,Rl- 

aez^\u 

The assertion will follow once we have shown that there is a neighborhood at 
infinity W of rj such that ^cxe’L^\u Xw = 0- This will be done in the following 
proposition. □ 

Proposition 2.4.23 0 < R E Z, rj E M^(SO(Z-^)) and U C M[SO{Z^)) a 

neighborhood of rj. Then there exists a neighborhood at infinity U of g such that 
YlaeZN\U Ta,RXu ~ 



Proof The proof requires some precise knowledge on subsets of M{SO{Z^)) which 
is provided by Theorem 2.4.9. Applying this theorem (with the set W replaced by 
Z^), we find that V := U D Z^ is a growing set and that there is a neighborhood 
t/o S ^ of ^ such that Vb H Z^ is a center of V. 

The support of every function (fa,R contained in a smallest ball with center 
aR and with a radius r which depends on R but not on a. From P, we remove all 
points 2 : for which the ball with center 2 ; and radius r is not completely contained 
in V. What we get is a set V, and we set U Vb H V. 

We claim that P is a growing set and that U is one of its centers. Let D C Z^ 
be bounded, and let B be the ball with center 0 and radius r. Then D B is a, 
bounded set, and since Vq is a center of V, there is a bounded set M such that 

(Vb \M) + {D + B)CV. 

Then, of course, (Vb \ Af) + D C P, whence 

{U\M) + DCV. (2.67) 

Analogously, there is a bounded set N such that (Vb \ N) -E B <E V . Thus, all 
points in Vb \ belong to V and, consequently, also to U. This shows that U and 
Vq differ by a bounded set only: 



Vq\N CU (EVq. (2.68) 

A first consequence of (2.68) is that U is an unbounded set. Together with (2.67) 
this implies that F is a growing set, and that C/ is a center of V. As another 
consequence of (2.68) we observe that, since Vq is a neighborhood at infinity of 77 , 
also [/ is a neighborhood at infinity of 77 . This finishes the proof since the support 
of every function f)a,R with a E Z^ \ U is contained in the complement of P, 
hence in the complement oiU. □ 
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Proof of Theorem 2.4.21. We will only prove that the uniform invertibility of the 
operators in (Tr^{A) implies the local invertibility of A at ry. Let A E A% be an 
operator with 

Ma ■■= sup 11 : Ah e (JniA)} < oo, 

but suppose A is not locally invertible at rj. Then, by Proposition 2.4.22, there is a 
net {yt)teT with values in which converges to rj in the topology of M{SO{Z^)) 
and which has the property that 



BA'ipy^^Rl A (2-69) 

for alH G T and all B E L{E^ V) with ||^|| < M^. Since A belongs to C ^ 
the net {yt)teT possesses a subnet x = {xs)ses such that the limit operator Ax 
exists. Clearly, the net {xs)ses still converges to ry, and 



BA^x.,rI^^xs,rI (2.70) 

for all s G S' and all B E L{E^ V) with ||5|| < Ma^ From Theorem 2.4.18 we 
conclude that there is a sequence 2 ; = {zn)neN which tends to infinity, and for which 
the limit operator Az exists and coincides with Ax- Hence, Az belongs to (Ty{A). 
By hypothesis, Az is invertible, and < Ma- This yields a contradiction in 

the very same way as in the proof of Theorem 2.2.1 by using Proposition 2.2.4. □ 

Our next goal is the relationship between local invertibility at points in the fiber 
M^(SO(Z^)) and localization by means of the local principle. We have seen in 
Theorem 2.4.2 that the center of the quotient algebra A^^/K{E^ V) is equal to the 
algebra C of all cosets al + K{E^ V) with a E SO{Z^). The isomorphy 

C ^ (SO(Z^) • I -h K{E, V))IK{E, V) 

^ SO(Z^) • I/{SO{Z^) MnK{E, V)) ^ SO(Z^)/co(Z^,L(X)) 

implies that the maximal ideal space of the algebra C is homeomorphic to the 
fiber Given rj E we denote the local algebra of 

A^^/K{E, V) which is associated with ry by A% and we write for the canonical 
homomorphism from A% onto The following result can be proved as its 

predecessor Theorem 2.3.21. 

Theorem 2.4.24 Let A E A^^ and ry G AT^(50(Z^)). The coset 'JTy{A) is invertible 
in A^^ y if and only if A is locally invertible at ry. 

Together with Allan’s local principle and with Theorem 2.4.21, this result yields 
a further essential refinement of Theorem 2.2.1 and Corollary 2.3.22. 

Corollary 2.4.25 An operator A E A^r is V-Fredholm if and only if all of its limit 
operators are invertible, and if 

sup{||(^h)“^ll : Ah e (Tr^{A)} < 00 for every riG 
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2.4.6 Fredholmness of band-dominated operators 
with slowly oscillating coefficients 

We will now specify Corollary 2.4.25 to band-dominated operators with slowly 
oscillating coefficients. Let refer to the class of all slowly oscillating func- 

tions with values in L{X) for which the associated multiplication operator is rich. 
Further we let Ae{SOl(^x)) (resp. stand for the smallest closed sub- 
algebra of Ae which contains all band operators CLaVa with G SOl{x) 

(resp. Ua G For the limit operators of operators with slowly oscillating 

coefficients we have the following. 

Proposition 2.4.26 

(a) If A E Ae{SOl(^x))^ then every limit operator of A belongs to Ae{^l{x))- 

(b) For A e Ae(SO^j^j)^ every local operator spectrum cfr^{A) with p G 
M^{SO) is a singleton. 

Proof, (a) Limit operators of shift operators are shift operators and, hence, in 
Ae{^l(x))- By Proposition 2.4.1, the same is true for operators of multiplication 
by slowly oscillating functions. 

(b) If a G then (Jr,{al) is not empty since A% C (see Section 2.4.4), 

and this spectrum is clearly a singleton. With Proposition 1.2.2 we conclude first 
that every local spectrum of a band operator with coefficients in is a 

singleton, too, and get then the assertion also in the general case. □ 

Since cTr^{A) is a singleton, the uniform boundedness condition from Corollary 
2.4.25 is redundant for operators A G Ae{SO^j^^j^^^). 

Theorem 2.4.27 Operators in Ae{SO^^^^) are V -Fredholm if and only if all of 
their limit operators are invertible. 

Observe that the invertibility of the limit operators can be checked be means of 
Theorem 2.3.25 efficiently. 

Recall from Section 1.1.3 that the P-essential spectrum of an operator A G 
L{E^ V) is defined as the spectrum of the coset A + K{E^ V) in the quotient 
algebra L{E, V)/K{E^ V). We denote this spectrum by a^-essiA). Note that in 
case K{E^ V) — K{E), the 'P-essential spectrum of A coincides with the usual 
essential spectrum of A which we will denote by a ess (A). Finally, let (Je{A) refer 
to the spectrum of A, considered as an element of the Banach algebra L{E). 

Corollary 2.4.28 Let A G Ae{SO^j^^^^). Then 



^V—ess{A) — U CFe{Aii^ 



where the union is taken over all limit operators Ah of A. 
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2.4.7 Nets vs. sequences 

For h ^ H, the closure h of the set {h{m) : m G of the values of h in the 
Gelfand topology cannot consist of a single point of M®°(50(Z^)) only (Proposi- 
tion 2.4.10). Nevertheless, the sequences in H separate the points of M^{SO{Z^)) 
in the following sense. 

Proposition 2.4.29 Given 6 E there is a function h E H such 

that T] Eh and 6 ^ h. 

Proof. Choose disjoint neighborhoods and Ue of rj and 6 in M{SO{Z^))^ and 
let h eH he a. sequence such that 

{h{m) : m E Z^} = Ur^ nZ^ . 

(Recall that the intersection Ur^ fl Z^ is not empty by Theorem 2.4.5 and, hence, 
countable. Thus, h can be even chosen as a bijection from Z^ onto Uj^nZ^ .) Since 
Z^ is dense in M(*SO(Z^)), it is clear that rj E Ur^H Z^ = h, but 6 cannot belong 
to h since _ 

OEUeC M{SO{Z^))\a^ = M{SO{Z^))\h, 

i.e., 6 is an interior point of the complement of h. □ 

The Proposition 2.4.29 suggests the following definition. 

Definition 2.4.30 Let ry G M"^{SO{Z^)) and A E L{E). The local operator spec- 
trum of A at ?7 with respect to sequences is the set 

{Ah : h E Ha andr] E h}. 

If is a sequence with rj E h, for which the limit operator Ah exists, then there is 
a subnet y oi h which tends to rj. Further, if ^ G Ae^ then there is a subnet x of 
y for which the limit operator A^ exists. Clearly, x also tends to rj and Ax = Ah- 
Thus, 

C ar^{A) for every A E Ae- (2-71) 

Further, for h eH^ the intersection cloSjv^( 50 (^iV)){/i(m) : m E Z^} fl M"^{SO) is 
non-empty by Theorem 2.4.5. So we have in analogy to Proposition 2.3.2 

<Top{A) = U^eM~(so(z'^))<®‘^(^) for every A G L{E). 

We conjecture that equality holds in (2.71). Some evidence to this conjecture is 
given by the following result which states that sequential local spectra of operators 
of multiplication by slowly oscillating functions are singletons. 

Proposition 2.4.31 Let rj E M^{SO{Z^)). 

(a) If A — al with a E SO{Z^), then a^^^{A) = {a{v)} ('^here we use the same 
notation for a function in SO{Z^) and its Gelfand transform). 

(b) If A — al with a E 5'Ol(x)(^^); ihen a^^^{A) contains at most one operator. 
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Proof, (a) Let G 7Y be a sequence such that rj ^ h and such that the limit 
operator {al)h exists. By Proposition 2.4.1, {al)h = with the complex number 
a := lim a{h{n)). We claim that a = a{rj). 

Let £ > 0. Since a is continuous at 77 , there is an open neighborhood U of rj 
such that 

|a(r 7 ) — a{0)\ < e/2 for all 0 e U. 

Further, since rj e h, there is an infinite subsequence g of h the values of which 
are in U. Choose m such that |a(^(m)) — a| < e/2. Then 

|a(ry) - a| < \a{r]) - a{g{m))\ + \a{g{m)) - a| < e. 

This estimate holds for arbitrary ^ > 0; hence, a{rj) = a. 

(b) Suppose there are sequences /ii, /i2 G W such that 77 G /iin/i 2 and that the limit 
operators {al)h^ and {al)h2 exist, but that {al)hi ^ {o.I)h2 - By Proposition 2.4.1, 
{al)hi and {al)h2 are the operators of multiplication by the constant functions 
X Ai and x A2 with Ai, A2 G L{X). Since Ai 7 ^ A2, there is a functional 
(p G L{Xy such that (p{Ai) 7 ^ ^(^ 2 )- Consider the function a : ^ C : x 

ip{a{x)). This function is in SO{Z^): 

\a{x k) — a{x)\ < ||(/ 9 || \\a{x k) — a(x)||/,(x) ^0 as x ^ 00 . 

From \\a{hi{m)) — Ai\\ ^ 0 for z = 1, 2 we conclude that 

\\a{hi{m)) - p{Ai)\\ -^0 for z = 1 , 2 . 

Hence, both (p{Ai)I and p{A2)I are limit operators of al at 77 . This contradicts 
assertion (a) of this proposition, stating that is a singleton. □ 

2.4.8 Appendix A: A second proof of Theorem 2.4.27 

The following two sections are devoted to alternative proofs of Theorem 2.4.27 
which work under more special assumptions, but which have their own merits, 
and which shed light upon the properties of band-dominated operators with slowly 
oscillating coefficients. 

We let iL be a Hilbert space and E := H). Further, we again write 

SOl(^h) and for the algebra of all slowly oscillating functions Z^ L{H) 

and for the algebra of all slowly oscillating functions Z^ ^ L{H) for which the 
associated multiplication operator is rich, respectively, and we let Ae{SOl(^h)) and 
stand for the closures in L{E) of the algebra of the band operators 
with coefficients in SOe{h) and in 

Generating functions. The alternative proof of Theorem 2.4.27 which will be 
discussed in this section is based on the notion of the generating function of a 
band-dominated operator. This notion is borrowed from the pseudodifferential 
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operator calculus and adapted for our purposes. Usually, the generating function 
of a pseudodifferential operator is referred to as the symbol of that operator. 

We start with defining the generating function of a band operator. For 

A= a^Va with aa e so L(^H), (2.72) 

\a\<M 



the generating function of A is 

gen^ : X ^ L{H), (x,t) ^ Yj aa{x)t°^ (2.73) 

|al<M 

where t^ := t^^ • • • t^^ . There is a one-to-one correspondence between band oper- 
ators and their generating functions. 

We denote by x T^, L{H)) the set of all bounded continuous functions 

on X with values in L(iJ). Provided with pointwisely defined operations and 
the supremum norm, this set becomes a C*-algebra, and the set co(Z^ xT^, L(i7)) 
of all functions a e x T^,L(iJ)) with 

lim sup \\a{x,t)\\LiH) = 0 

X >-oo 

is a closed ideal of x T^, L(iJ)). The quotient algebra C^/cq will be abbre- 

viated to (7^, and the coset which contains a G C^(Z^ x T^,L(iJ)) to a. Notice 
that 

||a||o := lim sup sup \\a{xA)\\L{H) 

x-^oo teT^ 

is just the canonical quotient norm of the coset a in the quotient algebra Cb^ 

Evidently, if ^4 is a band operator of the form (2.72), then its generating 
function belongs to Cbi’^^ x T^,L(i7)). 

Proposition 2.4.32 Let A be as in (2.72). Then ||gen^||o < \\A\\. 

Proof. Choose a sequence (xn) C Z^ tending to infinity, a sequence (t„) G T^, 
and a sequence {vn) of unit vectors in i7, such that 

l|gen;ilo= lim Hgen^(x^, ^^)^n||i/- 

n—^oo 

Since is compact, we can moreover assume that (tn) is a convergent sequence 
with limit to G T^. The assertion will follow once we have shown that, given ^ > 0, 
there is an no such that 



\\genj^{Xn,tn)Vn\\H < WM + ^ 



(2.74) 



for all n > no . 
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Given vectors v e H and u = {uk)kez^ e 1“^ , let v (S> u denote the sequence 
(ukv)kez^ in F; = H). Let further An^n, An and Bn stand for the band 

operators with generating functions 

(x,t) ^ gen^{xn An), {x,t) ^ geUj^{x XnA), (xA) 1-^ gen^(xn,^), 

respectively. Then we have, for every unit vector u e 

— ||-^n,n('^n IIe' 

< \\{An,n- Bn){Vn^u)\\E (2.75) 

+ \\{Bn - An){Vn ^u)\\e + \\An{Vn (8)'u)||£;. 

Since An = V-x^AVx^, we get 

\\An{Vn ^u)\\e = \\V-Xr^^yx^{Vn G>^^)||£; < ||^|| 

for the last term in (2.75). The middle term on the right-hand side of (2.75) is not 
greater than \\Bn — An\\, which goes to zero as n — > oo since the coefficients of 
A are slowly oscillating. Thus, this middle becomes less than e/2 uniformly with 
respect to u and Vn if only n is large enough. 

To estimate the first term, choose (5 > 0 such that 

sup ||gen^(x,t) - gen^(x,^o)|| < ^/^ for all \t - to\ < S, 

and choose the unit vector u = {uk)kez^ fo such that the Uk are the Fourier 
coefficients of a continuous function u on with support in {t G 
Since An^n ~ Bn is the operator of convolution by the function gen^^ ^ — gen^^, 
we get 



\\{An,n - Bn){Vn ® u)\\%^ 2 N ,H) = ll(gen^„,„ “ gens„ ) (u^n ) || i 2 (TN ,i/) 

= / ||(gen^(a;„,i„) - gen^(a;„,i))M(i)w„|||^ 

Jtn 

< sup \\gen^{Xn,tn) - gen^{Xn,t)\\l(H) 

\t — to\<S 

Due to the choice of S, this term becomes less than 6/2 if n becomes large. □ 

This proposition allows us to associate with every operator A in Ae{SOe(h)) ^ 
uniquely determined coset in Cb, which we denote by T{A). 

Proposition 2.4.33 T is a * -homomorphism from ^£;(50^^^^) into Cb kernel 
K{E,V). 

Proof. It is elementary to check that F acts as a * -homomorphism on the algebra of 
all band operators with slowly oscillating coefficients. Since this algebra is dense in 
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Ae{SOl(^h))^ and since F is continuous on this algebra by the preceding proposi- 
tion, this proves the first assertion. It is further evident that the ideal K{E, V) lies 
in the kernel of F. Let, finally, A be an operator in Ae{SOl{h)) with F(A) = 0. 
We have to show that A lies in K{E,V). 

Let (An) be a sequence of band operators in Ae{SO^^(^^^) which converges 
to A. Then, trivially, ||F(yln)|| — ^ 0. For a = {ai, . . . C Z^, consider the 

functions L{H) which take at x G Z^ the value 

-1 ^27t 

(27Tj^^ Jo Jo 

(2.76) 

If the band operator An is of the form then its ath diagonal just 

coincides with the function given by (2.76). Prom (2.76) we immediately con- 
clude that 

l|aL”^WIlL(/f) < sup ||gen^^(a;,0lloo 

whence, in particular, 

limsup||a^")(a:)|| < limsup sup ||gen^^(x, i)||oo = l|r(^„)|| ^ 0 

X^OO X^OO 

as n — > 00 . Thus, if a« denotes the ath diagonal of A, then 

limsup II Oa(x) II < sup ||aa(x) - o^"^(x)|| + limsup ||a^”^(x)|| 

T— )-00 X^Ij^ X^OO 

< P-^„|| + ||r(A„)||. (2.77) 

This shows that every diagonal of A lies in cq(Z^, L{H))^ which on its hand implies 
that all limit operators of A are 0: Indeed, let be a sequence for which the limit 
operator Ah exists. Then the operators SiV-h{n)AVh{n)Sj converge in the norm to 
SiAhSj for every pair of indices i, J G Z^. Since 

lim \\SiV_h{n)AVh{n)Sj\\ = lim \\ai-j{i h{n))\\ = 0 

n— >cxD n— >oo 

due to (2.77), this shows that SiAhSj = 0 for all i and J, whence Ah = 0. But a 

rich band-dominated operator having 0 as its only limit operator lies in K{E, V) 

due to Theorem 2.2.10. □ 

Here is the alternative proof of Theorem 2.4.27. 

Theorem 2.4.34 The following assertions are equivalent for A G AE(SOf^^j^j): 

(a) A is V -Fredholm. 

(b) T{A) is invertible in Ch. 

(c) All limit operators of A are invertible. 
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Proof. The equivalence of (a) and (b) is quite obvious: If the coset A K{E, V) is 
invertible in L{E, V)/K{E, V), then it is also invertible in Ae{SO\^^^) / K{E ,V) 

(inverse closedness of C*- algebras). Hence, there are operators B G 
and Ki, K2 G K{E,V) such that AB = I P Ki and BA = / + K2. Applying 
the homomorphism T to these equalities yields invertibility of T{A). If, conversely, 
T{A) is invertible in Cb, then it is also invertible in the image of Ae{SO^^^^,^) under 
the mapping F (again by the inverse closedness of C*-algebras). Thus, one can find 
a H G Ae{SO^^^^^) with T{A)T{B) = r(5)F(A) = 1, showing that AB - I and 
BA — I belong to kerF = K{E, V). 

Since (a) implies (c) by Proposition 1.2.9, we are left with the implication 
(c) ^ (b). Assume that all limit operators of A G are invertible, but 

that F(A) is not invertible in If A is not a band operator, then we let gen^ be 
any function in the coset F(A). 

Define the lower norm of an operator C G L{H) by iy{C) := inf 3,^0 ||C'^||/II^II* 
It is well known that C is invertible if both u{C) and e{C*) are positive and that, 
conversely, invertibility of C implies iy{C) = z^(C*) = 1/||A“^||. Thus, if both 

lim inf z/(gen^(x, ^)) > 0 (2.78) 

and 

lim inf i/(gen^(x, t)*) > 0, (2.79) 

R^oo\x\>R,teT^ 

then the function gen^ is invertible in Cb modulo functions in cq. Since F(A) is non- 
invertible by assumption, one of the conditions (2.78) and (2.79) must be violated, 
say the first one for definiteness. Then there exist a sequence x = {xm)m>i C 
which tends to infinity, a sequence {tm)m>i C which we can also suppose to 
be convergent to a point to G T^, as well as a sequence {vm)m>i of unit vectors 
in H such that 

1 1 (^m Am) Um 1 1 ^ 9 US TTi > OC . 

We will further suppose without loss that the limit operator Ax of A with respect 
to the sequence x exists. 

Let 5 < 1/(4 II II), and let A' be a band operator with coefficients in 
SO\(^H) 11-^ ~ -^^11 l|r(^) “ r(-^0llo < which implies that 

lim sup \\genj^,{XmAm)Vm\\ 

m—^oo 

^ lim sup ||gen^/ ( xt72 5 ^m)^m Son^(x772 Am)^m|| “i“ lim ||gen^(x7725 ^m)^m|| 

m-^oo 

< limsup sup \\geiij^,{xmA) -gon^(^m,0ll 

m^oo 

= \\r{A)-T{A')\\o<e. 

Hence, ||gen^/(xm, ^m)'^m|| < ^ for all sufficiently large m. We further suppose 
without loss that the limit operator of A' with respect to the sequence x exists 
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(otherwise we pass to a suitable subsequence of x). As in the proof of Proposition 
2.4.32, we can find a unit vector u e P such that 

< 2e for all sufficiently large m 

and, according to the definition of limit operators, we further have 

uniformly with respect to the unit vectors v. Hence, \\A'^{vm ( 8 ) r^)|| < Se for all 
sufficiently large m. Since Ht’m ^8) 'u|| = 1, we conclude that 

either A'^ is not invertible or ||(A^)~^|| > 1/(36:). (2.80) 

On the other hand. 



\\A,-A'A<\\A-A'\\<e<l/{A\\A-^\\). 

Thus, by Neumann series, is invertible, and 

Together with (2.80), this yields 

1 ^ ll(>^x)-Ml 

or, equivalently, 6: > 1/(4 ||(Aa;)“^||. The obtained estimate contradicts the choice 
of 5. □ 

In a similar way, the following refinement of the local Fredholm criterion (Theorems 
2.3.13 and 2.3.21) can be derived. 

Theorem 2.4.35 The following assertions are equivalent for A G 

(a) A is locally invertible at r] e 5'^“^. 

(b) The local coset 7t^(A) is invertible. 

(c) All operators in local operator spectrum (Jr]{A) of A are invertible. 

2.4.9 Appendix B: A third proof of Theorem 2.4.27 

Let E = 1‘^ = /^(Z^,C), i.e., we will again work in the Hilbert space context, 
and we will consider scalar- valued functions only. The latter assumption is for the 
sake of simplicity; the proof works as well for operators with entries in and 

for operators with entries in Cl + K{H) where K{H) is the ideal of the compact 
operators on an infinite-dimensional separable Hilbert space H. 
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Let Ae(SO) stand for the smallest closed subalgebra of L{E) which contains 
all shift operators and all operators of multiplication by functions in 50. We will 
prove only the non-trivial direction of Theorem 2.4.27: an operator A G Ae{SO) 
is Fredholm if all limit operators Ah G (Jop{A) are invertible. 

Choose and fix a sequence of band operators A^ '= ^T=o^k,mVak,m 
dk,m ^ SO which tends to A in the norm topology. Let SO a denote the smallest 
closed subalgebra of SO which contains all functions ak^m together with their 
complex-conjugates as well as all functions in cq and the identity function z 1. 
The algebra SO a is a symmetric and separable closed subalgebra of 50. Let 
M{SOa) denote its maximal ideal space, and let M^{SOa) refer to the fiber of 
M{SOa) containing all functionals rj G M{SOa) with r]{f) = 0 for / G cq. 

Let h eH he a, sequence for which the limit operator Ah exists. A diagonal- 
ization argument verifies the existence of a subsequence g o^ h such that the limit 
operators {fl)g exist for all / G SO a - By Proposition 2.4.1, {fl)g G CL Thus, the 
mapping / {fl)g is a multiplicative (and non-trivial because Ig = I) functional 
on SO A- In particular, there is an 77 G M^(SOa) such that 

if I), = vif)I = fiv)I (2-81) 

with / referring to the Gelfand transform of / G SOa- 

Our next goal is to prove that, conversely, given 77 G M^{SOa)^ there is a 
sequence g such that {fl)g exists for all / G SO a and that (2.81) holds. 

Suppose there is an 77 G M^{SOa) for which there exists no sequence 
g such that (2.81) holds. Since SO a is a separable algebra, its maximal ideal 
space is metrizable. Hence, there is a function / in SO a with Gelfand transform 
/ G C{M{SOa)) such that f{r]) — 0 and /(/i) 0 for all /i 77 (for example, take 

/(/i) := dist (77, g) where dist is a metric on SO a which generates the Gelfand 
topology). The condition f{g) ^ 0 for all /i 77 guarantees that all limit oper- 
ators of fl are invertible. Since all limit operators of fl are scalar multiples of 
the identity operator. Proposition 2.2.5 guarantees that these limit operators are 
uniformly invertible. Then, by Theorem 2.2.1, fl is a Fredholm operator on E. 
Thus, the coset fl + K{E) is invertible in the Calkin algebra L{E)/ K{E) and, 
due to the inverse closedness of C*-algebras, also in {SO a • I + A"(^))/A"(F'). The 
isomorphy 

{SOa • I + K{E))/K{E) ^ SO A • I /{SO A • I n K{E)) ^ SOa/co 

shows that the coset flEco is invertible in SOa/cq. Since the maximal ideal space 
of the algebra SOa/cq is homeomorphic to the fiber M^{SOa), this observation 
implies that f{g) ^ 0 for all g G M"^{SOa) whence, in particular, f{rj) ^ 0. This 
contradiction proves our claim. 

Now we employ Allan’s local principle to localize the algebra Ae{SO)/K{E) 
over its central subalgebra {7t(//), / G 50}. One can check as before that the max- 
imal ideal space of this central subalgebra is homeomorphic to the fiber M^(50). 
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Thus, to each r G M^{SO), we associate a local ideal Ir, a local algebra 
AeASO) := {AE{SO)/K{E))/Ir, 

and a local homomorphisms tt^- : ^ Ae,t{SO). Then Theorem 2.3.16 

states that an operator A G Ae{SO) is Fredholm if and only if all cosets 7Tr{A) with 
r G M"^{SO) are invertible. What remains to prove is that if all limit operators 
of A are invertible, then all cosets 'Kt{A) with r G M^{SO) are invertible. 

The maximal ideals r/ G M^{SOa) define a fibration of M"^{SO) into fibers 
M^{SO). Let r G M^{SO)^ and let ^ be a sequence such that {fl)g exists for 
all / G SO A and which is connected with 77 via (2.81). Then, trivially, Ag exists, 
and one has 

7Tr{A)=7Tr{Ag). (2.82) 

Indeed, this identity holds for all multiplication operators fl with / G SO a in 
place of A, and it also holds for all shift operators Va in place of A. Let Ae{SOa) 
stand for the smallest closed subalgebra of L{E) which is generated by all operators 
of multiplication by functions in SO a and by all shift operators. Since the map- 
pings TTr and A\-^ Ag are continuous algebra homomorphisms on Ae{SOa), (2.82) 
also holds for all operators which belong to this algebra and, in particular, for the 
operator A itself. Since Ag is invertible by assumption, the coset 7Tr{Ag) = TTr (A) 
is invertible, too, and we are done. □ 

As a by-product, we have got a version of the symbol calculus for the Fredholmness 
of operators in Ae (SO), where the symbol of an operator A ^ Ae{SO) is a, scalar 
function on M^{SO) x T^. Given r G M^{SO)^ determine rj G M"^{SOa) such 
that r belongs to the fiber M^{SO), and choose a sequence g such that Ag and 
{fl)g exist for all / G SO a and which is related to g by (2.82). Consider the 
function A^ : M^{SO) Ae{^), t Ag. Since g is uniquely determined by 

r, and since there is an one-to-one correspondence between the g and the g as 

we have checked in the preceding proof, this function is well defined. Further, for 
every operator B G Ae{^), let B : ^ C denote its Gelfand transform. Then 

we define the symbol of A as the function 

smbA : M°°{SO) x ^ C, (r, ^ (2-83) 

For example, for band operators A = X]|a|</e we simply have 

(smbA)(r, 0 = XI 

|q;|<A: 

Then, in the special setting of this section. Theorem 2.4.27 can be restated as 
follows: 

Corollary 2.4.36 An operator A G Ae{SO) is Fredholm if and only if its symbol, 
defined by (2.83), is invertible on M^{SO) x T^. 




2.5. Operators in the discrete Wiener algebra 



103 



2.5 Operators in the discrete Wiener algebra 

Here, we will examine another class of band-dominated operators for which The- 
orem 2.2.1 is valid without requiring the uniform boundedness of the inverses of 
the limit operators. The entries of the operators in this class satisfy a condition of 
Wiener type. It is essential for our approach to take into account also operators 
acting on spaces. Thus, throughout this section, we let again stand for one 
of the Banach spaces E with 1 < p < oo and c^. 

2.5.1 The Wiener algebra 

Let {cia)aez^ be a sequence of functions in /^(Z^,L(X)) satisfying 

^ ^ ll^alloo (2.84) 

Then the series (^ocVa converges in the norm of L{E^)^ and 

y~l OLaVa < ^ llaalloo- (2.85) 

aez" L(E OO^ 

We write W for the set of all operators A = (^aVa with coefficient functions 

satisfying (2.84). Provided with the usual operations and the norm 

ll^llw:= ^ ||a«||oo, 

the set W becomes a Banach algebra, the so-called Wiener algebra. By (2.85), the 
Wiener algebra is continuously embedded into L{E'^, V) and, hence, into Ae<^ for 
all choices of E"^ . The intersection WnL^(^'^, V) is called the rich Wiener algebra 
and will be denoted by Further, given a closed subalgebra B of 1^{Z^ , L{X)) 
we let W(B) refer to the set of all operators in W with coefficients in B. 

Later on, we will also have to deal with Wiener algebras on certain function 
spaces on In this setting, we will refer to the Wiener algebra W on the sequence 
spaces as the discrete Wiener algebra. 

Proposition 2.5.1 = W{l^{Z^ ,L{X)f) . 

Proof. The inclusion W(/'^(Z^, L(X))^) C is evident since /"^(Z^, L(X))^ C 
^$(^oo, definition and since V) is a closed algebra by Proposition 

1.2.8. If, conversely, A is an operator in then each of its diagonals must be 
in l^{Z^,L{X)f. Because of 

A= lim daVa, 

A:— >•00 

\a\<k 

the operator A belongs to W(/^(Z^, L(X))^). □ 
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This proposition also shows that the algebra is independent of the concrete 
choice of the underlying space (provided that X is fixed). 

Theorem 2.5.2 The Wiener algebra W is inverse closed in L(E^). 

We prepare the proof by a multi-dimensional version of the classical Wiener the- 
orem which holds for functions with operator- valued coefficients. 

Given a Banach algebra B with identity e, let C(T^, B) refer to the set of all 
continuous functions / : > S, and write W(T^, B) for the set of all functions 

/ : ^ B which are given by a series 

f{‘) = E z^^An with An e B and ^ ||An|| < oo. 

nez^ nez^ 

Here we use the notation 

:= z^^ ■ ■ • z^^ when 2 : = (zi, . . . , zn) and n = (ni, . . . , Un)- 

Clearly, C(T^, B) is a Banach algebra with respect to pointwisely defined oper- 
ations and the supremum norm, and W(T^, B) also becomes a Banach algebra 
when provided with the norm |l/l|w •= ^n ll^n||- It is also evident that VF(T^, B) 
is a (non-closed) subalgebra of C(T^, B) which contains the identity function. 

Theorem 2.5.3 The algebra W{T^ , B) is inverse closed in C(T^, B). 

Proof. If N > we can identify the algebras C(T^, B) and C(T, B)) in 

a canonical way: the function / 6 C(T^, B) corresponds to the function 

^ (z'^/(^i,z')) in C(T, C(T^-\ B)). 

Here, as usual, z = {zi, z') e T x Similarly, the algebras W(T^, B) and 

W(T, B)) can be identified: The function 

z^An in W(T^, B) 

nez^ 



corresponds to the function 

21 ^ ( 2 '^ E (^'r' E WiT,W(T^-\B)). 

V n'eZ^-1 / 

Thus, we are left with proving the assertion in case = 1. We will do this by 
having recourse to Allan’s local principle (Theorem 2.3.16). The algebra W(T, C) 
lies in the center of W{T, B), and it is a classical result in the Gelfand theory of 
commutative Banach algebras that the maximal ideal space of W (T, C) is home- 
omorphic with T, with to eT corresponding to the maximal ideal 



{/ G iy(T, C) : f{to) = 0} 



( 2 . 86 ) 
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of W{T, C). For to ^ T, let Jto stand for the smallest closed ideal of VF(T, B) 
which contains the ideal (2.86). We claim that every function / G FF(T, B) is 
locally equivalent at to to the constant function 1 1 -^ /(^o), that 

/-/(io)GJto- (2-87) 

Once (2.87) is verified, the assertion follows from the local principle. Indeed, if / 
is invertible in C(T, S), then /(to) is invertible in B for every to- This implies the 
invertibility of the constant function t i-^ f{to) in VF(T, B) for every to, whence 
via (2.87) the local invertibility of / in VF(T, B) at every point to G T. 

So we are left with verifying (2.87) for all functions / G VF(T, S). Since every 
function in VF(T, B) can be approximated by finite sums of functions of the form 

f{z) = z^A with A: G N and A G S, (2.88) 

and since Jto is closed, it suffices to verify (2.87) for functions of the form (2.88). 
But for these functions, the assertion (2.87) is evident: We have 

f{z) - f{to) = {z^ - to) A, 

the function z ^ z^ — lies in the maximal ideal (2.86), hence, the function 
z {z^ — to)^ lies in the local ideal □ 

Proof of Theorem 2.5.2. We will work with the matrix representation of an oper- 
ator. In particular, Ei and Rj are as in Section 2.1.2. 

Let the operator A = anVn ^ W be invertible in L{E^). We associate 

with A the operator- valued function 

A:T^^L{E°°), z~^anVn. 

Evidently, A G W{T^ , L{E"^)). Observe that actually A{z) G W C L{E'^,V), 
implying that every operator A{z) is uniquely determined by its matrix represen- 
tation (Proposition 2.1.1). For the ijth entry of this matrix representation, we 
find 

= RA E Z-^anVnSjEj 

nez^ 

- ^ Z-^RiSianVnSjEj 

nez^ 

= E, Z~'^RiSianSiSj+nVnSjEj 

Tiez« 

= z^~^RiSiai-jVi-jSjEj 
= z^-^RiSiASjEj. 



RAA{z)SjEj 
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Thus, if Mz denotes the multiplication operator 

Mz : {uk)ke'i^ ^ 



then 

A{z) = M~^AMz. (2.89) 

For every 2 ; G T^, the operator Mz is invertible on each space . Hence, the 
operators A{z) are invertible on L{E^), which yields the invertibility of the func- 
tion A in C(T^,L(E^)). Let B{z) A{z)~^. By Theorem 2.5.3, the function B 
lies in W{T^ , L{E^)). Thus, there are operators Bn G L{E'^) such that 

B{z) = and Y, ll^^ll < 

We write Bn =• CnVn and claim that all operators Cn are multiplication operators. 
Once this is done, the assertion will follow from 

A-l = B(l) = ^ CnVn e W 

Tie’Ll 



with 1 referring to the E-tuple (1, . . . , 1). 

To get the claim, observe first that every operator Cn is uniquely determined 
by its matrix representation. To see this, we have to repeat the above arguments in 
more detail. The point is that all operators A{z) are band-dominated. Since Ae<^ 
is an inverse-closed subalgebra of L{E^) by Proposition 2.1.8, these operators 
are invertible in Hence, the function A has an inverse B in C(T^, 

and by Theorem 2.5.3, this inverse belongs to VF(T^, ^^;oo). This shows that 
the operators Bn and, thus, the operators Cn are band-dominated. But all band- 
dominated operators lie in L{E^ , E), i.e., they are uniquely determined by their 
matrix representation due to Proposition 2.1.1. Similar arguments show that every 
operator B{z) is uniquely determined by its matrix representation. 

Now recall that the coefficients Bn of the series B in (2.90) are given by 



B 



n 




z ^ '^A(z) ^ dz 



([83], Chapter I, Section 2.2). Hence, 

= BnV-n = dz. 

(ZEl) J^N 

If is the matrix representation of E(l), we get further 

= [ {z-^-^^^-^Bjk)j,kez-V^ndz 

[ZTTI) Jjn 

= 79 :;^ / i^~'^^''~^Bj,k+n)j,k€Z'^dz. 

[zm) JjN 
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Thus, all entries Cjk in the matrix representation of Cn with j ^ k vanish. Con- 
sequently, by Proposition 2.1.3, every Cn is an operator of multiplication. □ 

As an immediate consequence we obtain: 

Corollary 2.5.4 Let A £ W be invertible on one of the spaces . Then A is 
invertible on all of these spaces, and the norms of the corresponding inverses are 
uniformly bounded. 

Indeed, if A is invertible on one of the spaces , then A~^ G W by Theorem 
2.5.2, and from \\A~^\\l(^e<^) ^ ll^~^llw we conclude that A~^ is the inverse for 
A on each of the spaces E^ and that the norm of A~^ in L{E’^) is bounded by 
||A~^||w ^ 

Corollary 2.5.5 For each of the spaces E, the rich Wiener algebra is inverse 
closed in each of the algebras L{E, V) and L{E). 

Indeed, this follows immediately from Theorem 2.5.2 and Proposition 1.2.8. 



2.5.2 Fredholmness of operators in the Wiener algebra 



Here is what can be said about limit operators of rich operators in the Wiener 
algebra. 

Proposition 2.5.6 Let A G and let h C be a sequence tending to infinity. 
Then there is a subsequence g of h such that the limit operator Ag exists with 
respect to all spaces E°^ . This limit operator belongs to W, and ||A^||w < ||A||w 



Proof Let A = with ll^all ^ know from Proposition 

2.5.1 that all diagonals a a are rich multiplication operators. Thus, a diagonal 
argument yields the existence of a subsequence g of h such that the limit operators 
{aal)g exist with respect to E"^ for all a. These limit operators are again operators 
of multiplication by certain functions (Proposition 2.1.10) and, by Proposition 
1.1.17 (a), 

||^Q;,g||oo — II II L(£'°®) — ||^a||cxD- 



Thus, 

^ ^ ||^q:,^||oo CXD? 

and the operator Ag := (^a,gVa is well defined. This operator belongs to 

the Wiener algebra W, and ||A^||w < ll^llw- Now it is evident that Ag is indeed 
the limit operator of A with respect to the sequence g in each of the spaces 

□ 



The main result of this section is the following theorem which states that, for 
rich operators A in the Wiener algebra, the uniform boundedness condition from 
Theorem 2.2.1, 

sup{||(A/j)“^|| : Ah e <j{A)} < 00 , 
is automatically satisfied if all limit operators of A are invertible. 
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Theorem 2.5.7 Let X be a reflexive Banach space. Then the following assertions 
are equivalent for every operator A G ; 

(a) There is a space E such that A is V -Fredholm on E. 

(b) There is a space E such that all limit operators of A are invertible on E. 

(c) All limit operators of A are invertible on 

(d) All limit operators of A are invertible on l^ifL^ ^X), and the norms of their 
inverses are uniformly bounded. 

(e) All limit operators of A are invertible on E^ for all spaces E^ , and the 
norms of their inverses are uniformly bounded. 

(f) The operator A is V -Fredholm on all spaces E. 

Proof, (a) ^ (b): This is Proposition 1.2.9. 

(b) ^ (c): Let A^ be a limit operator of A with respect to the Banach space E. If 

Ah is invertible on E, then Af^ is in the Wiener algebra W by Proposition 2.5.6 
and Theorem 2.5.2, and Aj^^ G by Corollary 2.5.4. 

(c) (d): Let x • [0, 1] be a continuous function which is identically 1 in a 

certain neighborhood of 0 and which vanishes outside the cube [—1, 1]^. Further, 
given a positive integer k, define the function Xk by Xk{x) := x{^/^)^ Tk 

refer to the operator of multiplication by the restriction of the function Xk onto 
Z^. We claim that there are constants C > 0 and k eN such that 

||^/||oo < c i\\Au\\oo + llTfc^lloc) for all G /^(Z^, X). (2.91) 

The claim is evidently equivalent to the existence of constants C, k such that 

1/C < ||^i/||oo + ||^/c^||oo for all unit vectors G /'^(Z^,X). 

Assume, such constants do not exist. Then, for all C > 0 and /c G N, there exists 
a vector Uk^c C l^ , X) with ||ix/c,c||oo = 1 such that 

1/C > ||AiX/e,c||oo + \\TkUk,c\\oo‘ 

In particular, we can choose C = k, i.e., for each /c G N, there is a G /^(Z^, X) 
with ll^ifclloo = 1 such that 



l/k>\\Auk\\oo + \\TkUk\U (2.92) 

From 1 1 ix /el loo = 1 and HT/etz/eHoo < 1/k we conclude the existence of points x/e G Z^ 
such that 

\\uk{ook)\\L{x) > 1/2 and \xk\ oo. 

Let h be the sequence h{m) := Since A is rich, there is a subsequence of h 
for which the limit operator Ag exists. Let Vm •= V-g(^rn)'^g{m)' Then, for arbitrary 
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/c, m G N, 

Wi^g ~ ^—g{m)^^g{m))Tk\\ ||'^m|| + \\^-g{rn)^^g{rn)'^k'^rn\\ 

< Wi^g - y-g{m)AVg^rn))Tk\\ 

\\{^—g{rn)^^g{rn)'^k Tk^—g(rn)^^g{rn))'^rn\\ 

"b II 

^ 11(^5 - ^-g{m)^Vg(^rn))Tk\\ (2.93) 

~b \\^—g{rn)^^g{m)'^k '^k^—g(rn)^^g(rn)\\ “b ll^'^^(m)||- 

Let e > 0 be arbitrary. Then choose and fix k such that the second term on the 
right-hand side of estimate (2.93) becomes less than 6 for all m, which can be 
done due to Theorem 2.1.6 (c). Now choose m > 1/e so large that the first term 
in (2.93) also becomes less than 5. Since ||>liim|| < 1/'^^ by (2.92), then the third 
term in (2.93) is less than too. Thus, 

V^>03A:, mGN : ||A^Tfc'Cm||oo < 3^. (2.94) 

On the other hand, ||u^(0)l| = \\Ug(^rn){9{m))\\ > 1/2, whence ||T/ei;,n||oo > 1/2. 
Thus, by (2.94), and since all limit operators of A are invertible by hypothesis, 

1/2 < ||T,.;^||oo < P,T,^^||oo < 3^ ||^;i|| 

whence 

II > l/(fi^) for all 5 > 0. 

This is clearly impossible, and our claim (2.91) is proved. We will now employ 
(2.91) to prove the uniform boundedness of the inverses of the limit operators of 
A on , X). From (2.91) we conclude that, for all u G /°^(Z^,X), r G N and 

I G Z^, 

\\VlTrU\\oo < C{\\AVlTrU\\^ + \\TkVlTrU\\oo) ^ 

Let /i G W be a sequence for which the limit operator Ah exists. Since every V/ is 
an isometry, we get 

ll^r'i^lloo < C'(||T/_^(^)AT4(^)T^^x||oo + \\V-h{rn)Tkyh{rn)TrU\\oo)- (2.95) 

Further, since TrU G cq(Z^,W) and V_h{m)TkVh{m) 0 strongly on cq(Z^,X), 
we can pass to the limit as m oc in (2.95) to obtain 

||T^u||oo < C||A/,T,ii||oo (2.96) 

for all u G ,X) and r G N. For r ^ oo, the left-hand side of (2.96) goes to 

||u||oo- For the right-hand side, some more care is in order. From Theorem 2.1.6 
we conclude that the right-hand side of 

I P,,T,^|| - \\TrAhu\\ I < II^^T, - TrAhW ll^ll 
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tends to zero as r ^ oo (recall that Ah is band dominated by Proposition 2.1.10 
and use the implication (a) (c) of Theorem 2.1.6). Since ^ as 

r oo, this estimate implies that ^ as r — > oo. Thus, passage 

to the limit r ^ oc in (2.96) gives 

||m||oo < C\\Ahu\\^ for all u € 

whence ||A^^|| < C, i.e., the uniform boundedness of the inverses of the limit 
operators. 

(d) ^ (e): The proof of this implication is based on the possibility to associate 
with every operator in the Wiener algebra a naturally defined adjoint operator. To 
make this point clear we will indicate the dependence of the Wiener algebra from 
the underlying Banach space X by writing Wx in place of W. For each operator 
A = UaPa C yVx, we define its Wiener adjoint as 

where a* (a:) is the usual Banach dual operator of a^ix), acting on X*. Clearly, 
.4* = baV-a, where ba{x) = a* (x + a). Hence, A~^ belongs to the Wiener 

algebra Wx*, and it is easy to check that the mapping A A^ is an anti-linear 
isometry from Wx into Wx* which satisfies {AB)* = B^A^ for all A, B ^ Wx- 
In particular, B = I and, if A is invertible in Wx, then A~^ is invertible in Wx* 
and (A"^)“^ = {A~^y. 

For the proof of the implication (d) (e), let now A G be an operator 

with 

Coo{A) := sup {||A^ : Ah G aop{A)} < oo. (2.97) 

The limit operators of A'^ are just the Wiener adjoints of the limit operators of 
A. Thus, the invert ibility of all limit operators of A implies the invert ibility of 
all limit operators of A'*' . So we conclude from the already established implication 
(c) ^ (d) that 

C'oo(V) := sup{|K^;;)"H|L(/oc(ziv X-)) ; Ah e o-op{A)} < oo. 

Since the limit operators of A'*' as well as their inverses belong to the Wiener 
algebra Wx* (Proposition 2.5.6 and Theorem 2.5.2), the operators A~^ also act 
as bounded and invertible operators on cq(^^,X*), and ||(^^)“^ ||l(co(z^ x*)) ^ 
This shows that 

Cq{A'*') := sup{||(A^) ^11 l(co(z^,x*)) • ^ ^op{A)} < oo. (2.98) 

The operator A, thought of as acting on /^(Z^,X), can be identified with the 
usual Banach dual operator of A* G L(cq(Z^,X*)) (this is the place where we 
need the refiexivity of X). Hence, 

Ci(X) := sup{||74^^||x,(P(z^,x)) • ^ ^op{^)} — Co{A'*') < oo. 

Consequently, by the Riess-Thorin interpolation theorem (Theorem 1 and Remark 
4 in Section 1.18.3 of [182]), we have for every 1 < p < oo and Ah G cr{A), 
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which verifies the uniform boundedness of the norms of the inverses of the limit 
operators of A on all spaces with 1 < p < oo. For = co(Z^,X), 

this result follows in the same way as we derived (2.98). 

Finally, the implication (e) ^ (f) is Theorem 2.2.1, and the implication 
(f) (a) is evident. □ 

Observe that the implication (c) ^ (d) holds for arbitrary rich operators A and 
arbitrary (not necessarily refiexive) Banach spaces X. 

Corollary 2.5.8 Let X he a reflexive Banach space. Then the V -essential spectrum 
of an operator A G , considered as an operator on , does not depend on the 
space E^ , and 

(^V-ess{A) = UaEoo{Ah) = Uay^{Ah) 

where the unions are taken over all limit operators Ah of A. 

If the space X is finite-dimensional, then the 7^-essential spectrum is the usual 
essential spectrum. The proof of the independence of the P-essential spectrum 
of the underlying space follows from Theorem 2.5.2 and from the fact that limit 
operators of operators in the Wiener algebra belong to the Wiener algebra again. 

2.6 Band-dominated operators with special coefficients 

In this section we are going to specialize the Fredholm criteria obtained for oper- 
ators in A% to some concrete classes of band-dominated operators. 



2.6.1 Band- dominated operators with almost periodic coefficients 

A function a in ^ L{X)) is called almost periodic if the set of all multiplication 

operators V-koVk with k G is relatively compact with respect to the norm 
topology on L{E). We denote the set of all almost periodic functions by APl(x)- 
An archetypal example of an almost periodic function is x i-^ exp(io;x) where 
a; G M. It is easy to check that APl(^x) is a closed subalgebra of l^(Z^,L{X)) 
which is invariant with respect to shifts, i.e., if a G APl{x)^ function 

X ^ a{x - k) lies in APl(^x) for every k G Z^. 

Let Ae{APe(x)) stand for the smallest closed subalgebra of L{E) which 
contains all band operators with coefficients in APh(^x)- 

Proposition 2.6.1 Let A G Ae{APl(^x))> Then every sequence h e H possesses a 
subsequence g for which the limit operator Ag exists and 

\\V^g(rn)AVgt^rn)- OS m ^ OO. (2.99) 

In particular, all operators in Ae{APl(^x)) have a rich operator spectrum. 
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Proof. It is an immediate consequence of the definition that every operator of 
multiplication by an almost periodic function a has a rich operator spectrum and 
that every sequence h eH possesses a subsequence g for which the limit operator 
{al)g exists and 



\\V^g{m)Oygi^rn) ~ («^)g|| ^0 aS m ^ (X). 

Since the set L^{E., V) of all operators with rich operator spectrum is a closed 
subalgebra of L{E) (Proposition 1.2.8), we obtain the inclusion Ae{APl(^x)) C 
L^{E, V). 

Now let A G Ae{APl{x))^ and let h G W be a sequence for which the 
limit operator Ah exists. Let further {An) be a sequence of band operators in 
Ae{APl{x)) which converges in the norm of L{E) to A. Then, by a standard 
diagonalization procedure, one finds a subsequence g oi h such that the limit 
operators {An)g exist for every n and that 

\\V_g(m)AnVg(^rn) ~ {An)g\\ ^0 aS m ^ OO. 

The estimate 

\\Ah — y-g{Tn)AVg(^rn)\\ ^ 11^^ ~ (^n)g|| + II (^n)^ ~ ^nL^(m) II 

\\y—g{m)Anyg(m) || 

< 2l|yl — yl^ll + \\{An)g — y-g{m)AnVg{m) II 

yields the assertion. □ 

The basic Fredholm properties of operators in Ae{APl(x)) are consequences of 
the norm convergence (2.99). 

Theorem 2.6.2 For A G Ae{APl{x))j the following assertions are equivalent: 

(a) A is V -Fredholm. 

(b) All limit operators of A are invertible. 

(c) At least one limit operator of A is invertible. 

(d) A is invertible. 

Theorem 2.6.3 For A G Ae{APl{x))^ the following assertions are equivalent: 

(a) A is V -compact. 

(b) All limit operators of A are zero. 

(c) At least one limit operator of A is zero. 

(d) A = 0. 

Proof of Theorems 2.6.2 and 2.6.3. If A is P-Fredholm, then all limit operators 
of A are invertible by Proposition 1.2.9. Let, conversely. Ah be an invertible limit 
operator of A. By Proposition 2.6.1, there is a subsequence g oih such that (2.99) 
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holds. Then Ah = Ag and, since the invertible operators form an open subset of 
L{E), the operators VL^(^) must be invertible for all sufficiently large m. 

Hence, A is invertible. 

Similarly, if A is 7^-compact, then all limit operators of A are zero by Propo- 
sition 1.2.6. Conversely, if 0 is a limit operator of A, then (again by Proposition 
2.6.1) there is a subsequence g of h such that || ^ 0. Since the 

operators Vk are isometries, A must be the zero operator. □ 

2.6.2 Operators on half-spaces 

For a G \ {0} and /? G R, we set 

Ha ,/3 := {zeZ^ : {a, z) > (3) and := {z€Z^ : {a, z) > (3) 

where refers to the standard scalar product on We refer to these half- 
spaces as closed and open, respectively. Our first goal is to compute the operator 
spectrum of the operators Pa^p and p of multiplication by the characteristic 
functions of the half-spaces and respectively. Recall in this connection 
Proposition 1.2.3 and its Corollary 1.2.4 which are perfectly illustrated by these 
results. We start with the trivial case = 1. 

Lemma 2.6.4 7/^ = 1, then (Top{Pa,p) = <^op{Pap = {0, 7}. 

In what follows, it will be convenient to consider as a Z-module. Thus, by 
a Z-linear combination of the real numbers ai, . . . , a^v we mean a number of the 
form a\Zi + • • • PonZm with . . . zn G Z, and the numbers ai, . . . , are called 
Z- linearly independent if the equality a\Zi a^z^ = 0 with z\^ ... ^zn G Z 

implies that all Zi are zero. Thus, two real numbers are Z-linearly independent if 
and only if they are non-zero and if their quotient is irrational. 

Theorem 2.6.5 Let A/" > 1, a = (ui, . . . , on) G R^ \ {0} and /3 eR. If at least two 
of the numbers ai are Z-linearly independent, then 

<^op{Pa,l}) = (TopiPap = {0> ^ Pa,S, P°,6 ^ith S G M}. 

Theorem 2.6.6 Let N > 1, a = (ai, . . . ,aiv) G R^ \ {0} and /3 G R. // each two 
of the numbers Oi are Z-linearly dependent, then a can be written as a{bi , . . . , bjsf) 
where a G R and where the bi are integers with greatest common divisor equal to 
1. In this case. 



CTopiPa,/}) = <^op{Pap = {0> L Pa,/3+az With Z G Z^}. 

Notice that the half-spaces Ma^p and ^ can coincide (which happens if j3 is not 
a Z-linear combination of the ai) and they can differ by exactly one point (if j3 is 
a Z-linear combination of the ai and if the ai are Z-linearly independent) or by 
infinitely many points (if ^0 is a Z-linear combination of the ai and if the are Z- 
linearly dependent). We would also like to emphasize that the operator spectrum 
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of the half-space projection is a discrete set of operators in the setting of Theorem 
2.6.6 whereas we observe a continuum of limit operators in the context of Theorem 
2.6.5. We prepare the proofs of Theorems 2.6.5 and 2.6.6 by a simple lemma. 

Lemma 2.6.7 Let (Mn) be a sequence of subsets ofZ^ and let the operators XMrr^ 
of multiplication by the characteristic functions of the sets Mn converge V -strongly 
to an operator A G L{E). Then A = XmI 'with a certain subset M of , and a 
point z G belongs to M if and only if z E Mn for all sufficiently large n. 

Proof It is easy to check that the P-strong limit of a sequence of projection 
operators is a projection operator and that the P-strong limit of a sequence of 
multiplication operators is a multiplication operator again (compare Proposition 
2.1.10). Thus, A is necessarily of the form xmI with M C Further, the V- 
strong convergence of to xmI is equivalent to the pointwise convergence of 

the functions xm^ to xm on Z^ whence the second assertion. □ 

We verify some of the inclusions in Theorems 2.6.5 and 2.6.6 in separate lemmas. 

Lemma 2.6.8 Let a G and G M. Then 

0-op{Pa,p) U (Top{Pa,p) C {0, I, Pa,S, Pa,S € M}. 

Proof. We prove the assertion for the case of a closed half-space Ha ^3. The proof 
for ^ runs completely parallel. 

Thus, let /i G W be a sequence for which the limit operator {Pa,p)h exists. By 
Lemma 2.6.7, this limit operator is of the form xmI with M C Z^. It is further 
evident that 

'^—h(n)XMa,i3^h(n) XMa,f3—h{n)^ 

and that a point y G Z^ belongs to — h{n) if and only if 

(a, y -h h{n)) > /3. (2.100) 

Now we distinguish several cases: The sequence ((a, h{n))) contains a subsequence 
{{a,h{nk)))keN which 

• converges to 7 G M and for which (a, h{uk)) > 7 for all /c G N (case 1 ). 

• converges to 7 G R and for which (a, h{nk)) < 7 for all /c G N (case 2 ). 

• converges to -hoo (case 3). 

• converges to —00 (case 4). 

In case 1, we write (2.100) as 

(a, y) -h (a, h{nk)) - 7 > ~ 7- (2.101) 

We will show that M — in this case. If y G i.e., if {a,y) > /? — 7, 

then y satisfies (2.101) for all k since (a, h{nk)) —7 is non-negative. If y ^ 




2.6. Operators with special coefficients 



115 



i.e., if (a, y) < /? - 7 , then (a, y) + (a, h{nk)) - 7 < ^ - 7 for all sufficiently large 
k since {a,h{nk)) - 7 0. Thus y does not satisfy (2.101) for all sufficiently 

large k. From Lemma 2.6.7 we conclude that the sequence {V^h{nk)XMa,^^h{nk)) = 
{{y-h{uk)Pa,^^hM) converges P-strongly to Hence, in this 

case, the limit operator of Pa^is with respect to the sequence h is of the mentioned 
form. 

Similarly, in case 2, (2.101) cannot hold if (a,y) < /? - 7 . Indeed, since 
(a, h{rik)) — 7 < 0 , we have 

(a, y) + (a, h{rik)) - -f < P - j 

which contradicts (2.101) for every k. On the other hand, if (a, y) > /3 — 7 , then 

(a, y) + (a, h{nk)) - 7 > - 7 

for all sufficiently large k since (a, h(rik))—^ — > 0. This shows that {Pa,(3)h = ^a,^ 5-7 
in this case. 

In case 3, y belongs to M if and only if (a, y) + {a, h{rik)) > P for all sufficiently 
large k. Since \a,h{rik)) 00 , this holds for all y G Z^, i.e., the limit operator 
of Pa ^(3 is the identity operator in this case. Similarly, the limit operator of Pa ,/3 is 
the zero operator in case 4. □ 

Lemma 2.6.9 Let a G and /3 G M. Then 

{0, /} C CTop(Pa,/3) UcTop(P°_g). 

Proof. We show that I G (Top{Pa,(3)‘ For, it is sufficient to show that there is a 
sequence h eH such that (a, h{n)) Poo. This can be done be choosing 

h{n) := [an] = ([ain], . . . , [ajvn]) 



which implies 

N N 

Oi{ain — 1) < (a, [an]) < ^ a^n. 

2=1 2=1 

The left- and right-hand sides of this estimate tend to infinity as n ^ 00 . The 
other inclusions can be checked analogously. □ 

Proof of Theorem 2.6.5. We still have to show that 

{-fa,/ 3 - 7 ? Pa^fj-^ with 7 G M} C (Jop{Pa,(3) (^op{Pa,p)^ 

and again we will do this for the operator spectrum of the closed half-space pro- 
jection only. 

Let, for example, ai and 02 be Z-linearly independent. Then both ai and 02 
are non-zero, and the ratio a := ai/a 2 is irrational, implying that the set 

aZpZ = {azi P Z2 : zi, Z2 e Z} 
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is dense in M (this fact is often referred to as Kronecker’s theorem). Thus, given 
7 G M, there are sequences and (2:2^^) in Z such that 

az[^^ -h ^7/^2 as n ^ 00 and az[^^ -h 2^2^^ > 7/a2 for all n G N. 

Moreover, z^^^ and z^^ can be chosen such that 

I (n)|2 , I {'n )\2 

1^1 I + l'^2 I ^ as n ^ 00. 

Then the sequence h given by h{n) {z[^\ z^\ 0 , . . . , 0) tends to infinity, and 

(a, h{n)) = = a2{az^^"^ -h z^"^) a27/u2 = 7. 

The discussion of case 1 in the proof of Lemma 2.6.8 shows that the limit operator 
{Pa,i3)h exists and that it is equal to Pa^p-^. □ 

Proof of Theorem 2.6.6. Let a — (ui, . . . , a^v) and, for example, a\ ^ 0. Since a\ 
and Oi (with i > 1) are Z-linearly dependent, there exists (zi, zi) G \ (0, 0) 
such that a\Zi -\- aiZi = 0. In particular, 2:^ 7^ 0 for alH > 1 since otherwise z\ 
would be zero, too. Thus, 

a = ai{l, a^jax,..., a^jax) = ax{px/qi, P2/q2, ■ ■ ■ , Pn Iqn) 

with integers pi and positive integers qi. Dividing a\ by the least common multiple 
m of the Qi and multiplying ai/m by the greatest common divisor d of the pivn/qi 
we get a := Old I'm, whence the desired factorization of a. 

Let now /i(n) := {hi{n ), . . . , hN{ri)) G Z^. Then 

(a, h{n)) — a'^^^hihi{n) G aZ. 

Thus, only the operators mentioned in the theorem can appear as limit operators. 
Conversely, each of these operators is indeed a limit operator. For, let A: G Z. Then 
the equation 

hizi H h hNZN = k 

is solvable since the greatest common divisor of the bi is one, and there are infinitely 
many solutions in integers Zi. In particular, one can choose a sequence {h{n)) of 
solutions of this equation such that \h{n)\ 00. Then, for all n G N, 

(a, h{'n)) = a{bihi{n) + • • • + b^hNin)) = ak. 

Consequently, the limit operator {Pa,/ 3 )h exists, and it is equal to Pa^p-ak- D 
Our next goal are the local operator spectra of the half-space projections. 
Theorem 2.6.10 Let a G \ {0} and P eR, and let p G 

(a) If (a,p) = 0 , then (Jrj{Pa,p) = (Top{Pa,p)- 

(b) If (a,p) > 0, then (Jp{Pa,p) = {/}• 

(c) If (a, 77) < 0 , then (Jp{Pa,p) = { 0 }. 

These assertions remain valid if Pa, p is replaced b'y P^ p. 
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Proof. Let h{n) := [nrj] = {[nrji], . . . , [nr]N])- Then the sequence h belongs to H, 
and it tends to infinity in the direction of rj. Furthermore, since 

= '^ai{nr]i - 1) < {a,h{n)) < = 0, 

the sequence ((a, h{n))) is bounded. Hence, there is a subsequence g oi h such that 
the sequence ((a,^(n))) converges to a certain real number 7. As we have seen 
in the proof of Theorems 2.6.5 and 2.6.6, this implies the existence of the limit 
operator {Pa,( 3 )g and one of the equalities 

{Pa,f3)g = Pa,f3-'y {Pa,f3)g = Pa,f3--r' 

Now the assertion (a) follows from Corollary 2.3.12 and from Theorems 2.6.5 and 
2.6.6. The remaining assertions follow analogously. □ 

Observe that in case N = 1 the sphere consists of the points 1 and —1 only. 
Hence, case (a) in the preceding theorem cannot occur. 

In what follows, we fix a G and /S G M, and we write := Pa,/3 as well 
as P- := I — for brevity. Further, for A G L{E) and 7 G E, we write Aa,7 and 
for Pa^^APa^^ + (^ - Pa,j) and ~ respectively. In case 

7 = /^, we will simply write A+ instead of Aa^p. 

Let A G P^(P, P). We consider the operator P+AP+ on ImP^_ = P+P or, 
equivalently, the operator A^ on E. Then A+ belongs to L^(P, V) again, and 
its operator spectrum <Jop{A^) is the union of the local operator spectra cFp{A^) 
where rj G S^~^. 

Proposition 2.6.11 

(a) Let A G L^(P, V), and define A+ as above. Then the operator spectrum 

aop{A-^) is the union of all local spectra cfp{A^) where g G and (a,r/) = 

0 and of all local spectra CTp{A) where 77 G and (a, 77) > 0 a5 well as of 

{/}. 

(b) Let A G A% be V -Fredholm. Then the operator A+ is V -Fredholm if and only 

if, for every 77 G with (a, 77) = 0, all operators in ag{A^) are invertible 

and the norms of their inverses are uniformly bounded. 

For the proof of (b) recall that the P-Fredholmness of A implies the uniform 
invertibility of all limit operators of A. The operator I results from the artificial 
term P_ in the definition of A+ . An analogous result holds for the open half-space 
projection. We proceed with some instances where the assertions of Proposition 
2.6.11 can be essentially improved. 

Corollary 2.6.12 LetN = 1, a > 0, (3 eR arbitrary and A G Then A+ := Aa^g 
is V -Fredholm if and only if A is locally invertible at 1 E . 

Proof. For A G L^(P, V) we have crop (A) = cri(A) U cr_i(A) and <Ji(A+) = cti(A) 
as well as (j_i(A+) = {/}. Hence, if A G .4*;, then A is locally invertible at 
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1 G if and only if every operator in ai (A) is invertible and if the inverses are 
uniformly bounded (Theorem 2.3.13), which is equivalent to the 7^-Fredholmness 
of (Theorem 2.2.1). □ 

Corollary 2.6.13 Let > 1 and let A G be V -Fredholm. If no two of the 
components Oi of the vector a are Z-linearly independent, then the operator Aj^ is 
V -Fredholm if and only if, for every p G with (a, rj) = 0, all operators of the 

form P-^AhP-\- with Ah G CFrj{A) are invertible and the norms of their inverses are 
uniformly bounded. 

Proof. Let r] G and {a,rj) = 0. From Theorem 2.6.6 it is evident that (jy^(^+) 

consists of limit operators of A and of operators of the form 

F 2,f3+azAhPa,l3-{- OiZ + (^ - OLZ ) (2.102) 

where z ^ and Ah G arj{A). The uniform invertibility of the limit operators of 
A is a consequence of the 7^-Fredholmness of A. It is easy to see that there is a 
zq G such that the operator in (2.102) is just 

V-zoPa.fsVzoAhV-zoPa.fsVzo + ~ Pa,^)Vzo^ 

and this operator is invertible if and only if the operator Pj^Vz^AhV-z^P^ + P- 
is invertible. Since Vz^AhV-zo belongs to (Jr){A) whenever Ah belongs to this local 
spectrum, we get the assertion. □ 

Corollary 2.6.14 Let N > 1 and let A G Ae{^l{x)) o.'^d a G \ {0}. Then the 
following conditions are equivalent: 

(a) the operator A^ — Pj^APj^ + P_ is V -Fredholm. 

(b) one of the operators 

Aa,j, ^2,7 with'yeR (2.103) 

is invertible. 

(c) each of the operators in (2.103) is invertible. 

If one of these conditions is satisfied, then A is invertible. 

Proof. The shift invariance of A implies that if the limit operator of with respect 
to the sequence h exists, then the limit operator of A^ with respect to h exists, 
too, and {A^)h = (P+)/^A(P+)/i + {P-)h- From Theorems 2.6.5 and 2.6.6 we infer 
that each operator in (2.103) is a limit operator of Hence, by Proposition 
1.2.2, each operator in (2.103) is invertible if only A^ is P-Fredholm. This settles 
the implications (a) => (c) (b). 

To check the implication (b) (c), assume for instance that the operator 

Aa ,7 is invertible for some 7 G M. Then, for every a G Z^, the operators V-aAa,jVa 
are invertible, and the norms of their inverses are uniformly bounded. Thus, if an 
operator B is the P-strong limit of a sequence of operators of the form V-aAa^^Va, 
then B is invertible. 
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Let, for example, B = Aa^s with J G R. Since 

^—aXM^a. — \m — ot S-ncl OL — KIa,7— (a,o;) 

we get V-aAa^'yVa = ^a,7-(a,a)- Thus, if G is a sequence with 

7 — (a, h{n)) 6 and 7 — (a, h{n)) > J for all n, 

then one gets as in the proof of Lemma 2.6.8 that V-h{n)^a\-iyh{n) converges V- 
strongly to B. Analogously one verifies the invertibility of the other operators in 
(2.103). 

Next we show that condition (c) implies the invertibility of A. For, we consider 
the operators Aa^-^(^n) where the 7(72) are real numbers tending to — 00. As n — > 00, 
these operators converge P-strongly to A. Since the operators are invertible 

with uniformly bounded inverses, this implies the invertibility of A. 

The final implication (c) => (a) follows from Proposition 2.6.11 (b). Indeed, 
the uniform invertibility of all operators in in (2.103) implies the invertibility of 
A, whence the uniform invertibility of all limit operators of A+. □ 

2.6.3 Operators on polyhedral convex cones 

In this section, we let TV > 2. Our goal is to consider restrictions of band- 
dominated operators onto cones, where a cone is a subset FF of Rat such that 
if u; G FF and A > 0, then \w G FF. To avoid technical complications, we will 
make some special assumptions on the location of the cone as well as on its shape. 
To make this precise, write the intersection of the cone FF with the hyperplane 
{z = (21, ... , zn) G R^ : ztv = 1} as O X {1}. What we assume is that O is a 
compact and convex polyhedron in R^~^ with non-empty interior. If, moreover, 
the vertices of Q. are in Z^, then we call FF a rational convex cone with basis ft. 
Clearly, FF = {Arc : A > 0,rc G x {1}}. 

Since every cone with compact and convex polyhedral basis is the intersection 
of a finite number of closed half-spaces, the results of the previous section yield 
a complete description of the set of all limit operators of the operator of multi- 
plication by the characteristic function of the cone. The necessity to distinguish 
between several locations of the half-spaces makes the description of the opera- 
tor spectrum of a general cone projection quite involved. So we will restrict our 
attention to the examination of some typical special settings. 

The case N — 2 . Let t/i, 7x2 ^ R and let ft = [ixi, 7x2] C R. Further let Wq C R^ 
refer to the cone determined by Q, i.e., 

Wq := {(xi, X 2 ) G R^ : X 2 > 0 and Xi/x 2 G 0} U {0}, 

and set Wq := fl Z^. Thus, 

Wq = Hai,o nlHIa2,o withai = ( 1 ,-txi) and U2 = (-1,7x2). 



(2.104) 
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For A G L(E) = L(F(Z^, X)), we consider the operator 

:= XWnAxwa^+(l ~ Xw^)I : P(Z^X) ^ F{I?,X). (2.105) 

The P-Fredholmness of Aw^ is subject to Theorem 2.2.1 and Corollary 2.3.22 
provided that AeA%. 

Given x G M, we denote by r]x the point on the sphere which is determined 
by the ray in starting at the origin and passing through the point (x, 1). Due 
to (2.104), it follows from the results of the previous section that if x is in the 
interior of Q. and if C is a sequence tending to infinity in the direction of r]x ? 
then the limit operator of with respect to h exists and is equal to /, whereas 

one has in case x G R \ that {XWci^) = {0}. li x = ui with i G {1, 2} and if 
Ui is irrational, then 

<^vAxwJ) = {0, I, Pat, p, Pa, ,0 with /? € E}, 
and if Ui is rational, then 

^VxiXW^I) = {0, I.Pai^aiZ with Z G Z} 

where ai = l/qi\iui= Pi/qi with pi and qi integers with greatest common divisor 
1 and qi positive. All limit operators of XWn^ which correspond to other points in 
are zero. 

Thus, in case x = is irrational, we get a decomposition of the local spec- 
trum 

,-(^) Ucr^,,+ (A) U ^ G R} U ^ G R}, 

where arj^,p^-^{A) and (Jr,^^(3^-{A) contain all limit operators 

Ah G {A) for which there is a subsequence g of h such that the limit operator 
of XWn^ with respect to g exists and is equal to 0, /, Pai,f 3 and respectively. 

With these notations, we have the following theorem. 

Theorem 2.6.15 Let A G and let D = [ui^U2\ with both ui and U2 irrational. 
Then the operator Aw^ defined by (2.105) is V- Fredholm if and only if 

(a) for every x in the interior ofQ, all operators in an^{A) are uniformly invert- 
ible, 

(b) for X = Ui and i = 1, 2, all operators 

Pai.jsAgPai^lS T (/ ~ Pai.ff) With Ag G (A) , 

all operators 

^ai,(3^g^ai,j3 P ~ ^ai,(3) '^'Hh Ag G CFg^ ^-{A) , 

and all operators cr^^^+(A) are uniformly invertible. 
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The proof follows immediately from Theorem 2.2.1, Corollary 2.3.22, and from the 
special form of the limit operators of the operator Theorem 2.6.15 takes a 

simpler form if we assume a priori that ^ is a 7^-Predholm operator on E. 

Theorem 2.6.16 Let A G be V -Fredholm, and let Q — [ui,U 2 ] with both u\ and 
U 2 irrational Then the operator Aw^ defined by (2.105) is V -Fredholm if and only 
if for X = Ui and i = 1, 2 all operators 

Fai^jsAgPai^jS T (-f Pai^fs) with Ag G (yl) 

and all operators 

Pai,(3^gPai,(3 P ~ Pai^/s) Ag G ^-{A) , 

are uniformly invertible. 

Analogously, ii x = Ui is rational, there is a decomposition of the local spectrum 
(Tg^ {A) as follows: 

= o-»7x,-(^) U o-^x,+(^) U {cTri^A^) : 2 G Z} 

where cFg^^^{A) and ag^^z{A) contain all limit operators Ah G ag^{A) 

for which there is a subsequence g of h such that the limit operator of Xwn^ 
with respect to g exists and is equal to 0, I and Pai,aiz^ respectively. With these 
notations, we have the following result. 

Theorem 2.6.17 Let A G and let Q = [ui,U 2 ] with both u\ and U 2 rational. 
Then the operator Aw^ defined by (2.105) is V -Fredholm if and only if 

(a) for every x in the interior of ft, all limit operators in {A) are uniformly 
invertible, 

(b) for X = Ui and i — 1, 2 all operators 

Pai,oAgPai^O + (7 — Pai,o) with Ag G (Jg^^o(yA) 

and all operators in <j^^^+(A) are uniformly invertible. 

Proof. It follows immediately from Theorem 2.2.1, Corollary 2.3.22, and from the 
special form of the limit operators of the operator XWn^ that the conditions of 
the theorem are necessary. For their sufficiency we have to show that, under the 
conditions of the theorem, all operators 

Pai,aizAgPa^^aiZ P {I ~ Pai,aiz) (2.106) 

with Ag G ag^,^z{A), i G {1, 2} and z G Z are uniformly invertible. Let Ag G 
(jg^,^z{A), and choose a such that V-aPai^aizVa = Pai,o- Then the operator 
(2.106) is invertible if and only if the operator 

P^—a.Pai,a.izAgPa^^aiZ^a. T (7 P^—aPai,aiZ^a) 

— Pai,oV-aAgVaPai,0 P {I ~ Pai,o) 
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is invertible. Evidently, V-aAgVa is a limit operator of A which belongs to ag^^o{A). 
Thus, the invertibility of every operator of the form (2.106) follows from hypothesis 
(b) of the theorem. □ 

Again, the result gets a simpler form if A is P-Fredholm. 

Theorem 2.6.18 Let A G A% be V -Fredholm, and let O — [ui,U 2 ] with both ui and 
U 2 rational. Then the operator Aw^ defined by (2.105) is V- Fredholm if and only 
if, for X — Ui and i = 1, 2, all operators 

Fai,oAgPa^^o F Pai,o) with Ag G q(A) 

are uniformly invertible. 

It is evident how these results have to be modified if the interval has one rational 
and one irrational endpoint. 

The case N = 3. Let now be a compact and convex polygon in with vertices 
ui, U 2 , . . . , Uk E , and denote by Wq C R^ the cone generated by Q, that is 

Wn = {(xi, X 2 , xs) G R^ : X 3 > 0 and (xi/x 3 , X 2 /X 3 ) G U {0}. 

Further set := ui and uq := Uk and write {uj, Uj-^i) for the open segment 
in R^ joining Uj to Uj-^i. Moreover, let Kj refer to the angular domain in R^ with 
vertex at Uj which is bounded by the rays starting at Uj and passing through 
Uj-i and respectively, and which contains and let Hj C R^ refer to the 

half-plane, which is bounded by the straight line passing through Uj and t/j+i and 
which contains ft. Finally, set Kj Kj — Uj and Hj := Hj — Uj {= the algebraic 
differences), and introduce the wedge 

Kj := {(xi, X2, X3) G ; (xi, X2) € K° +X3Uj}, 

the half-space 

Hj := {(xi, X 2 , X 3 ) G : (xi, X 2 ) G H, + XsUj}, 

and the sets 

Wq := Wn n Z^, Kj — Kj n Z^ and Hj = Hj fl Z^. 

Further, given x G R^, let 77 ^ stand for the point on the sphere 5^ which lies on 
the ray starting at 0 G R^ and passing through (x, 1) G R^. A little thought shows 
that the limit operators of the operator of multiplication by the function XWn^ 
are as follows. If x is in the interior of ft, then 

= {I}^ 

and for X G \ O one has 

(^vAxvnl) = { 0 }- 

Further, if x belongs to the segment {uj, tij+i), then 

= {0, r XMj+vI ; V e 
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and, finally, if x = Uj^ then 

= {0, I, XBj.i+vI, XBj+vI, XKj+vI ■ V G Z^}. 

Now let E = and A G We are interested in the 'P-Fredholmness 

of the restriction of A onto or, equivalently, in the P-Fredholmness of the 
operator 

*= XWn^XWn^ + (1 ” XWn)^ ^ ^(^)- (2.107) 

In analogy to the two-dimensional setting, every point x in the boundary of O 
induces a decomposition of the local spectrum (A) as follows. If x belongs to 
the segment {uj, 'Uj+i), then we have 

^ t-* {^r]x,v{A) : U G Z } 

where ar^^^-{A)^ and arj^^v{A) contain all limit operators Ah G aj^^{A) 

for which there is a subsequence g o^ h such that the limit operator of xwn ^ with 
respect to g exists and is equal to 0, I and respectively. Similarly, if x is 

the vertex Uj, then 

: u G Z^} U ■ v e 

where and (Jr^^^y{A) consist of all limit 

operators Ah G (Jr^^ (A) for which there is a subsequence g o^ h such that the limit 
operator of xw^I with respect to g exists and is equal to 0, /, xUj-i-\-v^, Xmj+vl 
and xKj+t;/, respectively. With these notations we have the following result. 

Theorem 2.6.19 Let E = F(lA^X) and A G Then the operator Awci defined 
by (2.107) is V -Fredholm if and only if 

(a) for every x in the interior of XI, all operators in (Jn^{A) are uniformly invert- 
ible. 

(b) for every j and every x G all operators 

XUjAhXMjI + (1 - XMj)I with Ah G cr^,,o(^) 

as well as all operators in are uniformly invertible. 

(c) for every x = Uj, all operators 

XKjAhXKjl + (1 - Xk, )7 with Ah G a^^,o(^), 

all operators 



XMj-iAhXMj-iI + (1 - XMj-i)I with Ah G (A), 

all operators 

XBjAhXmX + (1 “ XBj)I with Ah G A) 

and all operators in cFr^^^^{A) are uniformly invertible. 
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This theorem can be proved in the very same way as its predecessor Theorem 
2.6.17. Observe that condition (a) as well as the last conditions in (b) and (c) are 
automatically satisfied if the operator A is 'P-Fredholm. 

2.6.4 Composed band-dominated operators on 

Consider the following quarter planes in , 



Qii {x e Z^ : Xi > 0, X2 > 0}, Q21 := {x E Z‘^ : Xi < 0, X2 > 0}, 

Q22 := {x e Z^ : xi < 0 , X2 < 0 }, Q12 := {x e Z^ : xi > 0 , X2 < 0 }, 

and let Xij stand for the characteristic function of Qij . In this section, we are going 
to study the Fredholm properties of so-called composed band-dominated operators 
of the form 

(2.108) 

where the operators belong to the Wiener algebra W of band-dominated op- 
erators with coefficients in L{C'^). We consider the operator A as acting on one of 
the spaces with 1 < p < 00. 

According to Theorem 3.5.7 and Proposition 3.3.2, we have to calculate the 
operator spectrum (Top{A) = <^r]{A). To start with, let vj E belong to one 

of the sets 

Rii := {x G > 0, X2 > 0}, R21 := {x G R^ : Xi < 0, X2 > 0}, 

R22 := {x G R^ : xi < 0, X 2 < 0}, Ri 2 := {x G R^ : Xi > 0, X2 < 0}. 

Then it is easy to see that ap{xij^) = 7 if p C R^j and that ap{xijl) = 0 otherwise, 
whence 

ap{A) = (Jrj{A^^) whenever 77 G fl R^j. 

Let now 77 = (1, 0). Then 

(Jr,{A) = (Tr^{A^'^xnI + A^'^xnl)- 

Further, we know from Section 3.6.2 that 



= {I, 0, VaXl^-a : « G Z^} 

where xl refers to the characteristic function of the half-space {x G Z^ : X2 > 0}, 
and that 

<^rjiXl2l) = {I, 0, VaXlV-a : « G Z^} 

where xi = 1 “ xi 

Let j E {1, 2}. By <j(i o),+ (A^-^), we denote the set of all limit operators of A^^ 
with respect to sequences h which tend to infinity into the direction of 77 = (1, 0) 
and for which {xijl)h = 7. Similarly, ct(i,o), refers to the set of all limit 
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operators of which correspond to sequences h which tend to infinity into the 
direction of ry = (1, 0) and for which {xij^)h = with a e Hence, 

U {Ai^V^xlV-a + Al^VaXlV-a : Aff e CT(i,0),a(Al^'), j = 1, 2, a G Z^j . 

Since local operator spectra of band-dominated operators are invariant with re- 
spect to shifts (Section 2.3.2), we obtain that all operators in <j(i o)(^) ^^e invert- 
ible if and only if all operators in 

^(1.0) (^) — ^(l,0), + (^“) UCT(i,0),+ (^^^) 

u + A]^xll ■ A]^ e cr(i_0),a(^^-^), i = 1, 2, a e Z^l . (2.109) 

are invertible. The local spectra cTrj{A) as well as the reduced local spectra a^^^{A) 
at the points points r] = (0, 1), (—1, 0), (0, —1) can be defined and described in 
a completely analogous way. The following theorem is a corollary of the general 
Theorem 2.5.7. 

Theorem 2.6.20 Let A be an operator of the form (2.108) with coefficients A^^ in 
the Wiener algebra. Then the following assertions are equivalent: 

(a) A is a Fredholm operator on one of the spaces P \= /^(Z^,C^^) with 1 < p < 
oo. 

(b) A is a Fredholm operator on each of the spaces P . 

(c) There is one space l^ on which all operators in 

<'"(21), (2.110) 

where a^^^{A) := cr^(^) for rj ^ (1, 0), (0, 1), (—1, 0), (0, —1), are invert- 
ible. 

(d) The operators in (2.110) are uniformly invertible on each of the spaces P. 

Let us now consider composed operators of the form (2.108) with coefficients A'^^ 
from the class W(50), i.e., with 

aGZ2 

where 

e SO{Z^, L(C")) and ^ ||ajJ'|U < oo. 

QGZ2 

In this case, all limit operators A^^ of A^^ are invariant with respect to shifts, and 
they have the form 

= E 

aGZ2 

(aj,^), e L(C") and E 

«GZ2 



where 
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Set 



^(1,0)(^) •— C j — 1? 2, a G Z^| 

and define E^(A) at ry = (0, 1), (-1, 0), (0, -1) analogously. 

Theorem 2.6.21 Let A be an operator of the form (2.108) with coefficients G 
W{SO). Then the following assertions are equivalent: 

(a) A is a Fredholm operator on one of the spaces F := 1 'p( 1?^€A) with 1 < p < 
oo. 

(b) A is a Fredholm operator on each of the spaces F . 

(c) There is a space F on which all operators in 

U2,j = l,2 (Jr^(A •^ ) (2.111) 

and all operators in 

E(i,o)(^) U S(o,i)(^) U E(_i,o)(^) U S(o,-i)(A) (2.112) 

are invertible. 

(d) All operators in (2.111) and (2.112) are uniformly invertible on each of the 
spaces F . 

Proof. Let A be as in (2.108) with coefficients in W{SO). Then all limit operators 
of A occur among the operators in (2.111) and (2.112). Thus, (c) implies (b) by 
Theorem 2.6.20. 

For the reverse implication, we have to show that the Fredholmness of A 
implies the invert ibility of all operators in (2.111) and (2.112). By Theorem 2.6.20, 
this is clear for the operators in (2.112) and for the operators in 

Ui,j=l,2 '^rjeS^nRij ^riiA'"^). 

So let, for example, B G <j(i^o)(-^^^) be a limit operator of A^^ with respect to a 
sequence h which tends into the direction of (1, 0) G to infinity. Without loss we 
can assume that the limit operator of xii I exists (otherwise we pass to a suitable 
subsequence of h). Hence, either {xiil)h is equal to / or to 0 or to Vaxl^-a with 
a G Z^. In the first two instances, H is a limit operator of A and, thus, invertible. 
In the third case, there is a limit operator of A of the form 

BVaxlV^a + CV„xlV-a ( 2 . 113 ) 

where C is (as B) a certain shift invariant operator. Being a limit operator of a 
Fredholm operator, the operator (2.113) is invertible. Since its coefficients H, C 
are shift invariant, this easily implies the invertibility of B (and C), too. □ 
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Finally, we will briefly discuss the invertibility of the limit operators which appear 
in the previous theorem. It is clearly sufficient to study their invertibility on the 
space C’^). 

The operator hVa is unitarily equivalent to the operator of 

multiplication by the function 

(ai , a2)GZ2 

Hence, is invertible on C’^) if and only if 

inf det AV(t) >0. 

Similarly, the discrete Fourier transform provides the equivalence of the invertibil- 
ity of the operator 

Al\+I + Al\^I (2.114) 

at the one hand and the invertibility of the operator 

+ (2.115) 

on the other hand, where is the characteristic function of{2:GZ:z>0} and 
:= 1 — x+, and where stands for the continuous operator- valued function 

T ^ L{f{Z)), 1-^ with Vc 2 u{x 2 ) ■■= u{x 2 + a 2 ), j = 1, 2. 

ai€Z 

It is well known (see, e.g., [59], VIII, 8, 2°) that the operator in (2.115) (hence, 
the operator in (2.114)) is invertible if and only if 

I det Al^ (t) | > 0, j = 1 , 2, (2.116) 

and if the partial indices of the matrix-function 

T^L(C”), t2^ (Aj^(h,t2))~'^(ti,t2) 

are equal to 0 for each ti G T. In the scalar case n = 1, the condition (2.116) 
simply becomes 

and the condition imposed on the partial indices can be replaced by 

arg (^jji(ti,t 2 )) =0 for every e T. 

^ ^ Jt2eT 

In the same way, the invertibility of the other operators in (2.112) can be checked 
effectively. 
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2.6.5 Difference operators of second order 

We proceed with some applications of Theorem 2.6.19 to difference operators of 
second order which appear, for example, as approximations of the Schrodinger 
operator or of the acoustic operator. Throughout this section, let E = ,C) =: 

with 1 < p < oo. Thus, an operator on E is P-Fredholm if and only if it is 
Fredholm in the common sense. 

For jf = 1, . . . , A^, let = (0, . . . , 0, 1, 0, . . . , 0) (with the 1 standing at the 
jth position) denote the jth unit vector, and let 

V, := W, - / and V* := - I 

refer to the difference analogue of the operators of partial derivative into the di- 
rection of 6j. We consider the difference operator of second order on 

N 

A= + cl (2.117) 

^,j = l 

where aij and c are bounded functions on . Clearly, this operator acts boundedly 
on E for every p. 

Theorem 2.6.22 Suppose there is an S > 0 such that aij{x) = aji{x) for all x G Z^ 
with \x\ > S, and let 

lim inf Im c(x) > 0. (2.118) 

Then the operator (2.117) is Fredholm on E. 

Proof. If G 7Y is a sequence such that the limit operator Ah exists, then there 
is a subsequence g oi h such that all limit operators {aijl)g and {cl)g exist, too. 
Hence, 

N 

Ah = Ag = {aijl)gV j -h {cl)g. 

^,j=i 

The conditions imposed on the coefficients yield 

{aijl)g{x) = {ajil)g{x) and lm{cl)g{x) > 5 > 0 (2.119) 

with a constant S. 

We first show the invertibility of Ah on /^(Z^). Let (., .) stand for the standard 
inner product on /^(Z^). Then, for every u G /^(Z^), 

N 
N 

= Y “)• 

^,j = l 



{AhU, u) 
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The matrix {{aijl)g)^j^i is Hermitian. Hence, 

Im {AhU^ u) — Im {{cI)gU, u), 

whence via (2.119) 

\{AhU, u)| > \lm{{cI)gU, u)| > 6\\u\\l. 

Repeating these considerations for the adjoint operator of A, we obtain the invert- 
ibility of Ah on Since Ah is a band operator, this implies the invertibility 

of Ah on E. By Theorem 2.5.7, A is Fredholm on E. □ 

We are going to apply this result to the difference analogue of the acoustic operator 
which describes the sound extension in perturbed stratified media (see [38] and 
[189]). This operator is of the form 

N 

A = J2 Vi + cl (2.120) 

1=1 

where p and c are bounded functions. 

Theorem 2.6.23 Let p G /^(Z^) be a real-valued and invertible (in l^) function, 
and let c G /^(Z^) be a function with lmc{x) > 0 for all x G Z^ and such that 
(2.118) is satisfied. Then the operator A in (2.120) is invertible on E. 

Proof Let A be the operator in (2.120). The hypotheses guarantee that the oper- 
ator p~^A is subject to Theorem 2.6.22. Hence, it is Fredholm on E. This implies 
the Fredholmness oi Aon E, and it remains to verify that both the kernel and the 
cokernel of A consist of zero only. 

For, we introduce a new inner product (., .)p on Z^(Z^) by 

(u, v)p := y] p~"^{x)u{x)v{x) = {p~^u, v). 
xei,^ 

Let uhe d, solution of the homogeneous equation Au = 0. Then 
0 = Im {Au, u)p = Im {p~^Au, u) 

N 

= Im '^{{p~^ViU, Viu) + {p~^cu, u)) 

i=l 

N 

= Im y^((ViU, Viu)p + {cu, u)p) = Im {cu, u)p. (2.121) 

2=1 

Given i? > 0 and x = (xi, . . . , xn) ^ set 



ur{x) : 



u{x) if |x|oo > R, 

0 if jxjoo < R- 
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From Im c(x) > 0 we conclude that 

Im (cu, u)p > Im {cur, ur)p 
for all R, and from (2.118) we obtain 



lm{cuR, ur)p > S{ur, ur)p 

for some J > 0 and R large enough. Combining these estimates with (2.121) we 
find 

0 = Im (cu, u)p > Im {cur, ur)p > S{ur, ur)p. 

Thus, if R is large enough, then ur = 0 or, equivalently, 

u{x) = 0 for all x with \x\oo > R-\- 1. (2.122) 

On the other hand, since u is in the kernel of A, we have 

N 

0 = p~^Au ^ du- '^{p~^VejU + pJ^V-ejU) (2.123) 

j=i 

with a certain bounded function d and invertible bounded functions pj which 
are shifts of the function p. We claim that this identity together with (2.122) 
implies u{x) = 0 for all x G Z^. Indeed, choose a vector x G Z^ with Xj^ > 
+ 1 for some jo (the other entries of x are arbitrary). Due to (2.122) we have 
u{x) = 0 and u(xi, . . . , Xj-i^ Xj ± 1, . . . , xn) = 0 for all j ^ jo ^ well as 

u(xi, . . . , XjQ_i, XjQ + 1, Xj^-^i , . . . , Xn) = 0. Evaluating (2.123) at this vector x 
yields 

p~^{x)u{xi,..., Xjg-1, Xj„ - 1, Xj^+I,..., Xn) = 0 

whence 

u(xi, • • • , — XjQ 1, . . . , Xji) 0. 

The same argumentation with — i? — 1 in place of i? + 1 yields 

u(xi, . . . , XjQ_i, XJq T 1, . . . , Xj^) 0 

for all X G Z^ with Xj^ < —R — 1. Consequently, u{x) = 0 whenever \xi\ > R for 

some i. This shows that (2.122) also holds with R in place of + 1. Repeating 
this argumentation, we finally conclude that (2.122) holds with 0 in place of R+ 1. 
Thus, the kernel of A is trivial. Applying similar arguments to the adjoint operator 
of A we get that the cokernel of A is trivial, too. Hence, A is invertible. □ 
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2.6.6 Discrete Schrodinger operators 

In this section we will determine the essential spectrum of the discrete Schrodinger 
operator 

N 

^ = ( 2 . 124 ) 

J = 1 

where the unit vectors ej are as in the beginning of Section 2.6.5 and where the 
scalar- valued function v is in This operator is the discrete analogue of 

the Schrodinger operator — A -h vl, where A := ^xj Laplacian on 

and where the potential v is supposed to be in L°^(R^). Spectral properties of 
Schrodinger operators are of extreme significance in quantum mechanics. 

Being band operators, discrete Schrodinger operators belong to the Wiener 
algebra W. Thus, the essential spectrum of the operator (2.124) can be determined 
via Corollary 2.5.8. Note that the limit operator of the operator (2.124) with 
respect to the sequence h e H exists if and only if the limit operator of vl with 
respect to this sequence exists and that 

N 

Ah = J2 (2.125) 



in this case. 

Theorem 2.6.24 Let A be as in (2.124). Then the essential spectrum of A in the 
space does not depend on the concrete choice of , and 

^eSs(-T) = UCr£)oo(^^) 

where Ah is as in (2.125) and where the union is taken over all limit operators Ah 
of A. 

Slowly oscillating potentials. In case the potential v is slowly oscillating on Z^, 
all limit operators of vl are scalar operators. Hence, every limit operator of the 
discrete Schrodinger operator (2.124) is of the form 

N 

A = ( 2 - 126 ) 

where the complex number g is a partial limit of the function as x oo, and 
the operators of this form exhaust the operator spectrum of A. We denote the 
set of all partial limits at infinity of the function v e SO{Z^) by Voq. This set 
coincides with the set of the values of the restriction of the Gelfand transform of 
the function v onto the fiber M^{SO). 
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By Theorem 2.3.25, the spectrum of the operator (2.126) coincides with the 
set of the values of the function 

N N 

^C, (6, •■•,?iv)^^(^,+^) + 9 = ^2Re^,+g 

i=i j=i 

which evidently is the interval [-2N + g, 2N + q\. 

Theorem 2.6.25 Let v G SO{Z^) and let A be as in (2.124). Then the essential 
spectrum of A, considered as an operator on , does not depend on the space 
, and 



aess{A) — UgGvoo [~2A/' + g, 2N q] — v^o + [~ 2A^, 2N]. 

For the following corollary, let rUy := liminf^_^oo '^{x) and My := limsup^,^^ v{x) 
in case N > 1, and set := liminfa,_±oo and := limsup^^^^ v{x) in 
case — 1. 

Corollary 2.6.26 Let, in addition to the hypotheses of the previous theorem, the 
potential v be real-valued. Then 

(jess{A) = [rUy — 2N, My + 2N] in case > 1 (2.127) 

and 

(Tess{A) = [m+-2AT, M+-h2A^]U[m--2AT, M--\-2N] in case N = 1. (2.128) 

Further, cr{A) C R, and all points in cr{A) \ aess{A) are discrete. 

Proof. Let A^ > 1. Since M^{SO{'L^)) is compact and connected by Theorem 
2.4.7, and since v is real- valued, Voo is the interval [rUy, My], whence (2.127). 
Similarly, in case N = 1, one concludes (2.128) from the connectedness of the 
fibers of M{SO{Z)) over ±oc. The discreteness of the part of the spectrum of A 
which lies outside the essential spectrum is a consequence of the Gohberg/Sigal 
theorem (see [60], Ch. XI, Corollaries 8.4 and 8.5). □ 

The Gohberg/Sigal theorem states moreover that all points in <7(^4) \ aess{^) are 
eigenvalues of A and that these points can cluster only at the boundary points of 

^ess (^) • 

Separately slowly oscillating potentials. Let N = Ni N 2 with positive integers 

A^i, N 2 and, accordingly, write x G as (xi, X 2 ) G Z^^ x \Ye call the 

function a G 1^{Z^) separately slowly oscillating if 

lim sup (a(xi A yi^ X 2 ) — a(xi, X 2 )) = 0 for each yi G Z^^ 

X2eZ^2 
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and 

lim sup (a(xi, X 2 + ^ 2 ) - a{xi, X 2 )) = 0 for each y 2 G 

We denote the class of all separately slowly oscillating functions by 

Our goal is to describe the structure of the essential spectra of Schrodinger 
operators with separately slowly oscillating and real-valued potentials. To start 
with, let the separately slowly oscillating potential v depend on x\ G only. 
Then the Schrodinger operator 

N 

= (2-129) 

J=1 

is invariant with respect to shifts by the vectors h = (0, /i 2 ) G Z^^ x and 
therefore 

^ess(^) ~ 

i.e., A has no discrete spectrum. 

As before, it follows from Theorem 2.3.25, that the spectrum of the operator 
(2.126) coincides with the spectrum of the operator- valued function 

L(/^(Z^^)), , <^a1i+V2) E(k,+v'-,)+ i; 2Re T vl . 

J = 1 j=Ni-\-l 

Since, by Corollary 2.6.26, the spectrum of the operator 

Ni 

J2iV,,+V^e,)+vI, 

J = 1 

thought of as acting on ), is the union of the segment [m^ - 2Ni, My + 27Vi] 

with a discrete set {/ii, /i 2 , • • •} C M \ [rriy - 2Ni, My + 2Ni], we get 

aess{Ay) =a{Ay) (2.130) 

= [rriy — 2N, My + 2N] [^v + ~ 2A^2^ My + /j,j + 2A^2]- 

Now we turn over to the general case of a real- valued separately slowly os- 
cillating potential v. Recall that the essential spectrum of an operator A G W is 
given by 

(^ess{A) = y y CTE{Ah). (2.131) 

rjeS^-'^ Aheay(A) 

Thus, we have to determine the spectra of the limit operators of A for each infinitely 
distant point ry G S^~^. Let 

El := 5^-1 n X {OivJ), S 2 := fl ({OyvJ x K"^) 

where OjVi and OjVa are the zero vectors in and respectively. 
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If ?7 0 El U D 2 , then every limit operator of A which lies in the local operator 
spectrum at ry is of the form 

N 

where Vh = lim^_^oo v{h{m)) G M. Hence, 

cJE{Ah) = K - + 2iV] (2.132) 

and 

U <yE{Ah) = K - 2V M:I + 2N], (2.133) 

AhEar){A) 

where := liminfa,_^^ t’(x) and := limsup^.^^^ t’(x). 

Let now 77 G E 2 . Then the operators Ah G crrj{A) are of the form 

N 

J=1 

where is a slowly oscillating function depending on xi G only. Actually, 
this function is given by 

'^^( 3 : 1 ) == lim r;((xi, X 2 ) + h{m)). 

m—^00 

Due to (2.130), 

asiAh) = [ml1-2N,M:j;^ + 2N] (2.134) 

+ nAh) - 2N2, + fiMh) + 2 N 2 ], 

where the ^j{Ah) are the eigenvalues of the operator Ah and where 
ml'\ := liminf n)((xi), := limsupn)((a:i). 

’ Xi-^OO ’ Xl— ^•oo 

Analogously, if ry G Ei, then the operators Ah G (Jr]{A) are of the form 

N 

j=l 

where now is a slowly oscillating function depending only on X 2 G Z^^ which 
is given by 

yhi^ 2 ) = lim t;((xi, X 2 ) + h{m)). 
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For the spectrum of Ah^ we find due to (2.130) 

cTEiAh) = [ml'^-2N,M:;A + 2N] (2.135) 

iK:2 + NiAh) - 2Nu ^ + 2N,l 

where again the iij{Ah) are the eigenvalues of the operator Ah and where 

ml '2 := liminft;)|(x2), := limsupv^(x2). 

X 2^00 ’ x 2—>'00 

It follows from (2.131)-(2.135) that 

cTess(x 4 ) = [rriy — 2N, My + 2 A^] 



U U U K:2 + H(Ah) - 2N,, + 2Ni] 

77GS1 G(Trj ( A) J = 1 
00 

U U \J[Kl+^^Mh)-2N2,M:jA + ,2JiAH) + 2N2] 

A^Gct^(A) j=l 

with rriy = liminfa^^oo and My = limsup^,.^^ v{x). 



Quasi almost periodic potentials. We call a function in 1^{Z^) quasi almost 
periodic if it can be approximated in the norm of by finite sums of functions 

of the form he where b G SO{Z^) and c G AP(Z^). The C*-algebra of all quasi 
almost periodic functions will be denoted by QAP{Z^). 

We consider a discrete Schrodinger operator A with potential v G QAP(Z^). 
It follows from the definition of the class QAP that all limit operators of the 
operator vl are operators of multiplication by a function Vh G AP{Z^). Thus, by 
Theorem 2.6.24, 

aess{A) = [J (JE{Ah), 

where all limit operators Ah are discrete Schrodinger operators with almost peri- 
odic potentials. It follows from Theorems 2.6.2 and 2.6.23 that cjessi^h) — 
and that these spectra do not depend on the underlying space . 



2.7 Indices of Fredholm band-dominated operators 

Recall that an operator A G L{X), acting on a Banach space X, is a Fredholm 
operator if its kernel kerv4 \= {x e X \ Ax — Qi} and its cokernel coker A := 
X/imA are finite-dimensional linear spaces, and that in this case the number 



ind A := dim ker A — dim coker A 
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is called the Fredholm index of A. From Theorem 2.2.1 we know that a band- 
dominated operator on X = P{Z^) is Fredholm if and only if its limit operators 
are invertible and if the norms of their inverses are uniformly bounded. It is the 
goal of this section to present results which allow us to determine the index of a 
Fredholm band-dominated operator from its operator spectrum in case when p = 2 
and N = l. 

2.7.1 Main results 

Let Z_|_ and Z_ stand for the sets of the non-negative and negative integers, and 
write P and Q for the orthogonal projections from onto and 

respectively. (We identify and /^(Z_) with subspaces of P{Z) in the obvious 

way.) If A is a band-dominated operator, then the operators PAQ and QAP are 
compact (they are of finite rank if A is a band operator). Hence, the operators 
A — {PAP -\-Q){P QAQ) and A — {P -\- QAQ){PAP + Q) are compact for every 
band-dominated operator A^ and this shows that a band-dominated operator A 
is Fredholm if and only if both operators PAP -h Q and P -h QAQ are Fredholm. 
In this case, we call ind+^ := ind {PAP -h Q) and ind_ A := ind {P + QAQ) the 
plus-index and the minus-index of A. Evidently, 

ind A = ind+ A -h ind- A 

for every Fredholm band-dominated operator A. 

Recall further that the operator spectrum of a band-dominated operator A 
splits into 

(Jop{A) = (Jj^{A) U cr-{A) 

where <j+ {A) and a- {A) stand for the sets of all limit operators of A which corre- 
spond to sequences tending to -hoc and to — oo, respectively. 

The surprisingly simple answer to the index questions posed above is as 
follows. 

Theorem 2.7.1 Let A he a Fredholm hand- dominated operator. Then 

(a) for all B G cr±{A) , 

ind±(^) = ind±(A), 

(b) all operators in cr-\-{A) have the same plus-index, and all operators in cf-{A) 
have the same minus-index. 

(c) for arbitrarily chosen operators G (^-{-{A) and B- G a -{A), 

ind A = ind+B+ -h ind-B-. (2.136) 

So we can think of the plus- and the minus-index of A as local indices at H-oo 
and — oo. 

To mention at least one example in which the identity (2.136) implies an ex- 
plicit and effective formula for the computation of the Fredholm index, we consider 
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band-dominated operators with slowly oscillating coefficients. These are the norm 
limits of band operators of the form ^nVn where the ani are operators of 

multiplication by slowly oscillating functions. By definition, a function a G /^(Z) 
is slowly oscillating if 

lim |a(n + 1) — a(n)| = 0. 

n — >•±00 

From Proposition 2.4.26 we know that every limit operator Ah of a band-dominated 
operator A with slowly oscillating coefficients is shift invariant. Thus, there is a 
continuous function ah on the unit circle T such that Ah is just the Laurent 
operator L{ah). Recall that every function a G C(T) induces a bounded linear 
Laurent operator L{a) on P{Z) by (L{a)x){n) := J2kez^ri-kx{k) where refers 
to the nth Fourier coefficient of a. The Laurent operator L[a) is invertible if and 
only if the function a is invertible in C(T). Thus, Theorem 2.2.1 yields an effective 
criterion for the Fredholmness of band-dominated operators with slowly oscillating 
coefficients. Moreover, the compression PL{a)P of the Laurent operator L{a) onto 
/^(Z+j is the Toeplitz operator T(a), which is Fredholm if and only if its generating 
function a is invertible in C(T), and which has minus the winding number of a 
with respect to the origin as its index (see [30, 32, 59], for example). Thus, also 
the plus- and minus-index of Fredholm band-dominated operators with slowly 
oscillating coefficients can be effectively determined. 

The following subsections are devoted to the proof of Theorem 2.7.1. The 
strategy of the proof is as follows. Let ^(Z) stand for the C* -algebra of all band- 
dominated operators on /^(Z), and let be the closed ideal of ^(Z) generated 
by P. If ^ is a Fredholm band-dominated operator, then PAP -f Q is a Fredholm 
operator in the unitization Ai of We would like to show that 

ind {PAP + Q) = ind {PAhP + Q) 

for every sequence h tending to +00 for which the limit operator Ah exists. A 
simple reduction shows that it is enough to prove that the right-hand side vanishes 
if the left-hand side does. Suppose then that PAP + Q has zero index. Then it is 
a compact perturbation of an invertible operator in Ai . If we knew that the group 
of the invertible elements in the (7*-algebra Ai was path connected, then we could 
produce a continuous path of Fredholm operators in Ai joining PAP + Q to the 
identity. Taking limit operators (perhaps with respect to a suitable subsequence 
of h) produces a continuous path of Fredholm operators joining PAhP + Q to the 
identity, thus showing that the operator PAhP + Q has index zero. 

In fact, we do not know whether the group of invertibles of Ai is connected; 
but we can prove that the P-theory group Ki{Ai) vanishes. This implies that 
any invertible element in Ai can be connected to the identity after stabilization 
(i.e., after taking the direct sum with the identity in a matrix algebra), and that 
is enough to carry out the argument sketched above. 

This A"-theory calculations use techniques which are well known in the study 
of index theory on open manifolds and the coarse Baum-Connes conjecture. We 
first show that algebra A{Z) can be identified with a crossed product of 1°^{Z) 
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by the group Z. The Pimsner-Voiculescu exact sequence allows us to compute the 
iCi-group of this crossed product. (This calculation is essentially due to Yu [188]; 
compare also Roe [152], Lecture 4.) Then we plug in this result into a Mayer- 
Vietoris exact sequence to obtain that the iCi-group of J7+ is {0}. 

Notice also that ^(Z) is just the rough algebra of the coarse space Z which 
is discussed in [152]. 

2.7.2 The algebra A{Z) as a crossed product 

We start with recalling some facts on crossed products and reduced crossed prod- 
ucts where we follow [18, 43, 114]. A C -dynamical system (B, G, a) consists of a 
G*-algebra A, a locally compact group G, and a group homomorphism a : G ^ 
AutB, s as. A pair (tt, U) constituted by a * -representation n : B ^ L{H) of 
B and a unitary representation U : G ^ t Ut of G on the same Hilbert 

space iJ, is called a covariant representation of the G*-dynamical system (S, G, a) 
if the covariance condition 

Ut7r{B)U; = 7T(at(B)) for all H G B and t G G 

is satisfied. A special class of covariant representations is obtained by taking the 
tensor product of a * -representation of B by the left regular representation of G 
which is defined as follows. Given a * -representation tt : B ^ L{H) of B, let 
/^(G, H) refer to the Hilbert space of all square summable functions x : G ^ H 
with norm ||x|p := ||x(t)|p. Then one has a covariant representation G) 

of (>B, G, a) which acts at a: G /^(G, H) by 

(n{B)x){s) 7r{aJ^ {B)){x{s)) and {Utx){s) := x{t~^s) 

for B E B and s, t G G. If tt is a faithful representation of B^ then the smallest 
G*-subalgebra of L{J?(G^ H)) which contains all operators 7t{B) with B e B ns 
well as all operators Ut with t E G is independent of the concrete choice of tt. This 
algebra is called the reduced crossed product of B by G and is denoted by x G 
([114], Theorem 7.7.5). Moreover, if the group G is amenable (for example, if G 
is commutative), then the reduced crossed product B x^r G coincides with the 
crossed product B x^G ([114], Theorem 7.7.7 and [43], Corollary VH.2.2). 

Now we consider the special dynamical system (/®^(Z), Z, a) where ak = 
a{k), /c G Z, acts at a G /"^(Z) by 

{ak{a)){n) = a{n - k), n G Z. (2.137) 

Proposition 2.7.2 For the dynamical system (/^(Z), Z, a) with a specified by 
(2.137), one has 

/^(Z) Z = /^(Z) x^^ Z ^ A{Z). 

Proof. We have already mentioned that the first identity holds in general for prod- 
ucts by amenable groups. So we are left with showing that the algebra A{Z) is 
*-isomorphic to the reduced crossed product /^(Z) x^r 
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The mapping tt which associates with every sequence a G the operator 

al G L(p{Z)) of multiplication by a represents the C*-algebra /^(Z) faithfully. 
This representation induces a covariant representation of the dynamical system 
(/^(Z), Z, a) on the Hilbert space H = /^(Z, /^(Z)) via 

{n{a)x){s) := 7r{aJ^ {a)){x{s)) and {Utx){s) := x(s — t) 

where a G 1^{Z) and t e Z. We identify /^(Z, P{Z)) with t^(Z x Z) via x(s, n) := 
{x{s)){n). Then we can identify n{a) and Ut with the operators 

{n{a)x){s, n) := a{n -(- s)x{s, n) and {Utx){s, n) := x{s — t, n). (2.138) 

Let C refer to the smallest C*-subalgebra of L(/^(Z x Z)) which contains all op- 
erators n{a) and Ut with a G /^(Z) and t G Z, given by (2.138). This algebra is 
*-isomorphic to the reduced crossed product 1"^{Z) as quoted above, and 

we claim that it is also * -isomorphic to the algebra .4(Z) of the band-dominated 
operators on U(Z). For n G Z, let 

Hn {x G /^(Z X Z) : x(s, m) = 0 whenever m ^ n}. 

We identify U{Z x Z) with the orthogonal sum such that x G /^(Z x Z) is 

identified with 0hn G if x(s, n) = hn{s). From (2.138) we conclude that each 
space Hn is invariant with respect to each operator C G C. Hence, each operator 
C £ C corresponds to a diagonal matrix operator diag(. . . , Cn+i, • • •) with 
respect to the decomposition of /^(Z x Z) into the orthogonal sum of its subspaces 
Hn^ In particular, Cn is nothing but the restriction of C onto Hn- Let Cn denote 
the C*-algebra of all restrictions of operators in C onto Hn- 

It is clear that each of the spaces Hn is isometric to U{Z) with the isometry 
given by 

Jn : Hn-^ l‘^{Z.), {JnX){s) != x(s, u) . 

Thus, JnCnJn^ is ^ C*-subalgebra of L{U(Z)) which we denote by Bn- Clearly, 
for a G /®^(Z), the operator Jn^{a)J~^ is just the operator 7r(o;n(n)), whereas 
JnUtJU^ is the shift operator Vf. Since 7r{a-n{a)) = Vn7r{a)V* and Vt = VnVtV* , 
the mapping B VnBV-n is a *-isomorphism from Bn onto A{Z). Consequently, 
the mapping 

A{Z) ^ C, ^ ^ diag (. . . , J~W:AVnJn, ■ . .) 
is a *-isomorphism. □ 

2.7.3 The iifi-group of A{Z) 

To compute the -group of the algebra .A(Z) we will make use of the fact that 
A{Z) is *-isomorphic to the crossed product 1^{Z) Xc^^Z by Proposition 2.7.2. The 
theory of crossed products by Z is dominated by the Pimsner-Voiculescu exact 
sequence ([115], see also [43], Theorem VHI.5.1) which we restate below. Recall 
in this connection that every automorphism a of a (7* -algebra B induces a group 
homomorphism from Z into Aut B by rn-^ which we denote by a again. 
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Theorem 2.7.3 (The Pimsner-Voiculescu exact sequence.) Let a be an automor- 
phism of the C* -algebra B. Then there is a cyclic six term exact sequence 

Ko{B) Ko{B) ^ KoiBx^Z) 

] 1 (2.139) 

KiiBx^Z) < Ki{B) K^{B). 

We wish to apply this exact sequence to the algebra A{1j) = /^(Z) Xc^ Z, i. e. with 
B — /^(Z). Since /^(Z) is a von Neumann algebra, one has Ki{l^{Z)) = {0} 
([153], Exercise 8.14). Thus, (2.139) becomes 

Ko{l°-{Z)) Ko(Z~(Z)) ^ Ko{A{Z)) 

I 1 

■ { 0 } . { 0 >. 

The i^o-group of /'^(Z). The iCo-group of the algebra 1"^{Z) coincides with the 
group of all bounded functions from Z into Z which we denote by Zf. Again we 
start with recalling the basic steps in the definition of the i^o-groupof a C* -algebra, 
where we follow [153], Chapter 3. 

For n a positive integer and B a unital C*-algebra, let Vn{B) stand for the 
set of all projections (i.e., self-adjoint idempotents) in the algebra Bn^n of all 
nxn matrices with entries in S, and set Voo(B) {Jn'Pn{B). One defines a binary 
operation 0 and a relation ~ on Voo{B) as follows. For p e Vn{B) and q e Vm{B), 
one sets 

p^q:= diag (p, q) G Vn+m{B), 

and one writes p ~ g if there is an element v G Bmxn such that p = v*v and 
q = vv*. Thus, if both p and q belong to Vn{B) for some n, then p ~ g if and only 
if p and q are Murray-von Neumann equivalent. The following is Proposition 2.3.2 
in [153]. 

Proposition 2.7.4 Let p, q, r, p', q' G Voo(B) for some unital C* -algebra B. Then 

(a) p--p0Onxn. 

(b) If p ~ p' and q ~ q' , then p 0 g' ~ p' 0 g'. 

(c) p0g ~ g0p. 

(d) Ifp, q G Vn{B) and pq = 0, then p + q e Vn{B) and p 0 g ~ p 0 g. 

(e) {p^ q) ^r ^ p^ (q^r). 

Let D{B) := Poo (6)/ write [p]^ for the coset of p G Voo{B) in D{B), and define 
an operation 0 on D{B) by [p]^ 0 [q]r^ := [p0^]^. Then D{B) becomes an abelian 
semigroup, and the Grothendieck group of D{B) is called the Ko-group of B. 




2.7. Indices 



141 



Now we specify B = and let P G Voo{B). Then P G Pfc(/^(Z)) = 

V{l'^{Z)kxk) for some k. Since 1^(2) kxk = /^(Z, C/cxfc), we can think of P as a 
sequence of projections in Ckxk- Conversely, each sequence of projections inCkxk 
determines an element of P/c(/°^(Z)). 

For P G P(/'^(Z, Cfcx/c), lot rankP be the sequence 

Z ^ Z_t_, n 1 -^ rank P(n). 

Clearly, this sequence is bounded by k and, conversely, every bounded sequence 
from Z into Z+ is the rank of a certain projection in Poo(^^(^))> 

We claim that if P, Q G Poo{l^{2)), then 

P^Q rankP = rankQ. (2.141) 

Since ~ is an equivalence relation and by Proposition 2.7.4 (a), we can assume 
without loss of generality that P, Q G P/e(/^(Z)) with some positive integer 
k. Then the implication 4= in (2.141) can be seen as follows. If the matrices 
P(n), Q{n) G V{Ckxk) have rank I < /c, then there are unitary operators Un 
and Vn such that 

U:P{n)Un = diag (1, . . . , 1, 0, . . . , 0) = V:Q{n)Vn. 



Define W G /^(Z, C/ex/e) by W{n) VnU*. Then VF is a unitary element in 
/°°(Z, Ckxk), and P = W*QW. Hence, the projections P and Q are unitarily 
equivalent, which implies their Murray- von Neumann equivalence ([153], Proposi- 
tion 2.2.2). 

For the reverse implication in (2.141), let P, Q £ P(/®^(Z, Ckxk)) and P ^ Q. 
Then P{n) ~ Q{n) for every n G Z. By elementary linear algebra, this implies that 
rank P(n) = rnnk Q{n) and, hence, rankP = rank (5 ([153], Exercise 2.9). 

This proves (2.141), and from the definition of the addition 0 in Voo{B) we 
conclude that D{r^{2)) is isomorphic to the semigroup of all bounded sequences 
from Z into Z+, provided with the operation of pointwise addition. Passing to the 
Grothendieck group of this semigroup, we get 

Ko{l°°{Z)) ^ 'Ll. (2.142) 

The mapping id„c — a* and its kernel. X-theory is functorial, i.e., given C*- 
algebras B and C and a *- homomorphism (p : B —> C, there is a unique group 
homomorphism : Kq{B) ^ Ko{C) such that 

b(p)]~ for p e Poo- 

Here, p{p) is defined as follows: the mapping <p extends to a *-homomorphism from 
Bkxk into Ckxk by 

P ■ (P(^o))f, j=l> 
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and since ^ maps projections to projections, it maps Voo{B) into V 00 (C). Thus, in 
our concrete setting, the mapping 

id*:Ko(/""(Z))-^iCo(/""(Z)) 

which is induced by the identical mapping on l"^(Z) is just the identical mapping 
on the associated Ko-groups. It is also clear that, still under the identification of 
l^(Z)kxk with /^(Z, Cfcx/c), the mapping 

a : Voo(l^(Z)) ^ Voo(l^(Z)) (2.143) 

acts as the shift operator. Moreover, the equivalence (2.141) implies that, for 

P.QeVoo(l^(Z)), 

Pr^Q ^ a(P)r^a(Q). 

Thus, the mapping (2.143) is compatible with the relation which shows that a 
induces the shift operator on D(l'^(Z)) = Z^. This finally implies that a* acts as 
the shift operator on K^(l'^(Z)) = Z^. 

Consequently, the kernel of the group homomorphism id* — consists of all 
shift invariant sequences in Zf , i.e., of all constant sequences. The subgroup of Zf 
of all constant sequences is isomorphic to Z; so what we get is 

ker(id* — o;*) = Z. (2.144) 

Identification of Ki(A{Z)). The picture we have obtained so far is 





— 






I'* 




1 


(2.145) 




{0} ^ 


— {0>^ 





Since group homomorphisms map the zero element to the zero element, we have 
im^. = {0}, which implies that ker^ = {0} due to the exactness of (2.145) at 
Ki(A(Z)). Further, by (2.144) and since (2.145) is exact at its left upper corner, 
we have im/3 = Z. Hence, /? is a injective group homomorphism on Ki(A(Z)) with 
range Z. Summarizing, we have found that 

Ki(A(Z))^Z. (2.146) 



2.7.4 The iCi-group of A± 

Following [75], we now split the algebra A(Z) into two subalgebras A± which 
essentially contain the band-dominated operators on Z±, and we compute their 
respective Ki-groups. The basic device for this computation is the Mayer- Viet or is 
exact sequence which can be found in following form in [75] (Section 3, Lemma 1) 
and in [69] (Exercise 3.16), for instance. 
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Theorem 2.7.5 (The Mayer-Vietoris exact sequence.) Let B he a -algebra and 
let X and J be closed ideals of B such that X -\- J — B. Then there is a cyclic six 
term exact sequence 

Koilnj) > Ko{X)®Ko{J) ^ Ko{B) 

I (2.147) 

Ki{B) < < Ki{lnj). 

Let denote the smallest closed subalgebra of the algebra A{Z) of all band- 
dominated operators on Z which contains the algebra PA{'L)P and the ideal /C of 
the compact operators on P(2), Alternatively, can be described as the closed 
ideal of A{Z) generated by the operator P. We further define J- by replacing 
F by (5 in that definition. Then ^7+ and J- are closed ideals of A{Z) which 
satisfy + J- = A{Z) and H J- — 1C. Let further Aj^ J- + CQ and 
A- J- + CP. Then A-\- and A- are C* -subalgebras of A{Z) which are *- 
isomorphic to the (minimal) unitizations of the ideals and J7_, respectively. For, 

one easily checks that every operator A G A-\- can be written as A = PAP-\-K-\-aQ 
where PAP + AT G PA{Z)P -h 1C and o; G C are uniquely determined, and that 

A+ ^ X C, PAP pKpaQ^ {PAP P K - aP, a) 

is a *-isomorphism from A+ onto the unitization x C of the ideal J7+. 

Thus, we can apply the Mayer-Vietoris exact sequence with A(Z), JX- 
and 1C in place of B,X, J and X J . The AT-theory of 1C is well known, 

Ko{1C)^Z and Ki{1C) = {0} 

(Corollary 6.4.2 and Example 8.2.9 in [153]). Thus, and by (2.146), the general 
exact sequence (2.147) specifies to 

Z > Ko{J^) ® Ko(J-) ^ Ko{A{Z)) 

1 i 

Z {0} 

with certain group homomorphisms j3 and 7 . From imy = {0} we conclude that j3 
is injective. Hence, ATi(j7+) 0 Ki{J-) is isomorphic to a subgroup of Z. But each 
subgroup of Z is either isomorphic to Z or equal to {0}. Suppose for a moment 
that Ki{Jj^) 0 Ki{J-) = Z. Since the ideals Jj^ and J- are *-isomorphic (a 
*-isomorphism is given by AT 1 -^ JKJ)^ their A"i-groups are isomorphic, too: 

Ki{J^)^Ki{J.)=:V. 

Thus, Z is isomorphic to F 0 F, the direct sum of two copies of F. But Z is singly 
generated (by 1 , for example), whereas F 0 F cannot be generated by a single 
element. This contradiction shows that 



A:i(J+)0iFi(JL)^F0F = {O}, 
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whence 

K,{J+) = K,{J.) = {Q}. 

Finally, the iCi-groups of a C*-algebra and of its unitization coincide (Proposition 
8.1.6 and Equality (8.4) in [153]) which implies that 



iCi(^+)^Ki(^_) = {0}. 



(2.148) 



2.7.5 Proof of Theorem 2.7.1 

In this section, we will prove assertion (a) of Theorem 2.7.1 which has assertions 

(b) and (c) as its corollaries. In the course of the proof, we will make use of the 
following elementary properties of the plus- and minus-indices of Fredholm band- 
dominated operators. 

Proposition 2.7.6 Let A and B he Fredholm operators in A{Z). Then 

(a) ind±A is invariant with respect to small perturbations. 

(b) ind±A is invariant with respect to compact perturbations. 

(c) ind±A* = — ind±A. 

(d) ind± AB = ind± A -h ind± A. 

The latter property follows from 

PABP PQ = {PAP + Q){PBP PQ) + compact. 

For the proof of Theorem 2.7.1, we abbreviate the C*-algebra of all A: x A: matrices 
with entries in ^(Z)+ to Ak and write Pk and Qk for the operators 

diag (P, . . . , P), diag (Q, . . . , Q) : A ^ A- 

It is clearly sufficient to prove the theorem for the plus-case where it reads as 
follows: 

ind+ A = ind+ Ah for all Ah G cr^{A). (2.149) 

It is further sufficient to prove (2.149) only in the case when ind_|_ A = 0. Indeed, 
for the shift operator V\ one has ind+ Vi = — 1 and ind_ Vi = 1. Thus, if A G A{Z) 
is a Fredholm operator with plus-index r, then AV{ is a Fredholm operator with 
plus-index 0. If the identity (2.149) holds for all Fredholm operators with vanishing 
plus-index, then this implies that 

ind-^ {AV{)h = 0 for every limit operator of AV{ . 

But, evidently, every limit operator of AV{ is of the form AhV{ since V\ is shift 
invariant. Thus, 



ind^{AhV{) = 0 for every Ah G cr+(A), 
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whence, by Proposition 2.7.6 (d), 

0 = ind^ {AhV{) = ind+^/^ + ind+V7 = md-^ Ah - r 

and, finally, ind-^ Ah = r for every limit operator of A in cr+(A). 

So, what we really have to check is that, for all Fredholm band-dominated 
operators A, 

ind+A = 0 ind^Ah = 0 for all Ah G a-^{A). (2.150) 

Let ind+A = 0, i.e., ind{PAP Q) =0. Let further be a compact operator 
such that B PAP Q K e A-^ is invertible, and let B — UR he the polar 
decomposition of B^ i.e., U is a, unitary operator in and Ris a positive definite 
operator in .4i. A consequence of the vanishing of the Ki-group of Ai (according 
to (2.148)) is that U is stably path connected to the identity operator (see the 
Definition 8.1.3 of the ATi-group in [153]). Thus, there is a positive integer k such 
that 

U 0 \ 

0 h-1 ; Ho ik-i 

in the set of the unitary operators of Ak- Here, ^h denotes homotopy equivalence, 
and Ik-1 refers to the identity operator in Ak-i- 
Choose a continuous unitary- valued function 

A:[0, l]-A with /i(0)=(o = 4_i)' 



Further, let 



/2:[0,1]^A, t^(l-i)(Q 

and 

Then /2 is a continuous function having only positive definite operators as its 
values, and fs is a continuous function with compact values. Hence, 

/ •— / 1/2 + fs • [0, 1] ^ Ak 

is a continuous function with 

■f'”' U 4- J V 0 4-1 / I 0 O 1 .- 1 ) \ 0 4-1 i 



and 



/(i) = 



I 0 

0 h-i 



and all values of that function are Fredholm operators (with index 0). 
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Let now : N ^ Z be a sequence which tends to -hoc and for which the limit 
operator Ah exists. Then, obviously, the limit operator of /(O) with respect to h 
exists, and 

We use a Cantor diagonal argument in order to produce a subsequence g oi h such 
that the limit operator f{q)g exists for every rational number q in [0, 1]. For, let 
(/i, ^ 2 , • • • be an enumeration of Q H [0, 1]. Then one can find a subsequence gi of 
h such that f{qi)g^ exists (recall Corollary 2.1.17 (a)), further a subsequence g 2 
of gi such that f{q 2 )g 2 exists, etc. The sequence defined by g{n) := gn{n) has the 
desired property. 

Since Qfl [0, 1] is dense in [0, 1], we conclude from Proposition 1.2.2 (e) that 
the limit operator f{t)g exists for every t e [0, 1] and that 

[0,1]^ A, t^f{t)g (2.151) 



is a continuous function with 




0 



h-i 



and f{l)g = 



0 

h-i 



Moreover, all values of the function (2.151) are invertible operators (because limit 
operators of Fredholm operators are invertible). Thus, 

F : [0, 1] ^ A, Pkf{t)gPk + Qk 

is a continuous function with 



F(0) = 



P AhP Q 0 

0 Ik-1 



and F{1) = 



I 

0 



0 ) 

Ik-1 J 



all values of which are Fredholm operators (recall that PkBQk and QkBPk are 
compact for all band-dominated operators B). From the continuity of the index 
we finally conclude that 



ind F(0) = ind 



PAhP + 0 0 

0 Ik-1 



= ind 



I 0 

0 Ik-1 



= indF(l), 



whence ind {PAhP F Q) — ind+ Ah = 0. □ 

Remark. The argument of this section can also be expressed in K-theoretic terms. 
Namely, consider the quotient algebra Ai/IC. Since Ki{Ai) = {0}, the six term 
exact sequence of K-theory shows that Ki{Ai/IC) = Z, with the isomorphism 
being implemented by the Fredholm index. The continuity of the limit operators 
expressed by Proposition 1.2.2 (e) shows that the assignment 

U plus- index of a plus-limit operator oft/ 

gives a homomorphism Ki{Ai/IC) Z, and to check that it agrees with the Fred- 
holm index it suffices to check one example, the generator of Ki{Ai/IC) given 
by [Vi]. 
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2.7.6 Unitary band-dominated operators 

Our first attempt to prove Theorem 2.7.1 was to show that the unitary group 
of the C*-algebra of the band-dominated operators on is path connected. 

(Notice that this is definitely wrong for the unitary group of the band-dominated 
operators on /^(Z). Indeed, the plus-index of the unitary operator Vi is -1, whereas 
the plus-index of the identity operator is 0. Since the plus-index is a continuous 
function on the set of the Fredholm band-dominated operators, the operators Vi 
and I cannot be connected by a continuous path in that set.) Our attempt failed 
(and we do not know up to now whether this group is connected) , but we obtained 
two partial results which might be of their own interest. For, we call an operator on 
/^(Z+) elementary if its matrix representation with respect to the standard basis 
of /^(Z+) is of the form 

diag(Ai, ^2,713, . . .) 



with blocks An of kn x /c^-matrices on the main diagonal. 

Theorem 2.7.7 

(a) Every unitary tridiagonal operator on /^(Z_|_) is elementary with blocks of size 
1x1 or 2 X 2. 

(b) Every unitary hand operator on /^(Z+) is the product of two elementary uni- 
tary hand operators. 

Observe that these results imply that every unitary band operator on /^(Z+) can 
be connected with the identity operator by a continuous path running through 
the set of the unitary band operators. This is a simple consequence of the path 
connectedness of the unitary group of the algebra of all complex k x k matrices. 

Proof. For a proof of assertion (a), let .A be a tridiagonal unitary operator on 
/^(Z+) with matrix representation 

/ao hi 
Cl ai 62 
^ ^ C2 CL2 

\ 

with respect to the standard basis of /^(Z+). 

We choose unimodular numbers Un and Vn such that uia^vi as well as all 
numbers Un+iCnVy and Un^n+i'^n+i are non-negative, and we set 



\ 

h 



U :=diag(i/i, U 2 , 

V :=diag(^i, V 2 , . . .)• 
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Then U and V are unitary operators, and T := UAV is a unitary tridiagonal 
operator 

/olq (5i \ 

7l ^2 

^ — 72 0^2 /33 

V *•. •. J 

with q;o, 7n C for all positive integers n. 

Consider the entries of the main diagonals of TT* = I and T*T = I. The 
first of these entries are equal to 



Q!f 



+ — 1 — + 7i r 



whence f3i = 71 due to the non- negativity of /?i and 71 . The second pair of these 
entries is 

7? + |aip + /?| = l = /3? + Kp+7|, 

whence (32 = 72 - Proceeding in this way we see that T is necessarily of the form 

/ q;o /?i \ 

(3i ai /?2 

^ ~ ^2 OL2 Pd, 

\ j 



We claim that if /3i 7 ^ 0, then /32 = 0. Indeed, the 12-entry of TT* = I equals 
= 0, whence ^ = —olq. Thus, the first and the second entry on the 
main diagonal of TT* = I are actually given by |ao P +/^i = 1 and Pl^-\ai\^ -\- Pi = 
+ l^oP + /3| = I 5 respectively. These equalities imply that /^2 = 0. 

Consequently, there is either a unitary 1 x 1 -block (if P\ = 0) or a unitary 
2 X 2-block (if /?i 7 ^ 0 and hence P 2 = 0) in the upper left corner of T. Applying the 
same arguments to the remaining part of T (which evidently also can be identified 
with a unitary tridiagonal operator on /^(Z+)), we obtain assertion (a). 

To prove assertion (b), let A be a unitary band operator on /^(Z+) with matrix 
representation 

/Ao Bi \ 

Cl Ai B 2 
^ ~ C 2 A 2 Bs 



with respect to the standard basis of /^(Z+) where the An, Bn and Cn are k x k- 
blocks of the same block size k. 

We choose unitary kxk matrices Un and Vn such that the matrix UiAqVi and 
all matrices Un^-iCnVn and f/n^nKi+i with n > 1 become non- negative (choose 
Ui I and use the polar decomposition to define successively U 2 , V 2 , • • •) 

and set f/(i) := diag(/7i, U 2 , . . .) and V(i) := diag(Vi, V 2 , • • •)• Then and V(i) 
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are unitary operators, and T\ := is a unitary tridiagonal operator, the 

k X k block entries of which we denote by Bn and Cn again, i.e., 

/ Ao Bi \ 

Cl B2 

“ C2 A2 Bs ’ 

V •./ 



where now Aq, Bn and Cn are self-adjoint and non-negative. The upper left N x N 
corner of TiT* = I is Aq Bf = I. Hence, the matrix Aq is a contraction, B\ is 
equal to Sq := (/ — and the operator 



Wi := 



/ ^0 
0 



5 o 0 
-^0 0 
0 I 



\ 



\ •••/ 



is unitary. Further we get as in the proof of part (a) that Ci = Bi. Thus, we have 



^( 1 ) := WiTi 



/ Aq So 0 
I So —Ao 0 
0 0 / 



\ /Ao 



So 



So 

C2 



B2 

^2 



V •••/ V 

/ 1 SqB2 0 

0 I — Aq — AqA\ —AqB2 0 
0 C2 A2 Bs 



\ 



Bo 

\ 

/ 



\ 

■/ 



Being the product of unitary operators, the operator is unitary, too. Thus, 
multiplying the first row of this operator by the first column of its adjoint, we get 

I + {AoSo + SoAi){AoSo + + {SoB2){SoB2y = I 



whence 



AqSq + SqAi — 0 and S0B2 — 0 . 



Thus, is actually a unitary operator of the form 



// 0 0 0 \ 

0 a; B'2 0 

0 C2 A2 Bo 

\ •••/ 

with A[ := I — Aq — AqAi and B'2 := —A0B2, and the operator A can be written 
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Now we repeat the same arguments to the second block column of the unitary 
operator That is, we choose unitary kx k block operators t/( 2 ) and V( 2 ) such 



that 



T2 := t/(2)A(l)y(2) = 



// 0 
0 A' 
0 C2 



0 0 
^2 0 
A2 B3 



\ 

J 



with non-negative matrices A[, 
and 



W2 := 



B 2 , Bn and C„, 

/A{ Si 0 

Si -A{ 0 

0 0 / 



and we set Si := (I — 



\ 



V •••/ 



Then W 2 is an elementary unitary operator, A^A •_= T 2 W 2 is a unitary operator 
of the form 

// 0 0 0 0 0 \ 

0 / 0 0 0 0 

0 0 B3 0 0 

0 0 A3 B4 0 

V / 

and 

A = ^(2)V(*i)- 

Now we deal with the third row of (by operating from the left-hand side 
again), after this with its forth column (from the right-hand side) etc. What we 
finally get is that A = UV where U and V are diagonal operators 



U := diag(f/i, C/ 2 , . • •) and V := diag(Fi, 1^2, • • •) 



with a unitary kxk matrix V\ and with unitary 2k x 2k matrices Un {n > 1) and 
Vn {n> 2). Thus, U and V are elementary unitary operators on /^(Z+). □ 



2.8 Comments and references 

The investigation of several concrete classes of band and band-dominated operators 
has a long and interesting history the detailed explanation of which would require 
its own book (and it would deserve its own book). So we have to limit ourselves 
to mentioning a few highlights. 

The simplest class of operators under consideration are the band-dominated 
operators with constant coefficients which are called (discrete) convolution or Lau- 
rent operators. Their restrictions onto the space of one-sided sequences are 

called discrete Wiener- Hopf or Toeplitz operators. Discrete Wiener-Hopf operators 
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were the topic of a fundamental paper [64] by Gohberg and Krein which initiated 
a series of investigations culminating in the monographs by Gohberg and Feldman 
[59] and Bottcher and one of the authors [30] . The next step in the general theory 
of band-dominated operators was done by Simonenko [166, 168], who created an 
abstract local principle which allowed him to reduce the examination of Fredholm- 
ness of a given operator to a family of (in general, much simpler) local Fredholm 
problems. Further basic papers on various aspects of one- and multi-dimensional 
discrete convolutions and band-dominated operators including their invertibility 
and their Fredholmness are [16, 48, 49, 103]. For a few applications see [10], [11], 
[38], [189]. 

The determination of the spectrum of discrete Schrodinger operators with 
periodic and almost periodic potentials is the subject of many papers and mono- 
graphs (see, for instance, [113, 165, 13, 12] and references given there). For a 
particularly interesting class of Schrodinger operators with almost periodic po- 
tential, called almost Mathieu operators, and for its fascinating relationships with 
rotation C*-algebras, see [19]. 

Many of the works mentioned above deal with band-dominated operators the 
coefficients of which stabilize and satisfy some additional conditions (they stabilize 
at infinity in some sense, are periodic or almost periodic, etc.). Only Ben- Art zi 
and Gohberg [16] and Gohberg and Kaashoek [62] allow arbitrary bounded mul- 
tiplication operators in their considerations. The limit operator approach is quite 
different from that in [16], where Fredholmness of band matrices is characterized 
in terms of dichotomy. 

The first application of limit operators to band-dominated operators goes 
back to Lange and one of the authors [93]. The results from Sections 2.1, 2.2 and 
2.3 are mainly due to the authors [137, 138]. Allan’s local principle is from [6]. The 
local theory presented in Section 2.4 has been developed in [129]. 

The results presented in Section 2.5.1 as well as their proofs are taken from 
Kurbatov [91, 92]. The Fredholm criterion for operators in the Wiener algebra 
has been derived in [137] (the scalar case) and in [134] (the case of operator- 
valued coefficients). In connection with the implication (c) (d) in Theorem 

2.5.7 and with the remark following that theorem, one might wonder whether the 
Wiener algebra coincides with the algebra of the band-dominated operators on 
This is not the case as the operator A G L(/"^(N)) given by its matrix 
representation (aij)^^^o ^n, 2 n = 1/n for n > 1 shows. This operator is 

band-dominated, but it does not belong to the Wiener algebra. 

The results in Section 2.7 go back to John Roe and two of the authors, and 
the presentation given here follows [136]. Their generalizations to the case of P(Z)- 
spaces with p 2 and to the multi-dimensional case of band-dominated operators 
on with A" > 1 are still open. Moreover, basic new aspects should occur for 

operators with matrix-valued coefficients, as the known results in special settings 
(operators with continuous and stabilizing at infinity or with slowly oscillating 
coefficients) indicate (see [46] and [156, 157] for indices of discrete convolution 
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operators with slowly oscillating coefficients on general abelian groups and for 
indices of multi-dimensional discrete convolutions, respectively). 

We conclude these comments by emphasizing the basic open problem in the 
(generalized) Fredholm theory of band-dominated operators via their limit opera- 
tors: We do not know any example of a band-dominated operator A such that all 
limit operators of A are invertible, but that A fails to be Fredholm. Is there such 
an example? Or is the uniform boundedness condition of Theorem 2.2.1 automati- 
cally satisfied if all limit operators are invertible? Theorems 2.4.34 and 2.5.7 show 
that for the Fredholmness of band-dominated operators with slowly oscillating co- 
efficients as well as of operators in the Wiener algebra the uniform invertibility of 
the limit operators is indeed redundant. 




Chapter 3 

Convolution Type Operators on 



In this chapter, we are going to introduce a Banach algebra Bp of operators 
on which become band-dominated operators acting on X) with 

X = 1)^) after a suitable discretization and which are, thus, subject to 

the general theory developed in the previous chapter. Prominent members of this 
class are the Fourier convolution operators, certain pseudodifferential operators as 
well as operators in finite differences. We employ the close relationship between 
operators in Bp and their discretizations to study the local invertibility at infinity 
(which is related with the Fredholmness) as well as the applicability of the finite 
section method for operators in Bp. 

Throughout this chapter, let 1 < p < oo, q := p/{p - 1) and N a positive 
integer. 



3.1 Band-dominated operators on Z/^(R^) 

We start with specifying the notions of 'P-strong convergence, P- Fredholmness and 
P-compactness introduced in Section 1.1 to the present context and with intro- 
ducing the class of band-dominated operators on L^(M^) as well as an appropriate 
discretization. 



3.1.1 Approximate identities and P- Fredholmness 

We start with specifying the notions of P-strong convergence, P-Fredholmness and 
P-compactness introduced in Section 1.1 to the present context. 

Let Pn stand for the operator of multiplication by the characteristic function 
of the cube [-n, n]^ acting on The sequence P (Pn)^i forms a perfect 

uniform approximate identity in the sense of Section 1.1.2. Let Qn := I — Pn- 

In accordance with Definition 1.1.7, we introduce the set AT(Z/^(IR^), P) of 
the P-compact operators, i.e., of the operators K G L{L^{R^)) such that 

lim \\KQn\\=^ lim \\QnK\\=0, 

n — >■00 n — >■00 
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and the set V) of all operators A G L(L^(R^)) such that AK and 

KA are P-compact whenever K is P-compact. Then L(L^(E^), P) is a closed 
unital subalgebra of L(I/^(R^)) which contains V) as its closed ideal. 

The algebra L(L^(E^), V) is inverse closed in L(L^(M^)) due to Theorem 1.1.9. 
Further, by Theorem 1.1.3, K{Lp{R^), V) contains the ideal of the compact op- 
erators on LP{R^) (but it is strictly larger than that ideal since the operators Pn 
fail to be compact). 

Our earlier definitions of Fredholmness, invertibility at infinity and local in- 
vertibility at infinity specify as follows to the present context. 

Definition 3.1.1 The operator A G L{Lp{R^), V) is 7^ -Fredholm if the coset A + 
V) is invertible in the quotient algebra L(L^(R^), V)/ K{Lp(R^), V), 
that is if there exist operators C ^ L(L^(R^), V) such that 

BA-Ie K{LP{R^), V) and AC - I e K{LP{R^), V). (3.1) 

Equivalently, an operator A G L(L^(R^), V) is 7^-Fredholm if and only if it is 
invertible at infinity in the sense that there exist an m G N as well as operators 
B, C G L(L^(R^), V) such that 

BAQqji — Qrn and Q^AC Qm- 

There is also an adequate notion of local invertibility at an infinitely distant point 
rj G For, we reify the general scheme presented in Section 2.3.2 as follows. 

Given p G let (Un) be a monotonically decreasing sequence of neigh- 

borhoods of rj (with respect to the Gelfand topology) such that C\nUn = and 
let (rn) C R+ be a monotonically increasing sequence which tends to infinity. Fur- 
ther, let Rn stand for the operator of multiplication by the characteristic function 
of the set Wr^^Ur^ '= {x eR^ : x/\x\ G Un, \x\ > rn}, and abbreviate the sequence 
(Bn) by 7^^. Clearly, 7Zr] is a decreasing approximate projection. 

Let K{LP{R^), V, Rj]) be the set of the T^T^^^-compact operators, i.e., the 
set of all operators K G L(L^(R^)) such that 

lim \\KRn\\ = lim \\RnK\\ =0. 

n— »oo n— >oo 

Further, write L(L^(R^), 7^, Rj^) for the set of all operators A G L(L^(R^), V) 
such that AK and KA are 7^7^^-compact whenever K is 7^7^^-compact. Then 
L(L^(R^), V,Rt]) is a closed unital subalgebra of L(L^(R^),7^) which contains 
K{LP{R^), V, Rj^) as its closed ideal, and the algebra L(L^(R^), V, Rr^) proves 
to be inverse closed in L(L^(R^)) due to Theorem 2.3.8. 

Definition 3.1.2 The operator A G L(L^(R^), V, Rr^) is locally invertible at the 
infinitely distant point rj G if the coset A + B(L^(R^), 7^, Rrf) is invertible 

in the quotient algebra L(L^(R^), 7^, Rj^) / K (R^ ) ^ V, Rr]), tf there exist 
operators B^ C G L(L^(R^), 7^, Rrj) such that BA — I and AC — I belong to 
K{LP{R^), V, Rr^). 
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Equivalently, A is locally invertible at 77 if and only if there exist operators C E 
L(L^(E^), V, TZj^) and Rm E IZ such that 

BARm — Rm and RmAC — Rm- 



3.1.2 Shifts and limit operators 

For a E we consider the operator 

Ua : LP(R^) ^ LP(R^), (J7„/)(t) := f{t - a) 

of shift by a. Clearly, U := {Ua}aez^ is a group of isometries on L^(R^) which 
is compatible with the approximate identity V in the sense that the conditions 
(1.32) and (1.33) are satisfied. In accordance with the definitions from Section 1 . 2 , 
we again denote by H the set of all sequences h = {h{m)) C which tend to 
infinity, and we call an operator A^ a limit operator of A E I/(L^(R^), V) with 
respect to h G 7Y if 

lim —h{m)-^Uh{m) iim \\PrniU —h{m)^^h{m) ~ ^ 

m^oo ^ ^ ^ ^ m^oo ^ ^ ^ ^ 

for every Pm E V. The set (Jop{A) of all limit operators of A is the operator spectrum 
of A. Further we denote by L^(L^(R^), V) the subalgebra of L(L^(R^), V) which 
consists of all operators with rich operator spectrum. The latter means for an 
operator A E L(L^(R^), 7^), that every sequence h E H has a subsequence g 
such that the limit operator Ag with respect to g exists. Notice finally that, as in 
Section 1.3.2, there is a symbol calculus for the operators in L^(L^(R^), V). 

3.1.3 Discretization 

Let xo denote the characteristic function of the cube Iq := [0, 1)^ C R^, and set 
X LP{Io). For 1 < p < 00, let further E := ,X). Then the mapping G 

which sends the function / G L^(R^) to the sequence 

Gf = , {GfU := Xot/-c/ (3.2) 

is an isometry from L^(R^) onto /^(Z^,X), the inverse of which sends the se- 
quence u = {ua)aez^ function 

G~^u = ^ UaUaXo ( 3 . 3 ) 

where the series converges in the norm in L^(R^). Thus, the mapping 

r : L(L^(R^)) -> L{F{Z^,X)), A ^ GAG~^ 



is an isometric algebra isomorphism. 




156 



Chapter 3. Convolution Type Operators 



It is not hard to check how the operators in V and U translate under the dis- 
cretization operator F. Indeed, for m G N, the operator F(P^) is just the operator 
of multiplication by the characteristic function of the discrete cube [— n, flZ^ 

which we denote by Pm in what follows. Observe that V := {Pm)men is just the 
approximate identity we had chosen in Chapter 2. Further, for a G one has 
T{Ua) = Va where Va stands, as before, for the shift by a on ,X). 

Given a family M of operators of multiplication by functions on we 
denote by M the set of all operators of multiplication by the restrictions of these 
functions onto . 

Proposition 3.1.3 

(a) r maps K{Lp{R^), V) onto K{E, V) and V) onto L{E, V). 

(b) r maps iC(LP(M^), V, llr^) onto K{E, V, Ur^) and V, onto 

L[E, P , lZr])‘ 

Proof. Since 

\\K - KPnW = \\r{K - KP^)\\ = ||F(iF) - r(iC)4|| 

and \\K-PnK\\ = \\T{K) ~ PnT{K)l we get T{K{Lp{R^), V)) = K{E, V). Sim- 
ilarly, the second part of assertion (a) follows if one takes into account Proposition 
1.1.8 (a). 

For the ideal K{L^{R^), V, IZrf), the situation is a little bit more involved 
since T{Rn) p Rn in general. Every point x G R^ belongs to a (uniquely deter- 
mined) cube I{x) of the form z I q with z G Z^ . We let stand for the set 

of all points x with I{x) C Wr^^Ur^' Further, we let R'^ stand for the operator of 
multiplication by the characteristic function of the set , and we abbreviate 

the sequence {R'^j to IZ'^. Clearly, is a decreasing approximate projection which 
is equivalent to Rj)- Thus, 

K{E, V, Ti'^) = K{E, P, Ur,) = K{L^{W^), V, 

(recall Lemma 1.1.10). Since T{R^) = Rn, the second assertion of the proposition 
follows as above. □ 

A consequence is that an operator A G L(L^(M^), P) is P-Fredholm (i.e., invert- 
ible at infinity) if and only if F(A) is P-Fredholm. An analogous result holds for 
the T^T^^ry-Fredholmness (i.e., for local invertibility at r/ G 

The next result shows that also the limit operators behave nicely under dis- 
cretization. 

Proposition 3.1.4 Let A G L(L^(R^), P) and h e H. Then the limit operator Ah 
of A exists (with respect to P) if and only if the limit operator {T{A))h ofT{A) 
exists (with respect to F('P) =P), and 

r{Ah) = (r(A)),,. (3.4) 

In particular, A belongs to L^(L^(M^), P) if and only ifT{A) belongs to L^{E, P). 




3.1. Band-dominated operators on L^(R^) 



157 



Proof. Let the limit operator Ah of A exist, i.e., let 



lim \\{U—h(n)^^h{m) ^h)Pm 

n^oo ^ ^ ^ ^ 



= lim \\Pm{U_h{n)AUh{m) ~ = 0 

n-^oo ^ ^ ^ ^ 



for all m. Since T{Ua) — and T{Pm) = Pm-, and since F is an isometrical algebra 
isomorphism, we conclude that 

lim \\r{{U_hin)AUhim)-Ah)Pm)\\= Hm ||(F_;,(,)r(^)F^(^)-r(^^))An||=0 

n^oo n — >•00 

and, analogously, Pm{\\iy_h{n)^{A)Vh{m) ~ r(A^))|| ^ 0 for every m. Thus, the 
limit operator of F(^) with respect to h exists and (3.4) holds. The reverse impli- 
cation follows analogously. □ 

In particular, an operator B belongs to the operator spectrum of A if and only if 
the operator F(5) belongs to the operator spectrum of F(A), and an analogous 
relation holds between the local operator spectra at points ry G S^~^. 

3.1.4 Band-dominated operators on L^(R^) 

The following definition is the analogue of the characterization of band-dominated 
operators on P(Z^,X) in Theorem 2.1.6. 

Definition 3.1.5 We say that an operator A G Z/(Z/^(R^)) is band-dominated if, 
for every function (p G BUC{^^), 

lim \\Apt,rI — ^i,r^||L(LP(M^)) = 0 Uniformly with respect tor e R^. (3.5) 

The set of all hand- dominated operators in I/(L^(R^)) will he denoted hy Bp, and 
we write instead of Bp PI Z/^(L^(R^), V). 

Here, as in Section 2.1.4, for r, t, x E R^, 

Pt,r{oc) := Pt{x - r) and pt{x) := p{tx) := p{tiXi ,. . . , tNXN)- 

Proposition 3.1.6 T{Bp) coincides with the algebra Ae of the hand- dominated op- 
erators on E = P(Z^, L^Oo)), and r(6*) = A\. 

Proof. li A £ Bp then, for every function (p £ BUC{M.^), 

Im II [^, <^t,r-f]||L(LP(E^)) = 0 



and, consequently. 



ll[r(>f), ^(Pt,rI)]\\L{E) — 0 



(3.6) 
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uniformly with respect to r G . We claim that 



Im \\(pt,rl — ^{^t,rI)\\L(E) ~ 0 



(3.7) 



uniformly with respect to r G Indeed, 



sup \\{(ft,rl -T{^t,rI)\\L{E) = SUp SUp SUp (o;) - (r((/?^,^/)«) (x) [ 

reM^ rGM^ aeZ^ xElo 

= sup sup sup \(f{t{a — r)) — (p{t{x a — r))\ 
aez^ xelo 

< sup sup \(p{tp) - ip{t{x + /3))| -^0 

(3eR^ xeio 



as t ^ 0 due to the uniform continuity of ip. By (3.7) and (3.6), 

uniformly with respect to r G M^. Thus, T{Bp) C Ae by Theorem 2.1.6. The 
reverse inclusion follows analogously. The second assertion is a consequence of the 
first one, together with Proposition 3.1.4. □ 

As immediate consequences of Propositions 2. 1.7-2. 1.9 and of Theorems 2.1.6, 
2.2.1 and 2.3.13 we get the following. 

Proposition 3.1.7 An operator A G L(L^(R^)) is hand- dominated if and only if 

lim WAi^tl - <PtA\\nLp^u^)) = 0 
for every function (p E BUC{R^). 

Proposition 3.1.8 

(a) Bp is a closed unital subalgebra of L{L^{R^)), and it is a symmetric subal- 
gebra in case p = 2. 

(b) Bp is a closed subalgebra o/ L(L^(E^), V), and AT(L^(R^), V) is a closed 
two-sided ideal of Bp. 

(c) Bp is inverse closed in L(L^(R^)). 

(d) Bp/K{LP{R^), V) is inverse closed m L(L^(R^), V)/ K(L^(R^), V). 

Theorem 3.1.9 Let A e Bp. Then 

(a) A is locally invertible at point g G if and only if all limit operators 

Ah G CFp{A) are uniformly invertible. 

(b) A is invertible at infinity if and only if for every p G S^~^, all limit operators 
Ah G cFp{A) are uniformly invertible. 
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3.2 Operators of convolution 

In this section, we collect some basic facts on convolution operators on L^-spaces. 
Our presentation follows [158]. 

Let k G L^(R^) and u G Then Young’s inequality implies that the 

convolution 

{k^u){t):= / k{t — s)u{s)ds, t G (3.8) 

Jrn 

belongs to L^(R^), and that 

||A:*^||p< ||/^||i||^||p (3.9) 

(see [141], IX. 4). Hence, the operator C{k)u := k^u oi convolution by A: G L^(R^) 

acts boundedly on L^(R^), and 

l|C'(A:)||^p(i^v) < ||A:||i. (3.10) 

We let Cp denote the closure in L(L^(R^)) of the set of all convolution operators 
C{k) with kernels k G L^(R^). Cp is a closed subalgebra of L(L^(R^)). 

Since the step functions lie dense in L^(R^), we conclude from (3.10) that 
Cp is the smallest closed subalgebra of L(L^(R^)) which contains all operators 
C{xk) where xk is the characteristic function of a compact subset K of R^. 

It follows from the commutativity of the convolution product * that Cp is a 
commutative Banach algebra (without identity element). Its maximal ideal space 
can be identified with R^ (with its standard topology) in such a way that the 
Gelfand transform C of C G Cp coincides with the Fourier transform of A: if C = 
C{k) (see, e.g., [167]). Consequently, an operator 7/ + C in the unitization C7 + Cp 
of Cp is invertible if and only if 

+ (3-11) 

Observe that 7 + C is just the Gelfand transform of 7/ + C in C7 + Cp. 

3.2.1 Compactness of semi- commutators 

By a semi- commutator we mean an operator of the form aC{k) or C{k)al where 
k is in L^(R^) and a G L^(R^). The main result of this subsection characterizes 
the functions a for which the semi-commutators aC{k) and C{k)al are compact 
for every function k G 

Definition 3.2.1 Let Qsc{^^) refer to the set of all functions a G L^(R^) such 
that 

limsup / |a(t + s)|7s = 0 

t^QO J M 

for every compact subset M of R^ . 
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Thus, Qsc{^^) contains the set 

Lg^(lR^) := {a G : lim ess supui>^|a(^)| = 0} (3.12) 

which is a C*-subalgebra of In particular, all compactly supported func- 

tions belong to Qsc{^^)‘ But this class turns out to be much larger: for example, 
it contains the characteristic function of the set Un> 2 [^ ~ nl N = 1. 

Theorem 3.2.2 The following conditions are equivalent for a bounded measurable 
function a: 

(a) the operators Bal and aB are compact on L^(E^) for every B ^ Cp and 
every 1 < p < oo, 

(b) a G Qsc{^^), 

(c) There is a bounded open set D C E^ such that limt_oo s)\ds = 0. 

The following observation, which is an immediate consequence of the preceding 
theorem, has also a simple direct proof. 

Corollary 3.2.3 Qsc{^^) 'Is ^ closed ideal in L°®(E^). 

We prepare the proof of Theorem 3.2.2 by two lemmas the first of which treats an 
important special case of the implication (b) ^ (a). 

Lemma 3.2.4 iC, L be compact subsets o/ E^. Then the semi- commutators 
XkC{xl) C{xl)xkI compact on L^(E^). 

Proof Let M be a compact subset of E^ which contains K and L — K m its 
interior. Then XkC{xl) = XmXkC{xl)xmI^ such that it is sufficient to prove 
the compactness of XkC{xl) on L'^{M). 

Let £ > 0, and choose a continuous function k on M y, M such that 



/ / \xK{t)xL{t- s) -k{s,t)\dsdt <e 

Jm Jm 



which is possible since the continuous functions lie densely in L^{MxM). Moreover 
we can assume that 0 < /c < 1, otherwise we replace k by the function 



(s, t) max{ min {/c(s, t), 1}, 0}. 



By the Stone- Weierstrass theorem, there are continuous functions ai and bi such 
that 

k 

sup — k{s, t) < min{l, e(mesM)~^}. 

{s,t)eMxM 



With this choice, one has 




k 

s) — '^^ai{s)bi{t) dsdt < 2e 
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as well as 



sup 

(s, t)eMxM 



k 

XK{t)xL{t - s) ~'Y^ai{s)bi{t) - k{s, t) 

i=l 



< 3. 



We are going to estimate the difference between the operator XkC{xl) and the 
integral operator A with kernel 



k 

{s, t) ^ XM{s)'Y^ai{s)bi{t)xM{t). 

i=l 



Let q := p/ {p — 1) and 



k 

l{s, t) := XK{t)XL{t - s) - XM{s)Y^ai{s)bi{t)xM{t)- 

2=1 



The Holder inequality yields, for / G 

\\{XKC{XL)-A)fr 



\ vh 



= [ [ l{s,t)f{s)i 

Jm Jm 

<\\fr [ ([ iKs. wdsY 

Jm \Jm J 

If p > 2, then pjq> 1, and a further application of the Holder inequality gives 

[ ([ ds 

Jm \Jm / 

0 . R a. 

^ dsj dt'{mesM)^^ 

M J 

— f [ \l{s, t)\^ dsdt - {mesM)^ 

JM JM 

< (mesM)^ sup \l{s,t)\^~^ f ( |/(s, ^)|( 

{s,t)eMxM JMJM 



I ds dt 



< {mesM)^ 3^-^2s. 



In case p = 2, one has 



f [ \l{s, t)\‘^ dsdt < sup 01 [ [ 01 

JMJM {s,t)eMxM JMJM 



dsdt < 6e. 
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If, finally, p < 2, then qjp > 1 and 




< (mesM)^3“-'^2ey . 



Since A is of finite rank and e is arbitrary, this shows that XkC{xl) can be 
approximated by finite rank operators as closely as desired. Hence, this operator 
is compact, and the compactness of C{xl)xkI follows by taking adjoints. □ 



Lemma 3.2.5 Let M be a compact subset o/R^ and k G L^(R^ x R^). Then the 
operator B, defined by 

:= f XM{t- s)k{t, s)f{s)ds, 

Jrn 



is bounded on L^(R^) and 

\\B\\ < (mes ess sup^^j^iv \k{t, t h)\^ dh^ 

< (mesM)ess ,,^_M)\k{t, t + h)\. 



1/9 



Proof. We agree upon writing J for the integral over R^. With the Hdlder inequal- 
ity we get, for / G Li^(R^), 



\\Bf\\^ < J I J XM{t- s)k{t, s)f{s)ds\^dt 

<-N \XM{t - s)k{t, s)l • \xM{t - s)f{s)\dsYdt 
- \XM{t-s)k{t, s)\^ds)^ {J \xM{t- s)f{s)\P ds)dt 
<esssup{[ IxAiit - s)k{t, s)\'^ds)^ [ [ \xM{t ~ s)f{s)\^ dsdt 

teK~ J J J 

< ess sup ( /" \x-M{h)k{t,t + h)\^dh)^ f |/(s)|^ [ \xM{t - s)\dtds 

J J J 

< ||/||*^(mesM) ess sup( f \k{t, t + h)\'^dh)^ 

teiRjv J_M 

_ . . } 

< 



||^mesM(mesM)9 ess sup \k{t, t h)\^ . 

{t,h)eR^ x {-M) 



Taking pth roots on both sides yields the assertion. 



□ 
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Proof of Theorem 3.2.2. (a) ^ (b): Contrary to what we want to show, assume 
that (b) is not satisfied. That is, there is a compact set M such that 



limsup / |a(t + s)| 

t— >oo J M 



ds > 0. 



Since compact sets are bounded, this property also holds with M replaced by a 
certain open ball D with center at 0. Thus, there is a <5 > 0 and a sequence (tk) 
tending to infinity such that 






\a{tk + s)\ds > S for all k. 



The function t \a{t + 5)| ds is uniformly continuous on (see, e.g., [37], 

VIII. 4., Proposition 14). Thus, there is a bounded open neighborhood U oi 0 such 
that 

/ \a{t P s)\ds > 5 for all t E Uk {tk T U). 

Jd 

The Holder inequality 

i 

J |a(^ + s)| ds < |a(t + s)pds^ (mesD)^ 



implies that 



i' 



\a{t + s)p ds > S^{mesD) ^ for all ^ G {tk + U). 



Consider the functions Lpk which coincide with the complex conjugate d of a on 
tkPU -\-D and which are zero outside this set. Clearly, the sequence {(pk) converges 
weakly to zero as k tends to infinity. 

The functions C{x-M)dTk can be estimated as follows, where f again refers 
to integrals over R^: 



\\C{x-M)aipkV = 



> 

> 

> 



// X-D{t - s)a{s)<fk{s) ds 

n a{r + t)(pk{r + t) dr 

/ / a{r + t)a{r + t) dr 

Jtk^U JD 

(mesU) inf / \a(r-\-t)\ 
(mes U)6^^ / (mes DY . 



dt 



dt 

p 



dt 



dr 



Thus, the operator C{x-M)al maps sequence {(pk), which converges weakly to 
zero, to a sequence which does not converge to zero in the norm of L^(R^). Thus, 
this operator cannot be compact. 
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The implication (b) => (c) is obvious. For a proof of the implication (c) (a), let 

M be a compact subset of and let limt^oo \(^{t + 5)| ds = 0 for a certain 
bounded open set D G Choose a finite number of points ^ hk such that 

— M C + D). Then 



lim [ 



a{t + s)| ds 



< 




\a{t + s)| ds 




ds = 0. 



Hence, given £: > 0, one can choose a compact set such that 



sup 

teR^\De J-M 



J-M 



ds < e. 



Applying Lemma 3.2.5, we get 



\\C{XM)fI - XDMXM)fir = WXR-\D^C{xM)fir 



< (mesM)ess suptm^\D, 



M 



a{t + h)\^ dh 



p 

Q 



< (mesM) ||a||ooess 

< £9 (mesM) ||a||oo- 



/ 

J-M 



\a{t + h)\ dh 



p 

Q 



Thus, the operator C{xM)fI can be approximated in the operator norm as closely 
as desired be the compact operators XDeC{xM)fJ^, whence its compactness. The 
compactness of /C(xm) can be proved by passing to the adjoint. This settles the 
result for a family of generators of the algebra Cp. The general assertion follows 
since the compact operators form a closed linear space. □ 



3.2.2 Compactness of commutators 

Our next goal is to characterize those functions a G for which the com- 

mutators aC{k) — C(k)al are compact for every function k G I/^(R^). We start 
with a subclass of functions which possess this property. 

Definition 3.2.6 Let denote the set of all hounded continuous functions a 

on such that, for every compact subset M ofR^, 

lim sup \a{t) — a{t h)\ = 0. (3.13) 

t^<^heM 
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It is not hard to check that a function a belongs to SO{R^) if (3.13) is satisfied 
for M — [0, 1]^ or for another compact set M with non-empty interior. 

Functions in SO(R^) are called slowly oscillating on M^. Examples of slowly 
oscillating functions are provided by the continuous functions which possess a finite 
limit at infinity and by the differentiable functions the derivative of which tends 
to zero at infinity. The latter follows from the mean value theorem. 

Proposition 3.2.7 S'O(M^) is a unital commutative C* -subalgebra of BUC{R^). 

Proof. Obviously, 50(R^) is linear and symmetric and contains the identity func- 
tion t ^ 1. U a and b are in 50 (R^), then the estimate 

\{ab){s) - {ab){t)\ < |a(s) - a{t)\ ||6||oo + \b{s) - b{t)\ ||a||oo 

shows that ab = ba E 50(R^). Hence, 50(R^) is a commutative algebra. Finally, 
let {on) be a sequence of functions in 50 (R^) which converges uniformly to a 
function a G L^(R^). Then the estimate 

\a{s) - a{t)\ < |a(5) - an{s)\ + |an(s) - an{t)\ + \an{t) - a{t)\ 

— ^ 11^ ^n||oo T |^n('^) ^n(OI 

implies that a G 50(R^). Hence, 50(R^) is closed. 

It remains to show that every slowly oscillating function is uniformly con- 
tinuous. Let 5 > 0, and let be the closed unit ball in R^. If a G 50(R^), 
then 

lim sup \a{t) — a{t h)\ = 0, 

and we can choose T such that 

\a{t) — a(s)| < £ for all |t| > T and \t — s\ < 1. 

Further, the continuous function a is uniformly continuous on the compact set 
Br-i-i '= {t G R^ ’ \t\ <T 1}. Hence, there is a J > 0 such that 

\a{t) — a(s)| < 5 for all s, t E Bt-\-i with \t — s\ < 6. 

Thus, if s, t G R^ with — s| < min{(5, 1}, then \a{t) — a(s)| < e. □ 

Theorem 3.2.8 Let a E 50(R^). Then the commutator aB — Bal is compact on 
L^(R^) for every operator B E Cp. 

Proof It is sufficient to prove the result for the generators B = C{xm) of the 
algebra Cp where M is a compact subset of R^ . 

Let a E 50(R^). Given e > 0, choose a compact subset K of R^ such that 

sup \a{t) — a(t h)\ < 6 for all h E {—M). 
teR^\K 
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Then, by Lemma 3.2.5, 

\\{aC{xM) - C(xM)al) - XK{aC{xM) ~ C{xM)aI)\\ 

= IIXR'^\x(aC'(xM) - C(xM)aI)\\ 

< (mesM)ess sup(^t^h)e(R‘^\K)xi-M)Ht) ~ a{t + h)\ 

< e (mesM). 

The operator 

XK{aC{xM) - C{xM)aI) = axxCixM) ~ XKC{xM)aI 

is compact by Lemma 3.2.4. Hence, being a norm limit of compact operators, the 
commutator aC{xM) ~ C{xm)glI is compact. □ 

Definition 3.2.9 A function a G belongs to the class Qc{^^) if for every 

open and hounded subset M o/M^, the function 



t\-^ {a{t) — a{t s)) ds 

Jm 



lies in Qsc{^^)^ 'l-o., if there is a hounded open subset D o/M^ such that 

lim / / {a{t h) — a{t s h)) ds dh = 0. 

t^OO J jj J 

The following basic result does not only solve the commutator problem; it moreover 
verifies the relation between the classes Qsc{^^)-> S'O(IR^) and 

Theorem 3.2.10 The following assertions are equivalent for a G 

(a) the operators Bal — aB are compact on for every B E Cp, 

(b) the function a belongs to 

(c) the function a belongs to Qsc{^^) + SO{R^). 

Proof (a) (b): Suppose that a ^ Then there exist bounded open sets 

D and M, a sequence C which tends to infinity, and a number 5 > 0 

such that 

/ / {o{tk h) - a{tk A- s h)) ds dh > S. 

Jd J-m 

Using Holder’s inequality, 

/ / {a{tk Ah) — a{tk A s A h)) ds dh 

Jd J-m 

<L\L {a{tk A h) — a{tk A s A h)) ds^ dh^ ' (^J ’ 
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we get the estimate 




— Ci(tk “I" 5 -|- /i)) ds 



p 

dh > S^{mes . 



Let W D — M and := Xw{s — ^/c) for s G and k a positive integer. 

Clearly, the sequence {ipk) tends weakly to zero. On the other hand, the sequence 
of the functions {aC{xM) ~ C{xM)(^I)^k does not converge to zero in the norm 
of L^(E^) as the following estimates (where again / stands for the integral over 
R^) indicate: 



\\{aC{xM)-C{xM)aI)^kr 

^ I I ~ (r-tk) dr 

= j j {a{t) - a{t + s))x-M{s)xw{t + s - tk)ds 

= J J {a{tk + h) - a{tk + h + s))x-M{s)xw{h + s) 

= (a{tk+h) -a{tk + h + s))xw{h + s)ds 

J J-M 

— I {^{tk h) — (i(tk h s))xw{h + s) ds 

Jd J-m 



ds 



dh 



dh 



— / {d{tk h) — a{tk + + s)) 

Jd J-m 



ds 



dh>5^{mesD) 



Thus, the commutator aC (xm) ~ C (xM)dl cannot be compact (otherwise it would 
map the sequence of the (fk to a norm convergent sequence). 

(b) (c): Let a G Qc{R^) and M be an open and bounded subset of E^. Then, 

by definition, the function 



t I — > I (^d(t^ — d(t “h <§)) 

J M 



ds 



belongs to Qsc{^^)- We claim that the function 



/ a{t- 
Jm 



g : t j d{t s)ds 

Im 



belongs to S'O(E^). Once this is shown, the assertion a G QscO^^) + SO{R^) 
will follow from the identity 

^(0 = — ^"T7 ( I d(t s) ds I (d(t) - d(t + s)) ds I . 

mesM Jm J 
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Assume that g 0 SO{R^). Then there is a compact K, a sequence (tk) which 
tends to infinity, and a 5 > 0 such that 

sup \g{tk) — g{tk h)\ >25 for all k. 

heK 

Choose hk ^ K such that 



\9{tk) - g{tk -^hk)\ > 25 for all k. 

Since K is compact, we can moreover assume that the hk converge to a point 
h* G K. Now we employ the uniform continuity of the function g (see [37], VIII. 4., 
Proposition 14) in order to get 

\g{tk) — g{tk h*)\ > 5 for all sufficiently large k. 



A further use of the uniform continuity of g yields that there is a certain open 
neighborhood 1/ of 0 G such that 

\g(tk u) — g(tk u-\- h*)\ > 5 



for all u G /7 and, hence, 

/ \9{tk + u) — g{tk u-\- h*) \ du> 5 mes U 

Ju 

for all sufficiently large k. On the other hand, 

/ \g{tk-\-u) - g{tk-\-u-\- h*)\du 

Ju 

= / / {a{tk u -\- s) — a{tk u -\- h* -\- s)) ds 

Ju Jm 

< / {a{tk u s) — a{tk + u)) ds du 

Ju Jm 

+ / / {a{tk + u) - a{tk + u + h* s)) ds 

Ju Jm 



du 



and each term on the right-hand side of this estimate tends to zero as /c — > oc 
since a G This contradiction proves that g is slowly oscillating. 

Finally, the implication (c) (a) follows from Theorems 3.2.2 and 3.2.8. □ 



Corollary 3.2.11 QcO^^) = Qsc{^^) + SO{R^) is a unital commutative C*- 
subalgebra of L^{R^) and Qsc{^^) closed ideal of that algebra. 



One can moreover show that the intersection Qsc{^^) Cl S'O(IR^) consists of all 
continuous functions which tend to zero at infinity (see [158], Theorem 4.2). 
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3.3 Fredholmness of convolution type operators 

As an application of the results of the preceding sections, we are now going to 
examine the Fredholm properties of operators on L^(R^) which belong to an 
algebra which is generated by compositions of convolution operators and operators 
of multiplication. 

3.3.1 Operators of convolution type 

Given a subalgebra £ of we let A{£, Cp) denote the smallest closed 

subalgebra of L{Lp{R^)) which contains the identity operator and all operators 
of the form 

aKbl where a, b e £ di.nd K e Cp. (3.14) 

We will call the elements of A{L^(R^), Cp) convolution type operators in what fol- 
lows. Every operator in A{L"^(R^)^ Cp) can be approximated as closely as desired 
by operators of the form 



^ := 7 / + ^ n aijKijbijI (3.15) 

where aij, bij € Kij € Cp and 7 € C, and where the sum and all 

products are finite. Observe that, in this definition, multiplication operators only 
occur in combination with convolutions. A larger algebra which also contains single 
multiplication operators will be considered in Chapter 7. 

Let Cq^{R^) stand for the algebra of all infinitely differentiable functions on 
R^ with compact support. 

Proposition 3.3.1 The algebra A{Cq^ (R^)^ Cp) contains the compact operators on 
LP{R^). 

Proof. It is sufficient to show that A{C^{R^), Cp) contains all rank one operators. 
Every rank one operator on Lp{R^) has the form 

{Ku){t) = a(t) I b{s)u{s)ds, teR^, (3.16) 

Jrn 

where a E Lp{R^) and b E L^(R^) with 1/p + l/q = 1. Since C^(R^) lies 
densely in both L^(R^) and L^(R^) (with respect to the corresponding norms), 
it is further sufficient to show that every operator (3.16) with a, 6 E C^{R^) 
belongs to ^(C^(R^), Cp). 

Let a, b e C^(R^), and choose a function k E L^(R^) which is 1 on the 
compact set - s : t E supp/, 5 E supp^}. Then the operator (3.16) can be 
written as 

(Ku){t) = a{t) I k{t - s)b{s)u{s)ds, teR^. 

Evidently, this operator belongs to A{C^{R^), Cp). □ 
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Proposition 3.3.2 ^(L^(E^), Cp) C Bp. 

The proof is based on the following norm estimate which is known as Schur’s 
lemma (see [178], Appendix A, Proposition 5.1). 

Proposition 3.3.3 Let I he a measurable function on x R^ with 

Ml := sup / \l{x,y)\dy < oo and M 2 '.— sup / \l{x,y)\dx < 00 . 
xeR^ yeR^ Jr^ 

Then the operator 



{Lu){x) := / l{x,y)u{y)dy, x G R^ 

JRN 

acts boundedly on L^(R^), and < M\^^M\^^ . 

Proof of Proposition 3.3.2. Clearly, the algebra Bp contains all operators of multi- 
plication by a bounded measurable function. Thus, and since Bp is a closed algebra, 
the result will follow once we have shown that Bp also contains a dense subset of 
Cp. Actually, we will check that 

lim sup \\[(pt,hl^ C{k)]\\ =0 (3.17) 

heR^ 

for every function k G L^(R^) with compact support and every (p G BUC{R^). 
For definiteness, let the support of k be contained in a ball with center 0 and 
radius R. Since 

{[(Pt,hi^ c{k)]u){x) = / - (pt,h{y)) - y)'^{y) dy, 

JRN 

Proposition 3.3.3 implies 

\\[ipt,hI,C{k)]\\L(LP) < ||fc|li sup \ipt,h{x) ~ ipt,h{y)\ 

= ll^lli sup - h)) - (p{t{y - h))\. 

X, y^R^ :\x—y\<R 

For \x — y\ < we have 

\t{x — h) — t{y — h)\ < \t\R ^0 as t 0. 

Since (p G BUC{R^), we obtain (3.17). □ 

A striking property of operators of convolution type is that their P-Fredholmness 
coincides with their common Fredholmness. 

Proposition 3.3.4 An operator in ^(L^(R^), Cp) is Fredholm if and only if it is 
V -Fredholm. 
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Proof. Let J refer to the closed ideal of Cp) which contains all op- 

erators in Cp. It is easy to check that, whenever J e. J , the operator JPk is 
compact for every k. Indeed, every operator J e J can be approximated in the 
norm as closely as desired by a sum of products of operators of the form aKbl 
where a and h are bounded measurable functions and K e Cp. The compactness 
of aKbPk = aKPkbl follows from Theorem 3.2.2. 

Since Pk fails to be compact, we have I ^ J, and the algebra Cp) 

decomposes into the direct sum Cl + J. In particular, every operator A in this 
algebra can be uniquely written as 7 ^/ + Ka where 7 a ^ C and Ka G J, and it 
turns out that the mapping ^ 1 -^ 7 a is a continuous algebra homomorphism. 

In the next step we will show that 

J n K{LP{R^), V) = K{LP{R^)). 

The inclusion D follows from Proposition 3.3.1 and from the strong convergence 
of the Pn to the identity operator. If, conversely, J e J H K{Lp(R^), V), then 
JPk is compact for every k as we have just seen. On the other hand, since J G 
K{L'P{R^)^ V), one has \\J — JPk\\ 0 as /c ^ 00 . Thus, being the norm limit of 
compact operators, the operator J is compact. 

Since K{L^{Rj^)) C P), it is clear that every Fredholm operator 

is also P-Fredholm. Let, conversely, A G A(L"^(R^), Cp) be a P-Fredholm oper- 
ator. Then there are an operator L' G Bp and an operator T G K{Lp{R^), V) 
such that L'A = / + T. We claim that then 7 a i=- 0. Contrary to what we 
want, assume that 7 a = 0. Then A e J. Choose m > 0 and n G such 
that \\PmU-nTUnPm\\ <1/2 (which can be done due to Proposition 1.2.6). Then, 
by Neumann series, the right-hand side of 

PmU—nL' AUnPm = Pm + PmU—nTUnPm 

is an invertible operator acting on the range of P^, whence 

Pm = {Pm + PmU-nTUnPm)~^PmU-nL'AUnPm- (3.18) 

Since UnPmU-n is the operator of multiplication by a compactly supported func- 
tion, the operator AUnPm — A{UnPmU-n)Un and, hence, the operator on the 
right-hand side of (3.18) are compact. But Pm is not compact, and this contradic- 
tion proves the claim. 

Now write as 7 a/ + Ka and set L := -KaL' + I. Then 

LA — 7a/ = JaL' A — AL' A A — 7a/ = ( 7 ^/ ~ A)[L'A — I). 

Since L'A — / G //(L^(M^), P) and 7a/ — A = Ka G J, the operator LA — 7a/ 
is compact. Similarly, one shows that AR - 7 a/ is compact for a certain operator 
R ^ Bp. Hence, and because of 7 a ^ 0, the operator A is Fredholm. □ 

Corollary 3.3.5 A{L^{R^), Cp) n K{Lp{R^), V) = K{Lp{R^)). 
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There are operators in Cp) which do not possess a rich operator spec- 

trum. The next result identifies a subalgebra of A{L^{M.^), Cp)nBp which contains 
sufficiently many interesting operators. 

Proposition 3.3.6 A{BUC{R^), Cp) C Bl 

Proof. Let a G and let h he a, sequence which tends to infinity. The 

family of all functions x i— > a{x + h{m)) is bounded and equicontinuous on every 
compact subset M of R^. Hence, by the Arzela-Ascoli theorem, there are a sub- 
sequence g of h and a continuous bounded function ah on R^ such that, for every 
compact M C R^, 



lim sup \a{x + g{m)) — ah{x)\ = 0. 

xeM 

Thus, the operators of multiplication by the function x i-^ a{x + 

g{m)) converge *-strongly to the operator of multiplication by the function a^. 

Let A be an operator of the form (3.15), but with Oij , bij G BU C. As we have 
just seen, given a sequence h tending to infinity, we can choose a subsequence g of 
h such that the operators U^g(^m)^ijUg{m) ^nd U^g(^rn)bijUg(m) converge *-strongly 
to certain multiplication operators {aij)hl and {bij)hl^ respectively. Then 

U -g(^rn)AU gi^rj^^Pk — ^Pk + ^ V I \{^—g{rn)^ijUg(rn))^ijPk{U-g(rn)^ij ^g{m)) 

converges in the norm of L(L^(R^)) to 

IfPk + '^Yl{(^ij)hKijPk{bij)hI = ( 7 ^ + y^,Y\{^ij)hPij{bjj)hI)Pk 

for every P^ (recall Theorem 1.1.3 and that the operators KijPk are compact due 
to Theorem 3.2.2). 

Hence, all operators of the form (3.15) with aij^ bij G BUC possess a rich 
operator spectrum. Since these operators lie densely in A{BUC{R^)^ Cp)^ and 
since is a closed algebra, this yields the assertion. □ 

3.3.2 Fredholmness 

Due to Proposition 3.3.6, the operators in A{BUC{R^), Cp) are subject to The- 
orem 3.1.9, and in combination with Proposition 3.3.4 we obtain the following 
result. 

Theorem 3.3.7 Let A G A{BUC{R^), Cp). Then 

(a) A is Fredholm [i.e., locally invertible at infinity) if and only if all limit oper- 
ators of A are uniformly invertible. 

(b) A is VlZp- Fredholm {i.e., locally invertible at the infinitely distant point rj G 
S^~^) if and only if all operators in the local operator spectrum crp{A) are 
uniformly invertible. 
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Corollary 3.3.8 An operator A G Cp) is a Fredholm operator if and 

only if, for each point rj G , all operators in CFp{A) are uniformly invertible. 

We are going to specialize these results to operators with coefficients in certain 
subalgebras of 



Slowly oscillating coefficients. Slowly oscillating functions are uniformly contin- 
uous by Proposition 3.2.7. Hence, A{SO{R^), Cp) C Cp), and The- 

orem 3.3.7 and its corollary apply to operators in the algebra A{SO{R^), Cp). 
Limit operators of operators in A{SO{R^), Cp) are of a particularly simple form 
such that their invertibility can be effectively checked via (3.11). 

Proposition 3.3.9 Every limit operator of an operator in A{SO{R^), Cp) lies in 
C7 + Cp. 

Proof. Every operator in A{SO{R^), Cp) can be uniformly approximated by oper- 
ators of the form (3.15) where Oij, bij G SO{R^). UK eCp then, clearly, the limit 
operator Kh exists with respect to every sequence h e H, and Kh = K. Thus, it 
remains to check that if a G SO{R^), and if G W is a sequence such that the 
operators of multiplication U-h{n)(^Uh{ri) converge *-strongly to Ohl as n ^ oo, 
then Oh is a constant function. This can be done as in Proposition 2.4.1. □ 

Corollary 3.3.10 Let A be an operator of the form (3.15) with aij, bij G SO{R^). 
Then A is Fredholm if and only if all limit operators of A are invertible. 



Thus, the uniformity of the invertibility is not required. 

Proof. We conclude from the previous proposition that every limit operator of A 
is a linear combination of the operators YVjLi ^ij with i — 1, . . . , n. Thus, (Jop{A) 
lies in a finite-dimensional subspace of L{L'^{R^)), and the assertion follows from 
Proposition 2.2.5. □ 

Remark A. The algebra A{Qc{R^), Cp) which is apparently larger than the alge- 
bra A{SO{R^), Cp) actually coincides with the latter algebra. Indeed, by Theorem 
3.2.10, every operator aK with a G Qc{R^) and K e Cp is the sum of an operator 
aiK with ai G SO{R^) and an operator a2K with 02 G Qsc{^^)- Since slowly 
oscillating functions are uniformly continuous (Proposition 3.2.7) and since 02 K 
is compact (Theorem 3.2.2), one has aK G A{SO{R^), Cp) by Proposition 3.3.1. 

Remark B. One can also study the 'P- Fredholmness of operators in the small- 
est closed subalgebra of L{L^{R^)) which contains the algebra A{BUC{R^), Cp) 
and all shift operators Ua. We will consider such combinations of multiplication, 
convolution and shift operators in a more general context in Chapter 7. 
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Coefficients stabifizing at infinity. Theorem 3.3.7 and its corollary attain their 
simplest form for operators with coefficients which stabilize at infinity in the fol- 
lowing sense. 

Definition 3.3.11 The function a C stabilizes at infinity if, for every in- 

finitely distant point r] G S^~^, there is a constant y G C such that, for every 
e > 0; there exists a neighborhood U = at infinity of rj such that 

mes {x e Urj^e : \a{x) — y\ > e} < e. (3.19) 

The class of all functions stabilizing at infinity will be denoted by 

If a stabilizes at infinity and g is an infinitely distant point, then the constant y 
which satisfies (3.19) is uniquely determined. We denote it by d{rj). 

Lemma 3.3.12 Let a G L^^^(E^) and rj G be an infinitely distant point. 

Then \d{r])\ < ||aHoo. 

Proof. Let e > 0 and choose a neighborhood U of infinity such that 
mes {x e U : \a{x) — a{rj)\ > e} < e. 



Then 

mes{x eU : \ \a{x)\ — \d{r])\ \ > e} < e. 

Since the measure of U is infinite, there is a subset M C U oi measure 1 such that 
\a{x)\ — e < 1 ^( 77 ) I < \a{x) \ -h £ for all x G M. 

This yields the assertion. □ 

Theorem 3.3.13 L^^^(M^) is a C -subalgebra of 

Proof. First we will show that L^^^(R^) is closed in L"^(R^). Let an G L^^^(R^) 
and a G L^(R^) such that lim \\an — u||oo = 0. Fix e > 0, and choose no G N such 
that 

\\(^n — o^mWoo < £ for all n, m> uq. 

Further, let Ur^^s,n be a neighborhood at infinity of rj such that 

mes{x G L'r^,£,n : \dn{x) - ^{rj)\ > e} < e, 



and set 

^r],e,n ^ ^rj.e.n • |^n(^) ^n{ji)\ ^ • 

Then, for x G m, n > no, 

\^{v) - ^{v)\ < \^{v) - CLn{x)\ + \an{x) - am{x)\ + |a^(x) - a^{r])\ <3e. 

Thus, ( 0 ^( 77 ) )nGN is a Cauchy sequence, and we let d{r}) denote its limit. 
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Now we fix n > no such that 

||an - «||oo < ^/3 and \^{rj) - a{r])\ < s/S. 



The estimate 

\an{x) - dn{r])\ > \a{x) - d(r/)| - \a{x) - an{x)\ - \an{x) - d^{r])\ 

implies that \an{x) — 0 ^( 77 ) | > e/S whenever \a(x) — a{r])\ > e. Since an stabilizes 
at infinity, there is a neighborhood such that 

mes{x G U^.sis.n • \o^n{x) - d^{rj)\ > ^/3} < e/3. 



Thus, 

mes {x e e/ 3 , n • l^(^) ~ I > e} < e/3 < 5 , 

whence a e 

In the next step we show that is a *-algebra. The symmetry is obvi- 
ous. Let n, 5 G and let rj be an infinitely distant point. We choose 

neighborhoods at infinity of rj such that 

mes{x G Urj^el 2 ,a • |u(^) ~ ^iv)\ > ^/2} < e/2 (3.20) 

and 

mes{x G Ur^^sl 2 ,b • \K^) ~Kv)\ > ^/2} < e/2. (3.21) 

Set Wr^ := Ur),El 2 ,a Ll Ur^,sj 2 ,b' Then Wrj is a neighborhood at infinity of 77 , and it 
follows from 

{x G Wyj ; \a{x) T b{x) - a{r]) - 6 ( 77 )! > e} 

C {x eWjj : \a{x) - d(r 7 )| > e/2} U {a: G Wr^ : \b{x) - 6 ( 77 )! > e/2} 

and from (3.20), (3.21) that 

mes {x G Wj^ : \a{x) -h b{x) — a{rj) — 6 ( 77 )! > e] < e. 

Thus, a + b e L^^^(E^) and 

(a + b){r]) = a{r]) + 6 ( 77 ) for all 77 G S^~^. 

In order to show that ab G L^^^(E^), too, we can assume that a, 6 7 ^ 0 (otherwise 
the assertion is obvious). Choose m e N such that 777||a||oo > 1 and 7 ti||5||cx) > L 
Given an infinitely distant point 77 and 6 > 0 a, choose neighborhoods at infinity 
of 77 such that 

mes{x G •' lu(x) - d( 77 )| > £/(27n||6||oo)} < e/(27n||5||oo) 
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and 

mesja: e Ur,,b ■ \b{^) ~ H'n)\ > £/(2»7illalloo)} < £/(2Tn||a||oo)- 
Set Wrj := Ur], a n Uri,b- Then Wr, is a neighborhood at infinity of 77, and 

mes{x e Wr] : |(a6)(x) — 0(77)6(77)! > e} 

= mes{x G Wr, : |(a(x) - a{r]))b{x) + a{r])){b{x) — 6(77))! > s} 

< mes{x € Wr, : |o(x) - 0(77)! ||6||oo + ||a||oo |6(x) - 6(77)! > s} 

< mes{x G Wr, : |o(x) - 0(77)! ||6||oo > e/2} 

+ mes {x £Wr,\ |6(x) - 6(77)! ||a||oo > e/2) 

< mes{x G Ur,, a '■ \a{x) - a{r])\ ||6||oo > e/(277i)} 

+ mes{x eUr,,b ■ |6(x) - 6(77)! ||a||oo > e/(2777)} 

< mes{x GUr,,a- \a{x) - 0 ( 77 )! > £/(277l||6||oo)} 

+ mes{x e Ur,,b ■ |6(x) - 6(77)! > £/(27n||a||oo)} 

< e/(27n||6||oo) + £/(277i||a||oo) < e/2 + s /2 = e. 

Consequently, ab G L^^;,(]R^) and 



{ab){r]) = 0(77) 6(77) for all 77 G 

It remains to show the inclusion L^^^(M^) C Qc{M.^). Thus, if o G L^^^(R^), we 
have to show that, for every open bounded set M C there is an open bounded 
set D C such that 



lim 

t—*oo 




{a{t h) — a{t + /i + s)) ds 



dh = 0 



( 3 . 22 ) 



(Definition 3 . 2 . 9 ). Let M C be open and bounded, choose D as the open unit 

ball in and let d > 0 be the radius of a ball with center 0 which contains 

M -\- D. Let further e > 0. Then, for every infinitely distant point ry, there is a 

neighborhood at infinity of r} such that 



mes{x £ Ur^^e ’ \d{x) — d{rj)\ >£}<£. 

Each neighborhood is of the form 

Ur,,e = {y G E^ : \y\ > Rr,,e a.ndy/\y\ G Wr,,e} 

where Rn^e > 0 and Wrj^e C is an open neighborhood of 77 . In particular, 

{f^T/,e} rye 5^-1 is open cover of the unit sphere, from which we can choose a 
finite subcover {Wr^.^e)^=i- 



Rq := max{jRr/i,£ : i = 1, . . . , A:} + d. 
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Further, since the function / : 

f{x) := maxjdist (x, \ Wr^.^s) : i = 1, . . . , A;}, 

is positive for every x (every x belongs to one of the sets Wrj^^e) and continuous 
on the compact set there is a (5 > 0 such that f{x) > S for all x G S^~^. 

Thus, for every x G 5^“^, there is an i G {1, . . . , A:} such that 

X G Wr^.^s and dist (x, dWrj^^e) > S, 

Consequently, there is an Ri > Rq such that, for every y G with \y\ > Ri, 
there is an i G {1, . . . , A;} such that 

y and dist {y, dUr^.^s) > d. 

Let now t G R^ with \t\ > Ri.By what we have just seen, there is an i G {1, . . . , A:} 
such that t D and t -i- M D are contained in /7ry.,£. Thus, 

mes{x e t-\- D : \a{x) — d{r])\ > 5 } < e 



and 



mes {x e t D M : \a{x) — d{rj)\ >£}<£. 

This implies 

I I {O'it T — o,(t h s)) ds dh 

J D JM 

< \a{t h) — d{rj)\ ds dh / / \a{t + h s) — d{r])\ ds dh 

J D J M J D J M 

<mesD / |a(/z) — d(r 7 ) I d/i + mes / \a{h) — d{rj)\ dh 

< mes D (mes M • ^ + 2£||a||oo) + mes D (mes {D + M) • e + 25||a||oo) 

< £:mesZ) (mesM + mes {D + M) + 4||a||oo), 

whence the assertion (3.22). □ 

Proposition 3.3.14 and let h be a sequence which tends to 

infinity into the direction of rj ^ S^~^. Then 

d{rj)I strongly on L^{R^) asn 00, 

Proof Given £ > 0, we find a neighborhood at infinity of rj such that 

mes{x G Ur^^s • l^(^) ~ ^(^)l > ^} < 

Let / be a continuous function with compact support. Then 

\\{U^Hin)aUHin) ~ &{v))f\\p - ll(« ~ a{v))Uf,^n) fWp- 
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Clearly, there exists an no such that supp (t//^(n)/) C Ur^^s for all n > uq. Thus, if 
n > no, then 



\\{U_^n)aUhin) - &{v))f\\p < 4f\\p + 211a|UI|/||oo£'/^. 

This proves the strong convergence on a dense subset of L^(R^). Since the oper- 
ators U^h(^n>jaUh{ri) are uniformly bounded, we get the assertion. □ 

An obvious consequence of this proposition is that the local operator spectrum 
(Try (A) for operators A G Cp) is a singleton for every infinitely distant 

point T] e say cFp{A) = {Ap}. Moreover, every limit operator Ap belongs 

to Cl + Cp since Cp) is a subalgebra of A{SO{R^), Cp), and by 

Proposition 3.3.9. Thus, the invertibility of Ap can be effectively checked via (3.11). 

Corollary 3.3.15 An operator A G Cp) is Fredholm if and only if 

every limit operator Ap (with rj G S^~^) of A is invertible. 

Remark. Although we do not have a description of the algebra in terms 

of other function spaces and algebras dealt with, we can at least identify the subset 
V of functions / G for which the operator fl of multiplication by / has 

a rich operator spectrum: 



V = C(R^) + Lg^(R^), (3.23) 

where C(R^) and Lq®(R^) are introduced in Section 2.3.6 and (3.12), respectively. 

To prove (3.23), it is sufficient to check the inclusion V C C(R'^) H- Lq°(R^) 
since the opposite inclusion is obvious. Therefore, let / G P, and let /i be a 
sequence tending to infinity into the direction of ry G S^~^. Then there exists a 
subsequence g oi h such that the limit operator {fl)g exists. Proposition 3.3.14 
shows that {fl)g = h{rj)I with some unique value a{rj) which only depends on 
the direction g and not on the sequence g itself (recall that P-convergence implies 
strong convergence for 1 < p < oo). 

We show that the mapping a : C, which assigns to each direction 

g G the value a{g), is continuous. Suppose it is not continuous at some 

point go G Then there are a sequence (gk) C and an £:q > 0 such that 

gk Vo ^ k ^ oo (in the familiar topology of S^~^) and that 

\a{gk) - a{go)\ > £o- 

By what was said above, for each /c G N, there is a sequence gk : N ^ 
which tends to infinity into the direction gk and for which the limit operator 
{fl)gk = h{gk) I exists. Let Uk{gk) denote the neighborhood of gk (in the topology 
of S^~^) defined by 



UkiVk) := {x G ^ -\x-Vk\ <^} 
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and introduce 

:= {a: G ; \x\ > fc, |^ € Uk{r]k)}, 

which is a neighborhood at infinity of rjk. Given a unit vector y G and a 

positive integer choose l{k) := Qki'^k) such that 

• \\a{'nk)v - U-i(k)fUi(^k)y\\ < i, 

•meWk,i(rjk), 

• the limit operator {fl)i exists. 

Because the sequence I tends to infinity into the direction 770 , we have {fl)i = 
a ( 770 )/, and by Proposition 3.3.14, 

Sk := \\U_i(^k)fUi(k)y - a{r]o)y\\ 0 



as /c — > oo. But now 

£o < \a{r]k) - a(%)| = \\a{r]k)y - a{Vo)y\\ 

< \\a{rjk)y - U-i(k)fUi(^k)y\\ + \\U-i(k)fUyk)V - a{'no)y\\ 

< T+^/c^O as/c-^OO 
k 

is a contradiction, whence the continuity of 77 1-^ 

The continuous function a, thought of as defined on \ R^, can be easily 
extended to a continuous function a defined on all of R^ by Tietzes extension 
theorem. Then, clearly, g \= / — a is rich, and every limit operator of gl is the zero 
operator. It remains to show that these two conditions imply that g G Lq°(R^). 

Suppose that g ^ L^{R^). Then g has as an essential value at infinity which 
is not zero, say Hence, the function ^ ^ is not invertible in I/°°(R^), and the 

related multiplication operator — gl is not invertible at infinity. On the other 
hand, all limit operators of — gl are equal to 7^ 0 , whence the invert ibility at 
infinity of — gl by Theorem 3.1.9. This contradiction shows that g G L^{R^) 
and, consequently, f = a g e C(R^) + □ 

3.4 Compressions of convolution type operators 

In this section we are going to study the Fredholm properties of compressions of 
operators of convolution type. If A is a bounded linear operator on L^(R^) and D 
is a measurable subset of R^ , then the compression of A onto D is the operator 



XDAxDl\LnD)’LP{D)^L^{D). 
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The archetypal example is the Wiener-Hopf operator W{k) on which is 

the compression of the convolution operator 7 / + C{k) with k G L^(IR) onto M+. 
Thus, 

W{k) = x+{lI + C{k))x+I\L.im), 

where x+ refers to the characteristic function of Clearly, this operator is 
Fredholm on L^(R^) if and only if the operator 7 / x-\-C{k)x-\- 1 is Fredholm 

on L^(R). Let / be the function with f{x) = 0 if x < 0, f{x) = x on [0, 1] and 
f{x) = 1 for X > 1. Then the function — / has a compact support. Thus, the 
operator x+C'(^)x+^ ~ is compact on L^(R), and the operator W{k) 

is Fredholm on L^(R+) if and only if the operator 7 / + fC{k)fI is Fredholm 
on L^(R). The latter operator is subject to Corollary 3.3.10 which says that this 
operator (hence, the Wiener-Hopf operator W{k)) is Fredholm if and only if the 
convolution operator 7 / -h C{k) is invertible. 

This simple reduction is no longer possible for convolution operators on cones 
in R^ when > 1 and, more general, for compressions of operators onto more 
involved sets. 

3.4.1 Compressions of operators in A{BUC{R^), Cp) 

A subset D of R^ with positive measure will be called rich if, for each sequence 
: N ^ Z^, there is a subsequence g and a measurable subset Dg of R^ such 
that 

U-g(n)XDUg(^n) XDgI strougly as n ^ 00 . 

If this happens, then we call XDgI the strong limit operator of xdI with respect 
to the sequence g. 

We consider compressions of operators A G A{BUC{R^), Cp) onto rich sets 
D. Let J stand for the smallest closed ideal of A{BUC{R^), Cp) which contains 
all operators in Cp. Then A can be uniquely written as aA^ + Ja with a complex 
number a a and with an operator Ja ^ J, and if the compression xdAxdI • 
LP{D) — > LP{D) is Fredholm, then aA / 0. This can be checked as in the proof 
of Proposition 3.3.4. Consequently, the operator xdAxdI • L^{D) — > L^{D) is 
Fredholm (invertible) if and only if the operator 

aA{I - XdI) + XdAxdI = o^aI + XdJaXdI : ^ LP{R^) 

is Fredholm (invertible). 

Lemma 3.4.1 Let J E J, and let D he a rich subset o/R^. Then the operator 
XdJxdI : LP{R^) L^(R^) is rich. 

Proof. We prove the assertion in case when J = aKbl with .Bt/C-functions a and 
b and with a convolution operator K possessing a finitely supported kernel. Sums 
of products of operators of this form can be treated similarly, and since the latter 
operators lie densely in J, the general case follows by a simple approximation 
argument. 
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Given a sequence h tending to infinity , choose a subsequence g oi h such that 
the limit operators agl and bgl of al and bl exist (which can be done by Proposi- 
tion 3.3.6) and such that U^g(^n)XDUg{^ri) XOgl strongly with a measurable set 
Dg (which is possible since D is rich). 

For n G N, set Dn D — g{n), and define functions and bn by an{x) 
a(x -h g(n)) and bn(x) := b(x -h g(n)). Then U_g(^n)XDUg(^n) = XdJ as well as 
U-g(^n)CiUg(^n) = (^nl and U^g(^n)bUg(^n) = , and for each positive integer m one 

has 

U—g(^n)XD(^^bXDlUg(^n)P m ~ XDn^nKbnXDn^m ~ {XDn^n) Pm) (bnXDn^) ' 

The sequences {xDr^(^nI) and {xon^nl) converge strongly to XOgCigl and XOgbgl, 
respectively, and the operator KPm is compact by Theorem 3.2.2. From Theorem 
1.1.3 we conclude that the operators xOn^nK PmbnXOn^ converge in the norm of 
L{LP{R^)) to 

iXD.ag) (KPm) (bgXDj) = XD,agKbgXD,Pm 

as n ^ oo. Hence, XDgO^gKbgXOgl is the limit operator of XDaKbxoI with respect 
to the sequence g. □ 

Together with Theorem 3.1.9 (b), the previous lemma implies the following. 

Theorem 3.4.2 Let A G A{BUC{R^), Cp), and let D be a rich subset ofR^ . Then 
the compression of A onto D is Fredholm on Lp{D) if and only if for each point 
g G all limit operators in 

(Tp{aA{l - Xd)I + XdAxdI) = cfpiaAl + XdJaXdI) 

are uniformly invertible on Lp{R^). 

In the following subsections we will give examples of unbounded rich domains D 
for which the strong limit operators of the shifts of can be explicitly calculated 
and, thus, for which explicit criteria for the Fredholmness of the compressions of 
operators from A{BUC(R^)^ Cp) onto D can be derived. 

3.4.2 Compressions to a half-space 

Given a non-zero vector a G consider the half-space 

H(a) := {x G : (x, a) > 0}. (3.24) 

Let further G W be a sequence which tends to infinity into the direction of 
g G S^~^. We distinguish several cases. 

• If cl) > 0, then {h{n), a) — » +oo, and the strong limit operator of Xu(a)^ 
exists and is equal to the identity operator. 

• If iv, a) < 0, then (/i(n), a) — cx), and the strong limit operator of XH(a)^ 
exists and is equal to the zero operator. 
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• If (? 7 , a) = 0, then h has a subsequence g G H such that either the numbers 
{g{n)y a) tend to +oo, or to — oo, or to a finite limit bg G M. In each of 
these cases, the strong limit operator of %H(a)^ with respect to g exists, and 
it is equal to the identity operator in the first case, to the zero operator in 
the second case and to the operator of multiplication by the characteristic 
function of the shifted half-space 



H(a, hg) := {x G : (x, a) > -hg} 



in the third case. 

Let Hg{A) stand for the set of all sequences h G H which tend to infinity into 
the direction of rj G and for which the limit operator Ah exists. Further, 

we denote by Hg^ooiA) and b{A) the set of all sequences h G Hg{A) such that 
{h{n), a) ^ oo and (/i(n), a) ^ b G M^, respectively. Then Theorem 3.4.2 gives 
the following result. 

Theorem 3.4.3 Let A G A{BUC{R^), Cp) and D = H(a) with a G \ {0}. Then 
the compression of A onto D is Fredholm on L^{D) if and only if the following 
conditions are satisfied: 

(a) for each point rj G with {rj, a) > 0, the set {Ah : h G Hg{A)} of limit 

operators of A is uniformly invertible. 

(b) for each point rj G with {rj, a) = 0, the set [Ah : h G Ttg^oo{A)} of limit 

operators of A is uniformly invertible. 

(c) for each point rj G with {rj^ a) = 0 and each b G E^, the set 

{(1 — Xn{a,b))^ + XH{a,b)AhXU(a,b)I • ^ C 7ig^b{A)} 
of extended compressions of limit operators of A is uniformly invertible. 



3.4.3 Compressions to curved half-spaces 

Let N > 1 and / G BUC(^^~^). We consider the curved half- space 

P(/) := [x = (x', xn) G xR: xn > /(^O) ^ (3.25) 

Let further h G H he a, sequence which tends to infinity into the direction of 
ry = (ry', tjn) G C E^-^ x E. Again, we distinguish several cases. 

• If ry^v > 0, then the strong limit operator of Xp(/)^ exists and is equal to the 
identity operator. 



• If ?7Ar < 0, then the strong limit operator of Xp(/)/ exists and is equal to the 
zero operator. 
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• Now let ?77 v = 0. Then h has a subsequence g G H such that either the 
numbers g{n)N tend to +oo, or to — oo, or that the sequence {g{n)N)n>i 
is bounded. In the first two cases, the strong limit operator of Xp(/)/ with 
respect to g exists, and it is equal to the identity operator in the first case 
and to the zero operator in the second case. In the third case, there exists 
a subsequence /c of a real number bk and a function fk : M such 

that 

lim k{n)N — bk and lim f{x' + k{n)') = fk{x') 

n—^oo n— J’OO 

in the sense of the uniform convergence on compact subsets of In this 

case, the strong limit operator of XP{f)^ exists, too, and it is equal to the 
operator of multiplication by the characteristic function of 

P(/fe - bk) = {x : XN > fk{x') - bk}. 

Let Hr^{A) stand for the set of all sequences h e H which tend to infinity into 
the direction of rj e and for which the limit operator Ah exists. Further, 

given a real number b and a function g : M, we denote by Hr^^oo{A) and 

Hrj,g,b{A) the set of all sequences h G 'Hrj{A) such that h{n)N oo and 

h{n)N^b and /(x' + /i(n)') ^ ^(x') 

uniformly on compact subsets of respectively. If the set Hg^g^h{A) is not 

empty, then we call g a limit function with respect to rj. Then Theorem 3.4.2 
implies the following result. 

Theorem 3.4.4 A G A{BU C ) , Cp) , and let D = P(/) with a function 
f G BUC{R^~^). Then the compression of A onto D is Fredholm on L^{D) if 
and only if the following conditions are satisfied: 

(a) for each point g G with gN > 0, the set {Ah : h G TLg{A)} of limit 

operators of A is uniformly invertible. 

(b) for each point g G with gN = 0, the set {Ah : h G Hp^oo{A)} of limit 

operators of A is uniformly invertible. 

(c) for each point g G with gN = 0, each b e R, and each limit function 

g : R^~^ R, the set 



{(1 - XP(g-b))^ + XP{g-b)AhXP{g-b)I • ^ ^ '^r],g,b{A)} 

of extended compressions of limit operators of A is uniformly invertible. 

This result gets a particular simple form if / G SO{R^~^). In the setting of asser- 
tion (c) of the theorem, this hypothesis implies that all functions g are constant 
(their possible values are just the partial limits of f{x') as x' oo). Thus, all 
possible limit domains P(^ — 6) are (uncurved) half-spaces. 
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3.4.4 Compressions to curved layers 

Let again AT > 1 , and let /i, /2 G be such that fi{x') < f2{x') for 

all x' G Then we call the set 

L(/i, / 2 ) := {x = {x', xm) e X R ; /i(x') < Xn < f2{x')} ( 3 . 26 ) 

a curved layer. Let G W be a sequence which tends to infinity into the direction 
of ry G S^~^. If r/iv ^ 0 , then the strong limit operator of Xl(/i,/ 2)^ with respect 
to h exists and is equal to 0 . The same happens if 77 at = 0 and the sequence 
{h{n)N)n>i tends to ±00. Thus, the only non-trivial case is when t]n = 0 and the 
sequence {h{n)N)n>i is bounded. Then, as in the previous subsection, there is a 
subsequence /c of /i, a real number bk as well as functions fik, /2k ■ ^ M 

such that the strong limit operator of Xl(/i,/ 2)^ with respect to the sequence k 
exists and is equal to 

Let again Hr^{A) stand for the set of all sequences h ^ H which tend to 
infinity into the direction of 77 G and for which the limit operator exists, 

and denote by gi,g2,b{A) the set of all sequences h G Hrj{A) such that 

h{n)N^b and fi{x' + h{n)') gi{x') (z = 1 , 2 ) 

uniformly on compact subsets of 

Theorem 3.4.5 A G A{BUC{R^), Cp) and D = L(/i, /2) with fi, f2 G 
BUC{R^~^) and fi < /2. Then the compression of A onto D is Fredholm on 
L'P{D) if and only if, for each point 77 G with t]n = 0 , each 6 G M, and all 

limit functions gi, p2 ’• R, the set 

{(I XLi{gi—b,g2—b))^~^X'L{gi -b, g-2- b)AhXU9y -b,g2~b)I • ^ C (^)} 

of extended compressions of limit operators of A is uniformly invertible. 

If fi^ f 2 G SO{R^~^), then the functions fik, f2k are constant, and 'L{fik — 
bk, f2k — bk) is a usual layer bounded by two parallel planes. 

Corollary 3.4.6 In addition to the hypothesis from Theorem 3 . 4 . 5 , let 

lim (/i(x') - /2(x')) = 0 . 

x'—*-oo 

Then all strong limit operators o/xl(/i,/2)^ zero, and the compression of A 
onto L(/i, /2) is Fredholm on L^(L(/i, h))- 

3.4.5 Compressions to curved cylinders 

Let N > C be a bounded domain and / G BUC{R) a positive function, 

and consider the curved cylinder 

’^aif) •= ^ (^^ Xn) G R^“^ X R : x' G /(xAr)f^}. 



( 3 . 27 ) 
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Let G If h{n)' oo, then the strong limit operator of Xzn{f)^ with respect to 
h exists and is equal to the zero operator. Thus, nontrivial strong limit operators 
of Xz^if)^ with respect to h exist only if the sequence (h(n)')n>i is bounded and 
h{n)N =toc. In this case, there is a subsequence A: of h, a point hk G ^ and 
a function fk on M such that 

k{nY bk and f{xN + k{n)N)^fk{xN) as n ^ oo 

uniformly on compact subsets of R. Then the strong limit operator of XZn{f)^ with 
respect to the sequence k exists, and it is equal to the operator of multiplication 
by the characteristic function of the shifted curved cylinder 

Zn(/fe, h) ■= {a; = {x', xn) G x R ; a;' e /^(xiv)^ - 6fc}. 

Let Hrj{A) denote the set of all sequences h E H which tend to infinity into 
the direction of 77 G and for which the limit operator Ah exists, and write 

'Hn,g,b{A) for the set of all sequences h G Hg^A) such that 

h{n) N b E and f{xN^h{n)N)^g{xN) 

uniformly on compact subsets of R. 

Theorem 3.4.7 Let A E A(BUC(R^), Cp) and D = Z^^(/) with f E BUC{R). 
Then the compression of A onto D is Fredholm on L'^{D) if and only if for each 
point T] E with p' = 0, each b E and all limit functions ^ : R — > R, 

the set 

{(1 - XZn{g,b))I + XZn(g,b)^hXZn(g,b)I ■ h € 
of extended compressions of limit operators of A is uniformly invertible. 

If / G 50(R), then every limit function g is constant and, thus, Zfi{g^ b) is a usual 
straight cylinder. 

Corollary 3.4.8 In addition to the hypothesis from Theorem 3.4.7, let the ends of 
the cylinder be cuspidal, i.e., let 



lim J{xn) = 0. 

Xiv— 

Then all strong limit operators ofxzn(f)^ compression of A onto 

'^nif) 'Is Fredholm on Z/^(Zj^(/)). 

3.4.6 Compressions to cones with smooth cross section 

Let Q C R^ be an open domain with -boundary dfl in case > 2 or an open 
interval in R^. By we denote the cone in R^+^ generated by Q, 

Cq := {(y, m+i) € R^ X [0, 00) : y e 



(3.28) 
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Given x G let rjx G be the point which lies on the ray in R^+^ starting at 
the origin and passing through the point (x, 1), i.e., 

^ (a:, 1) 

vWTi' 

Let /i G W be a sequence which tends to infinity into the direction of ?7 G . 
Again there are two trivial cases: If r] is not of the form r]x with some x G O, 
then the strong limit operator of exists and is equal to the zero operator. 

li r] = r]x with x G O, then the strong limit operator of exists, too, and is 

equal to the identity operator. 

Let now x G dO. and r] = rjx- We denote by Tx^ the tangential space and by 
Ux the interior normal unit vector to dO. at x. Further, we write Mx for the closed 
half-space in R^ which is bounded by Tx^t and for which Ux is an interior normal 
unit vector to dMx at x. Finally, we let refer to the half-space in R^+^ which 
is generated by Ha,, 

Hx •= {(y, Vn-^-i) G R^ X R : y G Ha, + (yAT+i — l)x}. 



Further, we write the sequence h as 



h{n) := an{i^x, 0) + (rn, 0) + 1) (3.29) 



where Vn G TxO, and an, f3n ^ R- The following lemma claims the conditions under 
which the sequence (3.29) tends to infinity in the direction of r]x. 



Lemma 3.4.9 The sequence h defined by (3.29) tends to infinity into the direction 
of T]x if and only if fin — ^ +oc and 

o^n/fin^^ and Vn/Pn^O as n ^ oo. (3.30) 

Proof. The sequence h tends to infinity if and only if 

l^nl^ + IkniP + ^ OO, (3.31) 



and then it converges in the direction of rjx if and only if 

{O-n^x "T “h Pn^i Pn) ^ (^? f) 

^/Woinl'x + rn + + |/?np V1NF+^ 



(3.32) 



The convergence of the last component of (3.32) tells us that Pn 
sufficiently large n. Thus, (3.31) implies 



> 0 for all 
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From the convergence of the last component of (3.33) we conclude that 






This implies for the first component of (3.33) that 

+ — + X ^ X 
Pn Pn 

whence (3.30) since Vx -L r^. Writing (3.31) as 

|2 



r'n 



an 


2 


rn 


f3n 


+ 


f3n 



+ 1 



OO 



and taking into account (3.30), we finally get f3n +oo. The reverse implications 
can be checked similarly. □ 

In order to compute strong limit operators into the direction of r]x for x G dft, we 
assume for simplicity that x = 0 (which can be reached by shifting Q) and that 
= TqQ = X {0} (which can be reached by rotating the shifted Q). Then, 

since Q, has a -boundary, there is an open neighborhood U C of 0, an 

open interval ICR which contains 0, and a continuously differentiable function 
g :U I such that 

d^ln{UxI) = {(x, ^^(x)) G R^-^ xRixeU} 



and 



n (t/ X I) = {(x, xn) ^ U X I : xn > g{x)}. 



Thus, if /3 > 0, then the part of the boundary of which lies in j3U x (31 is just 
the graph of the function 



pU ^ /?/, x^ Pg{xlP). 

Let h be as in (3.29), and assume that the limit 

:= \im{pn9{rn/ Pn) - an) eRU {±oo} 

exists (otherwise we pass to a suitable subsequence of h). Let further d > 0 and 
:= [— d, d]^, and set Cn,n •= We consider the intersection of the 

shifted cone with R^ x {0} and identify this intersection with a subset of 

R^ . Since {y 3- Vn) / Pn ^ U for all y G sufficiently large n, the 

boundary of Cn,nC{R^ x {0}) can be locally described as the graph of the function 

Gn ■ ^ PnOHy + rn)/Pn) an- 
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Then, for every y G we have 

lim(G„(j/) - 5*) = \im{Gn{y) - Gn(0)) 

with 

\G„{y) - Gn{0)\ < max ||G"(^)11 ||y-0|| 

= max ||c;'((^ + r„)//3„)|| ||2/||. 

€€[0,y] 

Since g is continuously differentiable with ^'(0) = 0, and since 
ll(^ + ^n)//?n|| <{d+ \\r„\\)/(in ^ 0 

by Lemma 3.4.9, we conclude that Gn{y) — > d* for every y G K^~^. Thus, if 
{y, yN) e then 

, . J 1 if j/iv > (5* 

X { 0 }) vl// ^ 9 if yN ^ d* 

An analogous result holds if the sequence (/3„) is replaced by (/?„ + /?') with /?' G 
[—d, d\. This shows that 

{ XB«+i(y)=y if <5* = -oo 

XHx+6*(i/a,.o)(2/) if e IR 

X0(y)=O if (5* = +00 



almost everywhere on 
that 



XC„.n Xx«+i 

a 



By the dominated convergence theorem, this implies 

Xj^N+i if (5* = — oo 

^ XHx+5*(i/:c,o) Xk^+ 1 if (5* G M 

0 if = +00 

V 



with respect to the L^-norm and, hence, also with respect to every L^-norm with 
1 < p < oo (the occurring functions take values in { — 1, 0, 1} almost everywhere). 
Since d is arbitrary, this finally yields that 



XC„,nf 



I if (5* = -00 

XH:,+S‘(u:^,0)I if (5* G K 
0 if 5* = -f (X) 



strongly on 

Given A G Cp(R^+^)), let Hr^{A) denote the set of all se- 

quences h e H which tend to infinity into the direction of r/ G and for which 
the limit operator Ah exists. Further, write Hr^-oo{A) and Hrj,6*{A) with 5* G M 
for the set of all sequences h G Hrj{A) with 

\im{Pn9{rn/Pn) - C^n) = ~00 and lim(/?n^(rn//?n) - o^n) = fS*, 

respectively. Finally, we abbreviate the shifted half-space Hx -\-S*{ux, 0) to 
Then Theorem 3.4.2 has the following consequence. 
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Theorem 3.4.10 Let A G Cp(E^+i)) and D = Cn with Q e 

an open domain with boundary. Then the compression of A onto D is Fredholm 
on L'P(D) if and only if the following conditions are satisfied: 

(a) for each point x e Lt, the set {Ah : h G Hrj^{A)} of limit operators of A is 
uniformly invertible. 

(b) for each point x G dVL, the set {Ah : h G Hrj^,-oo{A)} of limit operators of A 
is uniformly invertible. 

(c) for each point x G dO., the set 

{(1 - AhX^i^^s* I ' h e {A), 6* G M} 

of extended compressions of limit operators of A is uniformly invertible. 

We still mention some special situations in which the conditions of Theorem 3.4.10 
take a very simple form. 

Let A G A{SO{R^~^^), Cp{R^~^^)). Then all limit operators of A belong to 
Cl + In this case, the invertibility of the compressions in condition 

(c) can be effectively checked. Let, for example. Ah be the operator 7 / + C{k) 
with 7 G C and k G Since C{k) is shift invariant, the corresponding 

compression (c) is invertible if and only if the operator 

(1 - xhJ/ + XuA^I + C{k))xuJ (3.34) 

is invertible. Further, given an orthogonal mapping S on we write Rs for 

the rotation operator {Rsf){x) = /(5'x), and for k G L^(R^"^^), we let ks be 
the function ks{x) = k{S^x) with referring to the transposed of S. Then 
convolution operators are rotation invariant in the sense that 

C{k)Rs = RsC{ks). 

Thus, if we choose S such that it rotates to the half-space H := {(xi, x) G 
R X R^ : xi > 0}, then the compression (3.34) is invertible if and only if the 
operator 

(1 - xn)l + xuhl + C{ks))xul (3.35) 

is invertible. Finally, the compression (3.35) is invertible if and only if the operator 

{l-Xu)I + {xI + C{ks))xnI 

is invertible. This follows easily from the identities AP-\-Q = {PAP-\-Q){I+QAP) 
and {I-\-QAP)~^ — I—QAP which hold for arbitrary operators A and idempotents 
P, Q with P P Q = I. Clearly, these results remain true if C{k) is replaced by an 
arbitrary operator in Cp(R^+^). 

For the invertibility of the resulting compressions, one has the following result 
from [167] (Theorem 1.4). 




190 



Chapter 3. Convolution Type Operators 



Theorem 3.4.11 Let B e Cl + Cp(M^+^). Then the operator (1 - xh)^ + ^Xh^ 
invertible on if and only if the operator B is invertible on 

Note once more that the invertibility oi B e Cl Cp(R^“^^) can be efficiently 
checked via (3.11). 

With these remarks, we get the following corollaries to Theorem 3.4.10. 

Corollary 3.4.12 Let A G ^(50(R^+^), Cp(R^+^)) and D = Cq with e R^ an 
open domain with boundary. Then the compression of A onto D is Fredholm 
on L^{D) if and only if for each point x eCL, the set {Ah : h G Hrj^{A)} of limit 
operators of A (— the local operator spectrum at px) 'Is uniformly invertible. 

Corollary 3.4.13 Let A G ^(L^^^(R^+^), Cp(R^+^)) and D = Cq with n e 
an open domain with boundary. Then the compression of A onto D is Fredholm 
on LP{D) if and only if for each point x e Q, the limit operator Aj^^ of A is 
invertible. 

Remark. Let / : [0, oo) — » R be a slowly oscillating function, and let f] G R^ be 
an open domain with boundary. We consider the slowly oscillating cone, 

:= {{y, 2/at+i) C R^ x [0, oo) : ^ G {pn+i + /(2/n+i))^}- (3.36) 

In a similar way as above, one can show that the strong limit operators of the 
multiplication operator xCq,/^ are the same as in case of the unperturbed cone 
and that the analogue of Theorem 3.4.10 holds. 

3.4.7 Compressions to cones with edges 

Here we are going to consider compressions of convolution operators to cones which 
are allowed to have a finite number of edges. For simplicity, we restrict ourselves 
to the case N = 2. 

More precisely, we let Q be an open domain in R^ the boundary d^l of which 
is up to a finite set M of singular points (i.e., dQ is not in any neighborhood 
of X G M). For each point x G M we suppose that there are an open neighborhood 
Ux C R^ of X as well as two open domains Qxj and Qx,r with C^-boundary such 
that either 

Uxnn = Uxn {fix, i n ^x^ r) (3.37) 

or 

Uxnn = Ux\{nx,innx,r)- (3.38) 

If the tangent spaces Tx^xj and Tx^x.r do not coincide, then we call x an outward 
angular point in case of (3.37) and an inward angular point in case of (3.38). If 
these tangent spaces coincide, then x is called an outward resp. inward cuspidal 
point. 

As in the previous section, we consider the cone generated by 17, 

Co := {{y, ys) e X [0, oo) : ?/ G ysQ.} 



(3.39) 
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and, for x G and J G M, the half-spaces Ha, and Ha,, , 5 . Further we set Ha,, _oo •= 
and Ha,, +00 •= 0 and, for J, e G R U {± 00 } and x G M, 

6, e • Hx, ( 5 , / Cl Ha;, e, r 

where Ha,, 6 ,z and Ha,,e,r are half-spaces belonging to and Qx,r, respectively. 

Proposition 3.4.14 Let x G R^. Then the set of the strong limit operators of xcn^ 
with respect to sequences tending to infinity into the direction of rjx is equal to 

(a) {0} if X ^ 

(b) {/} ifxen. 

(c) {xM:,, 5 I ’ S eRU {± 00 }} if X e dQ\M. 

(d) {xKo;, 6 ,e^ • ^5 e G R U {iboo}} if X ^ dfl D M is an angular point. 

(e) {0} z/ X G dQ CM is an outward cuspidal point. 

(f) {/} if X E dQ n M is an inward cuspidal point. 

Proof. The proof for (a)-(c) is the same as in the previous section. The results of 
the previous section also show that each strong limit operator of xc^^ belongs to 
the set (d) if x G dfl C M is an angular point. The reverse inclusion can be seen 
as follows. Since x is an angular point, we can independently shift the half-space 
Ha;,o, i by a sequence which tends into the direction of rjx and which comes closer 
and closer to 9H^,o,r, and shift the half-space Ha,,o,r by a sequence which also 
tends into the direction of px and which comes closer and closer to dUx^oj. Since 
each of these sequences influences the limit operators of only one of the half-spaces 
we get any desired combination of shifts of the half-spaces H,^,o,/ and Ha,,o,r in 
this way. This shows (d), and (e) and (f) can be proved as in the previous section. 
(See the discussion before Theorem 3.4.10. The obvious point is that, in case of a 
cuspidal point, the half-spaces Ha,,o,z and Hx,o,r cannot be shifted independently 
of each other.) □ 

Given A G A{BUC{R^), Cp(R^)), let TLr]{A) denote the set of all sequences h E 7i 
which tend to inflnity into the direction of rj E S'^ and for which the limit operator 
Ah exists. Further, if x E dQ\M and 5 G R U {± 00 }, write 'Hx,d{A) for the set of 
all sequences h E {A) such that the strong limit operator of Xc^I exists and is 
equal to Finally, if x G f1 M is an angular point and 5, e G R U {± 00 }, 

then let Ttx,6,e{A) stand for the set of all sequences h E Hrj^{A) such that the 
strong limit operator of Xc^I exists and is equal to xk^, s,e^- With these notations, 
we have the following consequence of Theorem 3.4.2. 

Theorem 3.4.15 Let A E A{BUC{R^), Cp(R^)) and D = Cq with G R^ an open 
domain with piecewise boundary as above. Then the compression of A onto D 
is Fredholm on L'p{D) if and only if the following conditions are satisfied: 
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(a) for each point x E the set {Ah : h G of limit operators of A is 

uniformly invertible. 

(b) for each point x G dO. \ M , the set 

{(1 - ^ ^ 'Hx,6{A), S G EU {dboo}} 

of extended compressions of limit operators of A is uniformly invertible. 

(c) for each angular point x G dft fl M, the set 

{(1 - XK^,6,e)^ + Xk,, 5,. AXK,,6,e^ • h ^ 'Hx,6,e{A), 5, ee RU {±oo}} 

of extended compressions of limit operators of A is uniformly invertible. 

(d) for each inward cuspidal point x G 9^2 fl M , the set {Ah : h G Hrj^{A)} of 
limit operators of A is uniformly invertible. 

Note that the conditions in (b) and (c) get a simpler form if one of the shift pa- 
rameters S and e is ±oo. Let us also emphasize that if x is an outward cuspidal 
point, then the local invertibility at rjx of the compression of A onto D is triv- 
ially satisfied since all limit operators of o;^(l — Xd)^ + XdAxdI with respect to 
sequences which tend to infinity into the direction of r]x are equal to aAl^ 

Again we mention some special situations in which the conditions of Theorem 
3.4.15 can be readily verified. 

Corollary 3.4.16 Let A G A{SO{R^), Cp(E^)) and D be as in Theorem 3. A.15. Then 
the compression of A onto D is Fredholm on L'^{D) if and only if the following 
conditions are satisfied: 

(a) for each point x E fl which is neither angular nor outward cuspidal, the set 
{Ah : h G Hri^{A)} of limit operators of A is uniformly invertible. 

(b) for each angular point x E M, the set 

{(1 - XKx.o.o)-^ + XKx.o.o^/iXKx.o.o-^ : h e Ux,s,c{A), (5, e e R} 

of extended compressions of limit operators of A is uniformly invertible. 

(c) for each angular point x E M , the set 

{Ah : h E TLx, -oo, e(A) U TLx, s, -oo{A) U -oo, -oo(A) : S, e E R} 

of limit operators of A is uniformly invertible. 

Here we have used the shift invariance of the limit operators of A as well as 
Simonenko’s Theorem 3.4.11 again. 

Corollary 3.4.17 Let A E Cp(R^)) and D be as in Theorem 3.4.15. 

Then the compression of A onto D is Fredholm on L^{D) if and only if the fol- 
lowing conditions are satisfied: 
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(a) for each point x ^ ft which is neither angular nor outward cuspidal, the limit 
operator of A is invertible. 

(b) for each angular point x ^ M, the extended compression 

XKx,0,o)‘^ XKo;, 0, 0 XKx, 0, 0 
of the limit operator Ah of A is invertible. 

Indeed, this result follows from the fact that each local operator spectrum is a 
singleton under the hypothesis of the corollary. It can be checked as in Section 
2.6.3 that the invert ibility of the operator in (b) already implies the invert ibility 
of all operators in condition (c) of Corollary 3.4.16. 

3.4.8 Compressions to epigraphs of functions 

We let / : M R be a continuously differentiable function with 

lim f{t) = +00 and lim f'(t) = 0 (3.40) 

t-^±oo t — >•±00 

and consider its epigraph 

E/ := ^2) G : X2 > ( 3 - 41 ) 

Let h = {hi, h 2 ) G W be a sequence which tends to infinity into the direction of 
^ = (^1, '^2) C 5^. It is evident that the strong limit operator of XE/^ exists and is 
equal to the identity operator if 772 >0, whereas the strong limit operator of XE/^ 
exists and is equal to zero if 772 < 0. Now let 77 = (1, 0), and let h be a sequence 
for which the strong limit operator of xe/ exists. We write 

h 2 {n) f{hi{n)) + dn 

and choose a subsequence of h (which we denote by h again) such that the sequence 
{dn) becomes convergent with limit J G R U {±00}. Further, for (5 G R U {±00}, 
we let 

:= {(xi, X 2 ) G R^ : X2 > 6}. 

Then it is easy to check that the strong limit operator of XE/^ coincides with 
XUs^ that, conversely, every operator of this form appears as a strong limit 
operator of XE/-^- The same holds for 77 = (—1, 0). 

Given A G A{BUC{R‘^), Cp(R^)), let 'Hn{A) denote the set of all sequences 
h £ H which tend to infinity into the direction of 77 G and for which the limit 
operator Ah exists. Further, for 5 G R U {±00}, write 'H±i^s{A) for the set of all 
sequences h G 'H(±i^o){A) such that the strong limit operator of XE/^ exists and 
is equal to Xhi^^- Then Theorem 3.4.2 yields the following. 

Theorem 3.4.18 Let A G ^(L^^^(R^), Cp(R^)), and let D = F,f be the epigraph of 
the function f satisfying (3.40). Then the compression of A onto D is Fredholm 
on L^{D) if and only if, for each point 77 = (771, 772) G with 772 > 0, the limit 
operator Arj of A is invertible. 

The proof is the same as for Corollaries 3.4.13 and 3.4.17. □ 
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Finally, let /± : M ^ E be continuously differentiable functions with 

lim f±{t) = lim f±{t) = ±oo and lim f±{t) — lim f±{t) = 0, (3.42) 

t-^-{-00 t—^ — OO > + 00 t — ^ — CXD 

and let 

E/+,/_ := {(xi, X 2 ) G : /-(xi) < X 2 < /+(xi)}. (3.43) 

As before one can check that every strong limit operator of XE/^ / / is of the 
form Xh^^ with J G E U {±cx)} and that, conversely, every operator of this form 
is a strong limit operator of Xh^^ if h tends into the direction of (±1, 0) G S^. 
If h tends to infinity into the direction oi rj e with 772 7 ^ 0 then, necessarily, 
the strong limit operator of xh^ I with respect to h exists and is equal to the zero 
operator. 

Theorem 3.4.19 Let A G Cp(E^)), and let D = with functions 

f± satisfying (3.42). Then the compression of A onto D is Fredholm on L^{D) if 
and only if the limit operators Aj^ of A with 77 = (±1, 0) G are invertible. 

3.5 A Wiener algebra of convolution-type operators 

Here we introduce a subalgebra of the algebra A(L^(E^), C 2 ) which consists of 
operators the discretization of which belongs to the Wiener algebra W introduced 
in Section 2.5. For rich operators in this algebra, the Fredholm criterion in terms of 
limit operators takes a simpler form since the uniform boundedness of the inverses 
of the limit operators is not required. We illustrate the efficiency of this result by 
describing the essential spectrum of certain Schrodinger operators with potentials 
possessing discontinuities along surfaces of curved half-spaces. Throughout this 
section, let p = 2. 

3.5.1 Fredholmness of operators in the Wiener algebra 

Let >V(L°^(E^), C 2 ) denote the set of all operators A G A(L®°(E^), C 2 ) such that 
sup ||xot^-a^L^a- 7 XO^||L(L 2 (M^)) < OO 

where xo again refers to the characteristic function of the cube Jq [0, 1)^. It is 
not hard to see that W(L®^(E^), C 2 ) is a (non-closed) *-subalgebra of the algebra 
A(L"^(E^), C 2 ) (for a similar result in a more involved setting see Section 4.3.1 be- 
low). It is also evident that the discretization of an operator A G W(L^(E^), C 2 ) 
leads to an operator on /^(Z^, L^(/o)) which belongs to the corresponding discrete 
Wiener algebra W introduced in Section 2.5. 

Combining Theorems 2.5.7, 3.1.9 and Propositions 3.3.2, 3.3.4, we immedi- 
ately obtain the following. 
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Theorem 3.5.1 Let A G C 2 ) be a rich operator. Then A is a Fredholm 

operator on if and only if all limit operators of A are invertible. 

Corollary 3.5.2 Let A G W(L"^(R^), C 2 ) be a rich operator. Then 

^ess (A) = yj(j{Ah) 

where the union is taken over all limit operators Ah of A. 

In analogy with Theorem 3.4.2, and with the notations of Section 3.4.1, one gets 
the following result concerning the Fredholmness of compressions to rich sets of 
rich operators in the Wiener algebra. 

Theorem 3.5.3 Let A G C 2 ) be a rich operator, and let D be a rich 

subset of . Then the compression of A onto D is Fredholm on L‘^{D) if and 
only if each limit operator of aAl + XdJaXdI 'Is invertible on L^(IR^). 

3.5.2 The essential spectrum of Schrodinger operators 

Theorems 3.5.1 and 3.5.3 allow us to characterize the essential spectrum of some 
Schrodinger operators with potentials in We consider Schrodinger oper- 

ators of the form 

A = — A + wl 

where the potential w G is strongly rich in the following sense: Each 

sequence h : N — > which tends to infinity has a subsequence g such that the 

operator wl possesses a limit operator Wgl with Wg G L"^{R^) with respect to g 
in the sense of the strong convergence on L^(R^), 

lim U-g(^n)'^Ug{n)'o> = WgU for each u G L^(R^). 

Then we call Wg the limit function of w with respect to g, and we denote the set 
of all limit functions of w by Lim(ic). Further, we write Ag = —A + Wgl for the 
Schrodinger operator with potential Wg G Lim (w). 

As usual, a point A G C belongs to the spectrum (the essential spectrum) of 
A if the operator 

A-\I : ^ 

is not invertible (not Fredholm). These definitions of Fredholmness and of the 
essential spectrum can be extended to unbounded operators on Hilbert spaces. 
An unbounded closed operator A acting on a Hilbert space H with domain D{A) 
is a Fredholm operator if the spaces Ker A and Coker A := H/lmA are finite- 
dimensional. For example (see [4], p. 28), if the partial differential operator 

A-.= a„D^, Oa G 

|q!| <m 
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with leading coefficients \<y\ = belonging to C^(R^) is uniformly elliptic, 
i.e., if 

inf >0 for each a; G 5^“ \ 

|a|<m 

then A is a closed operator on with domain iJ^(R^), and the operator 

A : if’^(R^) — ^ L^(R^) is a Fredholm operator in the common sense if and 
only if ^ is a Fredholm operator when considered as an unbounded operator. The 
definition of the essential spectrum of as unbounded operator is verbatim the 
same as in case of bounded operators. 

Thus, the Schrodinger operator A with potential w G L^{R^) can be con- 
sidered as an unbounded closed operator on the Hilbert space H = L^(R^) with 
domain D{A) = iJ^(R^). 

Theorem 3.5.4 Let A be a Schrddinqer operator with strongly rich potential w G 
L^(R^). Then 

cTess{A) = (J (r{Ah). (3.44) 

ii;^GLim (w) 

Proof. Since A := (7 — A)“^ is a unitary operator from L^(R^) onto 77^ (R^), the 
operator A — XI : i7^(R^) — » L^(R^) is Fredholm if and only if the operator 

B{\) 7 -f (u; - A - 1)A : L^{R^) L^(R^) 

is Fredholm. Further, since the operator A is in C 2 , the operator B{\) belongs to 
the Wiener algebra W(L^, C 2 ). By Theorem 3.5.3, B{\) is a Fredholm operator 
on 7/^(R^) if and only if all limit operators 

Bh{\) = I +{wh -X-1)A: L^{R^) -> ^^(R^) 

are invertible. Hence, A — XI : Tf^(R^) L^(R^) is a Fredholm operator if and 

only if all limit operators Ah — XI — —A + {wh — X) I : 77^ (R^) — > L^(R^) are 
invertible, which implies equality (3.44). □ 

Example A. Let w' G SO{R^) and w" G Qsci^^)- Then the potential w 
w' + w” is strongly rich. Thus, if h : N ^ is a sequence tending to infinity, we 
find a subsequence g of h such that 

s-limk-^ooU^g(^k)'wUg(^k) ='^gl 

where Wg limA:^oo C C. Then 

aess{-^ + wI) = y a{-A + WgI) 

WgELim (w) 

GLim {w) 

= U {“si + 

tt;gGLim (w) 
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In particular, if u; G SO{R^) H- Qsc{R^) is real- valued, then A is a self-adjoint 
operator, and since the set of partial limits of a slowly oscillating function is 
connected, the essential spectrum of -A-\-wI is the interval [lim infa,_^oo oo) 

in that case. □ 

Example B. Here we will examine a more involved potential with discontinuities 
at infinity. Let N > 1 and / G and consider the curved half-space 

P(/) {x = (x', Xn) G xR:xn> f{x')} C R^. 

We are interested in discontinuous potentials of the form 

^ - Xp(/)) 

where a, b e SO{R^) and where Xp(/) refers to the characteristic function of P(/). 
As in Section 3.4.3, we get the following characterization of the limit functions of 
the potential w. 

• Let h = {h', Hn) • N ^ x Z be a sequence the last component Hn of 

which tends to +oo. Then there exists a subsequence g oi h such that the 
limit function of w defined by g exists, and this limit function is constant, 

ag := lim a{g{n)). (3.45) 

n— >oo 

We denote the set of all sequences g with this property by J+. 

• Similarly, if of tends to — oo, then there is a subsequence g of h such that 
the limit function of w defined by this sequence is 

bg := lim b{g{n)). (3.46) 

n—^oo 

We denote the set of these sequences ^ by J_. 

• Let, finally, /i be a sequence the last component Hn of which is bounded. 
Then there exists a subsequence g of h such that is a constant sequence, 
gN{n) =\ dh G Z, say, and for which the limits 

lim f{g'{n)) =: fg, lim a{g{n)) =: ttg, lim b{g{n)) =: bg 

n— >oo n— >-oo n^oo 

exist. Then the limit function of w with respect to g exists, and it is equal to 
Wg = agXP(fg-dg) + bg{l - XP{fg-d,))- (3-47) 

We denote the set of all sequences g with this property by Jq. 

Thus, the essential spectrum of A coincides with 

IJ a(-A + dgl) U IJ (j(-A + bgI)U |J a(-A + WgI) 

geJ+ g^J- g^Jo 

where ag^ bg and Wg are defined by (3.45), (3.46) and (3.47), respectively. 
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Let now a and b be real- valued functions in 50(R^). Then 
cr(— A + a^7) = [liminf- a, +oo), 

geJ+ 

a{-A-{-bgI) = [liminf-^ 6 , +cxd) 

geJ- 

where liminf± a refers to the infimum of the set of all limits lim^^oo a(x(n)) where 
X : N ^ X R is a sequence with lim^^oo xn{ti) = ±oo. In case g G Jq, the 

operator 

^9 •= + (^gXP(fg-dg)I + bg{l - XP{fg-dg))I 

is unitarily equivalent to the operator 

Cg := - A -h {agXuN + bgXuN)! 

where R^ := {(x', xn) G R^“^ x R : iLxtv > 0}. Applying the Fourier transform 
with respect to the variable x' G R^~^ and shifting, we see that the operator Cg 
on its hand is unitarily equivalent to the operator 

Cg =ml - — ^ {agXR+ + bgXR_)I, 



acting on the space L^(R'^) = L^(R 



N-l 



), where m refers to the operator of 



multiplication x) := x) and where (xr±u){^, x) := Xm ±(^)^(^5 ^)- 

Note that 

(p 

Lg + ^gXR-)I 

is a Sturm-Liouville operator on R. It is well known (see, for example, [187]) that 
this operator has a continuous spectrum only, which is 

(j{Lg) = [cg^ +oo) where Cg min{a^, bg}. 

Consequently, (j{Ag) — [c^, +oo), whence 

I J cr(-A -h Wgl) = [ inf Cg, +oo). 
g^Jo 

So we finally arrive at the following description of the essential spectrum of the 
Schrddinger operator A, which is 

^ess(A) = [^, +oo), (3.48) 

where 7 := min{liminf_ a, liminf^ 6 , inf^^jo Cg}. □ 

In the same way, invoking the calculation of limit functions for the characteris- 
tic functions of cones with smooth cross-sections performed in Section 3.4.6, one 
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also gets a description of the essential spectrum of Schrodinger operators with 
potentials which have discontinuities along surfaces of smooth cones. 

In this section, we restricted ourselves to consider potentials in 
which excludes, for instance, potentials of multi-particle systems (see [143, 41]) 
which are of particular practical interest. These restrictions are only for brevity, 
and to avoid technical complications. A slight modification of our approach also 
yields precise descriptions of the essential spectrum of Schrodinger operators for 
multi-particle systems in terms of their limit operators. 

3.6 Comments and references 

The Fredholmness of compressions of operators of convolution type for special 
classes of coefficients a, b and special domains D is a. classical theme in concrete 
operator theory; see, e.g., [30, 49, 66, 105, 106, 107, 167]. For example, the multi- 
dimensional Wiener-Hopf operators 

Xoi^I + C{k))xDl\LnD) : L^{D) ^ LP{D) 

where 7 G C and k G are considered in [66] for D being a half-space and in 

[167] in case D a cone in with smooth cross-section, whereas the quarter plane 

case is the topic of [49, 105, 107]. See also Chapters 8 and 9 in [30]. Operators on 
3D wedge shaped domains are studied in [106]. 

In Section 3.2, we have collected some basic facts on convolution operators on 
Z/^-spaces. Theorem 3.2.2 goes back to [172], and the compactness of commutators 
of operators of multiplication by slowly oscillating functions with convolution op- 
erators has been verified in [40]. Our presentation follows [158], where the results 
mentioned in this section are proved in the more general context of operators on 
locally compact groups. 

In Section 3.3, we follow [133]. The class of L^-functions which stabilize at 
infinity has been introduced in [81]. 

The results in Sections 3. 4. 3-3. 4. 8 (with the exception of the results pertain- 
ing to cones with smooth cross section) go back to the authors [133]. The material 
of Section 3.5 is presented here for the first time. 

Many of the results in this chapter remain valid for convolution type operators 
acting on L"^(R^), see [98, 99, 101]. 
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Pseudodifferential Operators 



In this chapter, we are going to study the Fredholmness of pseudodifferential op- 
erators on Again, our strategy is to discretize these operators in a suitable 
manner in order to get operators which live on a discrete /^-space. In the situation 
at hand, it is convenient to perform this discretization both with respect to the 
variable x G and with respect to the co- variable ^ G in the Fourier image. 
One advantage of this discretization is that 'P-Fredholm operators on the discrete 
/^-space correspond to common Fredholm operators on 



4.1 Generalities and notation 

The goal of this section is to set up some notations and to summarize (mostly 
without proofs) some basic facts on pseudodifferential operators. Standard refer- 
ences are [76, 90, 164, 175, 181]. A short introduction to the material sketched in 
this section can be also found in [127]. 



4.1.1 Function spaces and Fourier transform 

We denote the usual operators of first order partial differentiation on by 



d 

dxj 



and 



Dr 



1 d 

i dxj 



For every multi-index a = (cci, . . . , a/v) with non-negative integers aj, we write 



a" := a"; • ■ • and D°‘ . 

Further, we set |a| := ai~\ hav and, for each vector ^ = (^i, • . • , ^ , we 

define := and (^) := (1 -h where |^|2 refers to the Euklidean 

norm of The following classes of functions on will be needed in what follows: 
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• is the linear topological space of all real- valued infinitely differen- 

tiable functions on A sequence {(pn) converges to zero in the topology of 
^oo(j^N) compact subset K of R^ and each multi-index a, 

lim sup \d^(pn{x)\ = 0. 

xeK 



• C^(R^) is the subspace of C'^(R^) which consists of all functions with com- 
pact support. A sequence {(fn) converges to zero in the topology of C^(R^) 
if there exists a compact subset K of R^ such that supp (fn ^ K for all n G N 
and that, for each multi-index a, 

lim sup \d^(pn{x)\ = 0. 



• 5(R^) is the subspace of C^(R^) of all functions (p with 

\p\m-oc := sup {x)^\d^(p{x)\ < oo 
xeR^ 

for all m G N and all multi-indices a. 

• C^(R^) is the subspace of C°°(R^) of all functions p with 

\p\m ■= V sup \d"^p{x)\ < OO 

^ AT 



for all m G N. 

The convergence in S{R^) and C^(R^) is defined by the families of the corre- 
sponding semi-norms \.\m]a and |.lm* 

We will write the Fourier transform p = Fp of the function p G 5(R^) in 
the form 

<^(0 = {Fipm ■= f dx, ^ e 

where (x, := xi^i + • • • + Then F acts on the Schwarz space 5(R^) as 

a continuous isomorphism the inverse of which is given by 

{F-^p){x) (27t)-^ [ X G R^. 

Jrn 

The Fourier transform can be extended continuously to a bounded and (up to a 
constant factor) unitary operator on L^(R^) such that Parseval’s equality 

ll<^lk2(R'^) = (27r)^/2||<^||L2(R«) 

holds for all p G I/^(R^). The Fourier transform mediates between the operators 
of differentiation and multiplication by polynomials as follows 

{FD^um^CFuiO^ 



(4.1) 
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Given (3 E let 

(Eau){x) := and := u{x — (3). 

Both Eoc and are unitary operators on and EVf^ = E-f^E as well as 

E~^Vj 3 = EpF~^. Thus, the operators E^ act as shift operators in the Fourier 
image. Furthermore, 

i^aV^/3 = (4.2) 

4.1.2 Oscillatory integrals 

For each function p G C^{R^ x R^) and each multi-index a, we write and 
for the operator applied to the functions x h-> p(x, and ^ i-^ p(x, ^), 
respectively. Similarly, we let A {dxi)‘^ + • • • + Laplacian, and 

we let {Dx)‘^ and {D^)‘^ refer to the operator / — A, applied to the functions 
X p{x, and ^ i-^ p{x, ^), respectively. 

Definition 4.1.1 Let m G N. The function p G C^{R^ x R^) belongs to the Hor- 
mander class if, for each r, t eN, 

\P\r,f-= 'E 

Thus, the Hormander class Sq q coincides with C^{R^ x R^). 

A function % G *S'(R^ x R^) is called a cut- ojf function if it is identically 1 in 
an open neighborhood of the origin of R^ x R^ . For each R> 0, set Xr{^^ 0 
X{x/R, ^/R). 

Definition 4.1.2 Let p he a measurable function on R^ x R^ , and let x l^^ cb cut-off 
function on R^ x R^ . If the limit 

lira (2n)~^ [ [ xr(^, dx 

R^OO J^N J]^N 

exists, and if this limit is independent of the choice of y, then it is called the 
oscillatory integral of p , and we denote it by 

os f f p(x, dxd^. (4.3) 

J Jrn 

Proposition 4.1.3 Let p E S^q. Then the oscillatory integral (4.3) exists. Further- 
more, for all integers k\ > N/2 and k 2 > {N + m)l2, 

os [ [ p{x, dx df, 

J Jrn 

= {2n)-^ j [ 

Jr^ jRd^ 
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and the following estimate holds with a constant C independent ofp {but depending 
on k\ and k 2 ) 



os 



J Jrn 



< C\p\2ki,2k2’ 



(4.4) 



Proposition 4.1.4 Letp G C^{R^), and suppose there are anm eN and constants 
Ca such that \d^p{x)\ < Ca{x)^ for all multi-indices a. Then, for all y G 



os 



// ^ 

J Jrn 



p{x + y)e 






4.1.3 Pseudo differential operators 

Let p G 5q(o- The operator Op{p) defined at G S{R^) by 

{Op{p)u){x) := (27t)~^ f p{x, ^)u{^)e^^^'^'^d^, x G (4.5) 

Jrn 

is called the pseudodifferential operator with symbol p. The class of all pseudodif- 
ferential operators with symbol in S^q is denoted by OPS^q. 

Proposition 4.1.5 If p G S^q, then Op{p) is bounded on S{R^). 

The proof follows easily from the Leibniz rule and by integration by parts in the 
integral (4.5). □ 

Writing the Fourier transform of u explicitly, one has 

{Op{p)u){x) = {27 t)~^ f [ p{x, ff)u{x -E y)e~^^^'^^ dy d^. 

Jr^ Jr^ 

This integral can be considered as the oscillatory integral 

os [ [ p{x, ^)u{x dy d^, (4.6) 

J Jrn 

thus yielding an alternative definition of pseudodifferential operators via oscillatory 
integrals. Moreover, the oscillatory integral (4.6) makes sense also if p G S^q, but if 
u is merely in C^{R^). Indeed, in this case, the function {y, ^) i-^ p{x, f^)u{x-\-y) 
is still in 5q^q for each fixed x G R^ . So one can choose (4.6) as the definition of 
Op{p)u for u G C^{R^). 

Proposition 4.1.6 If p E S^q, then Op{p) is bounded on C^{R^). 

Examples. If p{x, ^) a{x) is independent of then Op{p) is just the operator 
of multiplication by the function a. In case p{x, ^) = b{^) is independent of x, 
then Op{p) is the operator of convolution by the inverse Fourier transform of b. 
Moreover, it follows from (4.1) that also the shift operators Ea and Vp as well as 
the differential operators can be considered as pseudodifferential operators. □ 
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4.1.4 Formal symbols 

Let P : ^ C^{R^) be a bounded linear operator. We define the formal 

symbol symp : x M of P by 

synip(x, := 

The boundedness of P ensures that the function symp belongs to C^(R^ x R^). 
Let u e S'(R^). Then 

(Pu){x) = (27t)“^ [ P{e'^^'^^'^){x)u{^) 

Jrn 

= ( 27 t )“^ / e^^^’^'>symp{x, ^)u{^)d^. 

Jr" 

Thus, if symp G then P = Op(symp). We claim that the correspondence 
P I— > symp is injective. In fact, 

f e^^^’’^^symp(x, ^)u{^) = 0 for all u G S'(R^) 

Jrn 

implies that 

[ symp(x, 0^(0 ^ for all v G S'(R^), 

Jr^ 

whence symp = 0 since symp is a continuous function. 

The following propositions describe the formal symbol of the composition 
and the formal adjoint of pseudodifferential operators. 

Proposition 4.1.7 Let A = Op{a) G OPS^q and B = Op{b) G OPS^§. Then 
AB e and 



syniABix, 0 



OS 



II 

J JR^ 



a{x, + p)b{x P y, f)e dr/. 



Moreover, 

|sym^p|mi,m2 ^ 2ki +mi , m2 l^lmi , 2/c2+rri2 

for all sufficiently large integers k\ and k 2 , where the constant C is independent 
of a and b {but dependent on mi, m 2 , k\ and /C 2 ). 

For u, V e 5(R^), let 

{u, v) / u{x)v{x)dx, 

JR^ 

and let A : S'(R^) P(R^) be a bounded linear operator. Then the operator 

A* : S'(R^) ^ S{R^) is called a formal adjoint of A if 

{Au, v) = {u, A*v) for all u, v e S{R^). 



Clearly, every operator A has at most one formal adjoint. 
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Proposition 4.1.8 Let A = Op{a) G OPS^q. Then A possesses a formal adjoint 
which belongs to OPS^q again, and 



sym^: 



,{x, ^) = os [ [ a{x + y, ^ + T])e ^’^^''^'^dydri. 

J Jrn 



Moreover, 



1^1 , ^^2 — ^1^1 2/ci+mi , 2^2 +m2 



for all sufficiently large integers k\ and k2, where the constant C is independent 
of a {but dependent on mi, m2, k\ and /C2). 



4.1.5 Pseudodifferential operators with double symbols 

Occasionally, it will be convenient to work in a class of pseudodifferential operators 
with symbols depending on three parameters. 

Definition 4.1.9 A function a G Cf^{R^ x x R^) is called a double symbol in 
the class S'o?o,o 

\a\r,s,t--= sup y] y, OKO””" < 00 

|a|<r, \( 3 \<s, \^y\<t 

for each choice o/r, s, t G N. To each a G associate the pseudodifferen- 

tial operator Opd{a) with double symbol a by 

{Opd{a)u){x):= [ [ aix,y,Ou{y)e^^^-^'^Uyd^, ugS{R^). 

The class of all operators Opd{a) with a G *^ 0 ^ 0,0 denoted by OPS^qq. 

Sometimes, double symbols are also referred to as amplitudes. 

Formally, the class OPS^q 0 pseudodifferential operators with double 

symbol seems to be much larger than the class OPS^q. Surprisingly, it turns out 
that both classes coincide. 



Proposition 4.1.10 Let a G *So^o,o ^ •“ Opd{o) • Then A G OPS^q, and 



sjm^{x, 0 =os[ f a{x,x + y,^ + y)e-^<y’^^dydy. 
J Jrn 



Moreover, for k > N/ 2 , 



|sym^ 7722 — C\a\ 2 k-\-mi , m2, 2fc+m2 

where C is a constant independent of a {but depending on m\, m2 and k). 

By means of pseudodifferential operators with double symbol, we get the following 
description of the Fourier transform of a pseudodifferential operator. 
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Proposition 4.1.11 Let A = Op{a) with a G Sq q, and set d(x, y, a(— y). 

Then FAF~^ belongs to OPSqq, and 

FAF-^ = Opdid). 

Moreover, for k > N/2, 

|syni^ ^ 79^2 — ^|^|2fc+m2 , 2/c+mi 

where C is a constant independent of a {but depending on mi, m 2 and k). 

Proof We have 

{F Au){x) = {2'k)~^ f f a{^, y)e'^^^^^^u{y) dy d^ 

Jr^ 

= {27t)-^ [ [ ai-^,y)F^^’^-y^u{y)dyd^ 

Jr^ Jr^ 

which obviously coincides with {Opd{a)u){x). The norm estimate follows from 
Proposition 4.1.10. □ 

4.1.6 Boundedness on L^(M^) 

The celebrated Calderon-Vaillancourt theorem states the boundedness of pseu- 
dodifferential operators on This result is crucial in what follows, and we 

provide it with a proof. 

Theorem 4.1.12 (Calderon- Vaillancoiu*t) For a G Sqq, the operator Op{a) is 
bounded on and 

\\Op{a)\\L 2 < C'|a| 2 /ci, 2 /c 2 whenever 2k\ > N and2k2 > N, 

where C is a constant independent of a {but depending on k\ and /C 2 ). 

We prepare the proof by a few propositions and start with discrete versions of 
Proposition 3.3.3 and of estimate (3.10) on the boundedness on of convolution 
operators. Let i/ be a Hilbert space. 

Proposition 4.1.13 Let T be an operator which acts on the finitely supported se- 
quences in l‘^{Z^,H) by 

(Tii)(a) = t{a, (3)u{P), a € 

/3€Z" 

If 

Ml := sup ^ ||i(a, / 3 )|| < 00 , M 2 := sup ^ ||i(a, / 3 )|| < 00 , 
then T extends continuously to a bounded linear operator on t^{Z^ ,H), and 
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Corollary 4.1.14 Let t G 1^{Z^ Then the operator T, defined by 
{Tu){a) := t{a — P)u{/3)^ a G 

is hounded on ,H), and |lT|| 7 ;,(/ 2 ) < \\t\\ii. 

Proposition 4.1.15 a G 5qo; K C be a compact set such that 

a(x, ^) = 0 if X ^ K. Then Op{a) is a hounded operator on L^(R^), and for every 
k > N/2, one has 

\\Op{a)\\L(L^) <C{mesK) \a\o, 2 k (4.7) 

with a constant C > 0 independent of K and a {but depending on k). 

Proof Set A := Op{a), and let u G S'(R^). By Parseval’s equality, 

IIAwlI = (27t)^/"||:^^||, 



where 



and 



{Au){0 = ( 27 t ) ^ [ a{^- r], r])u{ri)dri 

JRN 

a(v,0~ [ 



The function d can be estimated by 



|aW,OI< f \{D,f^a{x,0\dx{v)-^'^ 

Jk 

whence \a{r], ^)1 < (mes K)|a|o, 2 fe(» 7 )“^^ for every fc G N. If 2fc > N, then (3.10) 
applies, and it yields the estimate (4.7). □ 

Let / € C^{R^) be a non-negative function with /(x) = /(-x) for all x, /(x) = 1 
if |xi| < 2/3 for alH = 1, . . . , and with /(x) = 0 if |xj| > 3/4 for at least one i. 
Define a non-negative function ip by 



p‘^{x) := 



fix) 

fix - P) ’ 



X G 



dAT 



and set y:>a{x) •= p{^ ~ for C Z^ . The family {ifa) forms a partition of unit 
on R^ in the sense that 



(^) = 1 for ^11 ^ ^ • 

aez^ 



(4.8) 
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Proposition 4.1.16 Let A = Op{a) G OPSqq, and let {(pa) be a partition of unit 
satisfying (4.8). Then, for all a, /3 e and k 2 > N/2, 

\\Ta^TpI\\L{L'^{R^)) ^ — O') |a|2/ci, 2 /c2 (4-9) 

with a constant C > 0 independent of a, (3 and a {hut depending on ki and /C 2 ). 

Proof. Let a, /3 G Z^. Since shift operators act as isometries, we have 

II = II II = II (^Q VLq,21V^(/9^_q;/|| . 

It is easy to see that Aa ‘= V-aAV^ = Op{aa) with aa{x, = a{x + a, ^). The 
formal symbol of the operator (poA^Pis-al has its support with respect to x in 
the cube [—1, 1]^. In order to apply Proposition 4.1.15, it remains to estimate 
|sym^o^cv^-./lo,2fc- Prom 

= cpo{x)os / a{x + a, ^ + T])ipi3-a{x + y)e~'^'^’'^'>dydr] 

J Jrn 

JR^ Jr^ 

a{x + a, ^ + v)fi 3 -a {x + y) dy dy 

we get 

\^y^<poA^V0-ali^^ 0I 

< C\a\2kuO‘Po{x) [ {y)~'^''^\(Dyf'^^ipo{x + y + a- P)\dy 

Jrn 

= C\a\ 2 k^^Qi-PQ{x) [ (z + P - a)~'^'"^\{D:,)^'"^(po{x + z)\dz 

JR^ 

<C|a|2fc„o(/3-«)“'''VoW / {z)-^'^mD,f^-Mx + z)\dz, 

JRN 

where we applied Peetre’s inequality 

(x-y)''<2PI/2(x)’'(2/)PI 

(holding for arbitrary r G R and x, y G R^) in the last estimate. Because of 
supp(/9o C [—1, 1]^, the function 

xi-^(po{x) [ {z)~‘^''^\{D^f’^^(poix + z)\dz 
J&N 

is bounded. Thus, we arrive at the estimate 

W<poA^V0-Ax, 01 < C'|a|2fci,o(/3 - 
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for all 2ki > N. In the same way, we obtain 

W^oAcv>0-Jo,2k2 < C'|a|2fei,2fe2{/3 - 

for all 2ki > N and 2/^2 > N and with a constant C depending on ki and k 2 only. 
The latter estimate implies (1.7) via Proposition 4.1.15. □ 

Proof of the Calderon- Vaillancourt Theorem. Let A = Op{a) G OPSq q and u G 
and let {(fa) be a partition of unity satisfying (4.8). Then, by (4.9), 

||<^q.4w|| = II ^ (paAifipippuW < ^ \\ipocA(ppI\\ \\<^0u\\ 

(3ei^ 

< C\a\2ki,2k2 T, 

Thus, Corollary 4.1.14 implies 

Pu||2 = ^ yaAuf 

aez^ 

< C|a|L,,2fc2 E ( 

\l3ez^ 

^ C'|a|2fci,2fc2 ^ = C!\a\2k^ 2k2\W\\‘^ 

f3ez^ 



which finishes the proof. □ 

4.1.7 Consequences of the Calderon- Vaillancourt theorem 

Adjoints. Let a G Sq q. Since Op{a) is bounded on L^(R^) by Theorem 4.1.12, 
and since 5(R^) is dense in L^(R^), the formal adjoint of Op{a) can be extended 
boundedly to an operator on L^(R^), and this extension coincides with the usual 
Hilbert space adjoint of Op{a) G L(L^(R^)). 

Compactness. For the compactness of pseudodifferential operators on one has 
the following result. 

Proposition 4.1.17 Let a e Sqq. Then Op{a) is compact on L^(R^) if and only if 

lim a(x, ^) = 0. 

(x,^)-^oo 

Proof Let (p G C^(R^) be equal to 1 in a neighborhood of the origin. For i? > 0, 
set Pr{x) := p{x/R) and 'iI^r{x^ := Tr{x)pr{^). The Calderon- Vaillancourt 
theorem implies 

lim ||Op(a) - Op{a)Op{'ipR)\\ = 0. 

R^oo 
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The operator Op{'i/^r) is the product of the multiplication operator with the 
convolution operator F~^(PrF. By Theorem 3.2.2, this operator is compact. Being 
a norm limit of compact operators, the operator Op{a) is compact, too. This settles 
the proof of the if direction. The proof of the reverse direction will be postponed 
to the end of Section 4.3.3 where it will be a simple corollary of Theorem 4.3.16. □ 

Boundedness on Sobolev spaces. For s G M, we let stand for the space 

of all distributions u G which have a measurable Fourier transform u that 

satisfies 

JRN 

Evidently, this norm is equivalent to 

II«IIho(r'V) == [ \{{Dyu)(x)\'^dx, 

Jrn 

where (D)^ is the pseudodifferential operator Op{a) ^ Sqq with symbol a{x, := 
(^)^. Thus, the operator {D)^ acts as an isometry from H^{R^) onto L^(R^). 

Theorem 4.1.18 Let a G S^q. Then Op{a) is a bounded operator from 

into for every s G R. Further, if the integers k\ and /c2 are chosen 

sufficiently large, then 

< C\a\k^^k2 

with a constant C independent of a {but depending on k\ and /C2). 

The proof follows immediately from the Calderon- Vaillancourt Theorem and from 
Proposition 4.1.7. We conclude with a result on inverses of pseudodifferential op- 
erators the proof of which can be found in [14]. 

Theorem 4.1.19 Let A G OPSf^Q act as an invertible operator from iJ®(R^) onto 
jys-m(RiV) some s. Then A~^ is in OPSf^. 

4.2 Bi-discretization of operators on 

The discretization of operators on L^(R^) which we are going to introduce here 
is finer than the discretization used in the preceding chapter. Here we will not 
only discretize with respect to the variable x G R^, but simultaneously also with 
respect to the co- variable ^ G R^ in the Fourier image. 

4.2.1 Bi-discretization 

Our point of departure is the partition of unit {^a)aez^ introduced in Section 
4.1.6. That is, we have (pa{o^) = ~ with a suitably chosen C^-function 

p, and (4.8) holds. For 7 := (a, /?) G x Z^, we set (j)^{x, 




212 



Chapter 4. Pseudodifferential Operators 



and := Op{(j)^). These operators are compact by Theorem 3.2.2. Further, due 
to (4.8), 

^ Opiifp) v>iop{ipi3)u 

76 Z 2 ^ /3eZ^ a€Z^ 

= H Op{ppfu = F~'^ ^ pIFu = u 
/3ez" /Sez'v 

for all u G L^(R^). Thus, the family (^ 7 ) 7 gz 2 ^ forms a partition of unit in the 
sense that 

= / (4.10) 

7GZ2^ 

where the series converges strongly on L^(IR^). Analogously, one checks that 
Yjj ^ 7^7 = I- Moreover, 

Mh= E E (4.11) 

7GZ2^ 7GZ2^ 

for every u G L^(R^) which follows easily from (4.10): 

Mlh = E “) = E = E ii^7«llL2- 

7GZ2^ 7GZ2^ 7GZ2^ 

We write each vector 7 G as ( 71 , 72 ) C x and set \= G 

L^(R^) where Va and Ep are defined as in Section 4.1.1. The operators /7^ are 
unitary, and one eatsily checks that Note that the operators to- 

gether with the scalar unitary operators with r G Z, form a non-commutative 
group, the so-called discrete Heisenberg group. In particular, one has the following 
identities, which follow easily from (4.2), 

U* = Ua,Up = (4.12) 

U*Up = (4.13) 

where a := (ai, a 2 ), /3 := (/?i, P 2 ) € x Z'^. 

We define the bi- discretization Gu of a function u G L^(R^) by 

(Gu)j := ^oG;u, ^gI?^, 

i.e., we consider Gu as a vector- valued function on 1?^ with values in L^(IR^). 

Proposition 4.2.1 The operator G : L^(R^) /^(Z^^, L^(R^)) is an isometry. 

Its adjoint is given by 

G*f= E 

76Z2^ 

where the series converges in L^(R^). 
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Proof. The isometry of G follows from (4.11) since 
\\Gu\\%= ll$o£/>|ii.= ^ \\u^^ou;u\\l. = ll^7«lli^ = llwlli- 

7GZ2^^ 7GZ2^ 7GZ2^ 

Further one has 

{Gu, f)p = ^ {{Gu)^, f^)L 2 = i^oU;u, 

7GZ2^^ 7GZ2^ 

= Y1 = {u, G*f)L2 

7GZ2^ 

for every u G and / G P{I?^ , □ 

Thus, G*G = 7, and the operator Q := GG* is an orthogonal projection on 
L^(R^)). We let ImQ denote its range. Then 

G:L2(M^)^Im(5 

is a unitary operator, and every operator A G L(L^(R^)) is unitarily equivalent 
to the operator 

Ac :=GAG*|i^^. 

We extend Aq to an operator F(A) acting on all of ^ 7/^(R^)) by setting 

r(A) := AgQ + I-Q = gag* + I-Q 

and consider T(A) as the bi-discretization of A. Clearly, 

G*r(A)G = G*(GAG* + 7 - GG*)G = A. 

4.2.2 Bi-discretization and Fredholmness 

For the following result, recall the definition of the approximate identity on the 
Hilbert space /^(Z^^, L^(R^)) given in Section 2.1.1. Here we denote this identity 
by 'P = {Pn)neN in order to distinguish it from an approximate identity on L^(R^) 
which will be introduced later. The approximate identity V is perfect, hence, every 
compact operator on /^(Z^^, L^(R^)) is 'P-compact. 

Proposition 4.2.2 

(a) The operators PkQ and QPk are compact for every k eN. 

(b) The projection Q belongs to ^ L^(R^)), V). 

(c) For A G L(L2(rA^))^ the operator F(A) is in V). 

(d) Let K G L(/^(Z^^, L^(R^))) be a V-compact operator of the form K = 
QKQ. Then G* KG is compact. 

(e) The operator A G L(7/^(R^)) is invertible (Fredholm) if and only if the op- 
erator T{A) G L(/^(Z^^, 7/^(R^))) is invertible (V -Fredholm) . 
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Proof, (a) For a moment, let the operators G L^(M^))) 

with 7 G be defined as in Section 2.1.2. It is clearly sufficient to verify the 
compactness of all operators S^Q and QS^. A straightforward calculation yields 
that 

S^Q= Y, (4.14) 

/3GZ2^ 

Since, with certain constants c^/ 3 , 

= o 

if /3 is sufficiently large, the sum (4.14) has only a finite number of non- vanishing 
items. Each of these items is compact because $0 is compact by Theorem 3.2.2. 
Thus, S^Q and QS^ = {S^QY are compact. 

(b) Recall from Proposition 1.1.8 that Q belongs to , L^(E^)), V) if and 

only if, for every /c G N, 

\\PkQ{I-Pn)\\-^^ and \\{I-Pn)QPk\\^^ 

as n ^ (X). These conditions follow immediately from the compactness of PkQ and 
Qpk and from the *-strong convergence of the Pn to the identity. 

(c) As in the previous step, we have to show that, for every A: G N, 

||Ar(A)(/-Pn )||-0 and ||(/-P,)r(A)A ||-0 

as n 00 . Let us check the first condition. We have 

PkT{A){I - Pn) = PkQGAG^I - Pn) + Pk{I - Pn) ~ PkQ{I ~ Pn)^ 

The first and the third term in this sum tend to zero in the norm since PkQ is 
compact and since the I - Pn converge strongly to 0 . The second term is zero 
whenever n > k. 

(d) If K is P-compact, then \\K{I - Pn)\\ ^ 0 . Consequently, 

\\G*K{I - Pn)G\\ = ||G*XGG*(/ - Pn)G\\ = \\G*KG{I - G*PnG)\\ 0 . 
Since 

G*PnG = Y 

q:G[— n, 

and is compact, the operator G'^KG is the norm limit of compact operators 

and, hence, compact. 

(e) Since A and Ac are unitarily equivalent, the operator A is invertible (Fredholm) 
if and only if Ac is invertible (Fredholm). We claim that the latter happens if and 
only if the operator F(A) is invertible (P-Fredholm). 

Let Ag be invertible on ImQ, and let B be its inverse. Then, clearly, QBQ-{- 
I - Q is the inverse of F(A). Conversely, if G is the inverse of F(A), then QGQ is 
the inverse of Ag, since T{A)Q = QT{A)Q = Qr(A). 
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Let now Ac be Fredholm, and let B be a regularizer of i.e., the operators 
AqB — I and BAq — I are compact. Then the operators 

T{A){QBQ^I-Q)-I 

= {QAgQ + / - Q){QBQ 4- / - Q) - / = QAqBQ -Q = Q{AgB - I)Q 

and {QBQ + / — (3)r(A) — I are compact and, hence, also P-compact, whence the 
'P-Fredholmness of T{A). Let, conversely, T{A) be a P-Fredholm operator. Thus, 
there are an operator B G ^ L^(IR^)), V) and 'P-compact operators L 

such that 

T{A)B = I AK and BT{A) = I A L. 

We multiply both equalities from both sides by Q. Since F(74) commutes with Q, 
we get 

QT{A)QBQ = Q A K' and QBQT{A)Q = Q A L' (4.15) 

with P-compact operators K' and L' satisfying 

K' = QK'Q and L' = QL'Q. 

Multiplying (4.15) by G* from the left-hand side and by G from the right-hand 
side we find 



AG*PG = / + G*X'G and G^BGA = I A G^L'G. 

The operators G*K'G and G*L'G are compact by assertion (d). □ 

4.2.3 Bi-discretization and limit operators 

For n G N, set 

Pn ■■= 

q;G[— n, n]2-^nZ2-^ 

As we have seen in Section 4.2.1, the sequence P := (Pn)neN forms a perfect 
approximate identity on L^(M^) which consists of compact operators only. 

Let the unitary operators Ua be as in Section 4.2.1, and let H denote the set 
of all sequences in which tend to infinity. In accordance with the notations 
from Section 1.2.1, we call the operator Ah G L(I/^(E^)) the limit operator of A G 
1/(1/^ (R^)) with respect to the sequence h e H if Ah = V-limm-^ooU^(^^^AUh{m)- 
Equivalently, Ah is the limit operator of A with respect to h iff 

lim lim \\Pn{Ul^^^AU„^m)-Ah)\\=0 

m— >oo ^ ^ m — ^oo ^ ' 

for every n G N. Since the operators Pn are compact and tend * -strongly to the 
identity operator, these conditions are equivalent to the * -strong convergence of 
^h{m)^^h{m) to Ah as m tending to infinity. 

Our goal is to relate the limit operators of operators A on L^(R^), which 
are defined by means of the unitary operators with the limit operators of the 
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discretization T{A) on , L^(R^))), which are defined with respect to the 

unitary shift operators 



{V^u)a '= Ua-j, a e 1 ?^ 

where 7 G 1 ?^ . For, we need a few prerequisites. Given 7 = (71, 72) C 1 ?^ = x 
Z^, we define a unitary operator Tly on /^(Z^^, L^(R^)) by (Tly?i) OL • e U(x. 

Lemma 4.2.3 Let 7 G Z^^. T/ien 

VL^G = TlyGt/; and 

on L^(R^) and on /^(Z^^, L^(R^)), respectively. 

Proof. Let / G ^^(R^) and o G Z^ x Z^. Then 

{V.^GU^fU = (Gf/^/).+7 = 

= {f^GfU 

where we used (4.13). Hence, V-^GU^ = T^G on L^(R^), which implies the 
assertions. □ 

Lemma 4.2.4 Every sequence h eH possesses a subsequence g such that the func- 
tions 

/^ : Z^ ^ T, a e^{9(m), a) 
converge uniformly on Z^ as m 00. 

Proof. Set r_i := h, and let 7 : N Z^ be an enumeration of Z^. By the 
compactness of the unit circle T, there is a subsequence ro of r_i such that 

^z(ro(m),7o) /(70) G T aS 771 — > (X) 



and 

|gi(ro(m),7o) _ 2 for all m G Z^. 

We proceed in this way and get, for every positive integer n, a subsequence of 
rn-i such that 

^i{rAm),^n) ^ T asm ^00 

and 

|gi(rn(m),7n) _ < 2 ~^ for all m G Z^. 

Set g{n) := rn{n). Since g is (with exception of a finite number of entries) a 
subsequence of each sequence rn, we have g 
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and 

2"^ for all m G and n G N. 

We claim that the functions fm converge uniformly to the function / : Z^ ^ T 
defined in this way. Given e > 0, choose K e N such that 2~^ < s, and then 
choose M G N such that 

|g 2 (^(m), 7 r.> _ < £ for all m > M and n < K. 

Then \e^( 9 (m),a) _ ^ ^ all m > M and a G Z^. □ 

Proposition 4.2.5 Let A G I/(L^(R^)) be such that the limit operator Ah with 
respect to the sequence h E 7i exists. Then there is a subsequence g of h such 
that the limit operator r(v4)^ of r(A) exists and that the operators r(>l)^ and 
are unitarily equivalent. 

Proof. Let /i G 7Y be a sequence such that the limit operator Ah exists. By the 
preceding lemma, there is a subsequence g oi h such that the functions (4.16) 
converge uniformly on Z^^ to a certain function fg : 1?^ T. Let the operator 
Tg : L^R^)) ^ L2(R^)) be defined by {Tgu)a := fg{ai)uo^. 

Since all values of fg are unimodular, the operator Tg is unitary. Moreover, from 
the uniform convergence of the functions (4.16) to fg we conclude that 

\\fgim)-Tg\\= sup as m ^ oo. 

Now, by Lemma 4.2.3, 

V_g^m)GAG^Vg^m) = fg^m)GU;^^^AUg^m)G%^m). 

and the right-hand side of this equality converges *-strongly to TgGAhG*Tg. 
Hence, the limit operator {GAG*)g exists, and 

{GAG^g = TgGAhG^T;. (4.17) 

Choosing A = I,we see in particular that every sequence h which tends to infinity 
possesses a subsequence g such that the limit operator Qg of Q = GG* exists 
and that this limit operator is equal to TgQT*. Of course, one can choose the 
same subsequence g as in (4.17). Consequently, the limit operator of F(A) = 
GAG* 1 - Q with respect to g also exists, and 

T{A)g = (GAG% + {I-Q)g 

= TgGAhG*T; + Tg{I - Q)T; = TgT{Ah)T;. (4.18) 



This proves the assertion. 



□ 
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4.3 Fredholmness of pseudodifferential operators 

Here we are going to single out a class of operators which become band-dominated 
operators in the rich Wiener algebra after bi-discretization. This will enable us 
to derive Fredholm criteria for these operators. Particular examples of operators 
which belong to this class are provided by the pseudodifferential operators with 
symbol in o- 

4.3.1 A Wiener algebra on 

We define a Wiener algebra of operators on by imposing conditions on 

the decay of the norms _^||. 

Definition 4.3.1 Let A be a linear (not necessarily hounded) operator on 
We say that A belongs to W(L^(R^)) if 

II^IIw(l2(e^^)) := Y] sup ||4 >cA^*_^||l(l2(e^)) < OO. 

The class W(I/^(R^)) contains sufficiently many interesting operators. Actually 
we will show that all pseudodifferential operators with symbol in Sq q belong to 
W(L2(R^)). To check this, we need the following analogue of Proposition 4.1.16. 

Proposition 4.3.2 Let A = Op(a) e OPSq q and a = (ai, a 2 ), j3 = (/?i, /? 2 ) G 
Z^xZ^.Then 

< C|a|2fc+2m, 2fc+2m(o;i — /?l) ^ { 0 L 2 ~ (^ 2 ) ^ 

whenever 2k > N , m is large enough, and with a constant C > 0 independent 

of a and of a and (3 {but depending on k and m). 

Proof Applying Proposition 4.1.16 to the operator B := Op{(pa 2 )^Op{(pp^), we 
get 



||$a^$^||i,(i,2(RN)) = ya,Op{ipa2)AOp{ip0^)(ppJ\\^L2^RN)) 

< C{ai - /3i)~'^'"\symB\2k,2k 

for all 2k > N. By Proposition 4.1.7, |symg| 2 fc, 2 fe < C\a\ 2 k+ 2 m, 2 k+ 2 m whenever 
2m > N. Thus, 

||^a-44>^||L(L2(E^)) < C{ai - /3l)~^^|a|2/e+2m,2fc+2m- (4-19) 

Similarly, applying Proposition 4.1.11 to the right-hand side of the estimate 

= \\Op{<Pa,)Pa^FAF~'^(pi3^0p{(pa2)\\LiLHRN)) 
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we obtain 

< C{0i2 ~ /? 2 ) |^i| 2 fc+ 2 m, 2 fc+ 2 m (4.20) 

for every 2k > N and for every m which is sufficiently large (recall that (p is an 
even function by hypothesis). Multiplying (4.19) by (4.20) and taking square roots, 
we get the assertion. □ 



CoroUary 4.3.3 OPS% C W(L2(M^)). 

Indeed, for A G OPSq q, and with 7 ( 71 , 72 ) and a \= (ai, ^ 2 ), the preceding 

proposition implies 



sup < C|a|2fc+2m,2A:+2m (Ti) ^ {I 2 ) 

which is finite if k is chosen large enough. □ 

The following proposition summarizes some basic properties of W(I/^(R^)). 

Proposition 4.3.4 

(a) W(L 2 (R^)) c L(L 2 (R^)), and 

II^I|l(l 2 (e^)) < ||^||w(L 2 (E^)) for all A G W(L^(R^)). 

(b) Provided with the norm A || 74 ||^(^ 2 (]^iV)) and with the involution A 

(= the Hilbert space adjoint of A), the set >V(L^(R^)) becomes a unital 
involutive Banach algebra. 

Proof, (a) The boundedness of ^ G W(I/^(R'^)) as well as the norm estimate can 
be obtained as follows, where we employ (4.10) and (4.11) several times: 






< 



< 



< 



7GZ2^ 



2 



E 

7GZ2^ 



<5gZ2^ 



E ( E ll^7^^;-all ll^7-««ll 

7GZ2^ \q;GZ2^ 



E ( E kA{a)\\%-aU\\ 

7GZ2^ \q;GZ2^ 



2 



E ( E kA{'J-a)\\^aU 

7GZ2^^ \c^GZ2^ 



2 



2 
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with kA{a) := Since Ha is in Z^(Z^), Corollary 4.1.14 yields 

/ \ 2 



\\Auf < 



j€Z2^ 



ll^ct'^lP — ||^|Iw(L 2(M^)) ll^ll 

aeZ‘^^ 



whence assertion (a). 

(b) Let A, Be W(L2(R^)). Then, clearly, 

||<^^||w(L2(E^)) = |<^| ||^||w(L2(E^)) 



and 



||A + B||w(L 2(M^)) < ||^||w(L2(E^)) + ||^||w(L2(RA^))- 
For the product AB^ one finds 



II^^IIw(L 2(E^)) — sup 



< 

< 



E 

7GZ2A^ 



sup 

ceGZ2^ 



6>ez2^ 



X X kA{0)kBil-0) 

7GZ2^ 6>GZ2^ 

||^||w(L2(E^))||^||w(L2(E^))* 



Further, since = \\^sA*^*\\, the operators A and A^ belong to the 

Wiener algebra W(I/^(M^)) only simultaneously, and 



||^||w(L2(E^)) — ||^*||w(L2(E^)) 

in this case. That the identity operator belongs to W(L^(E^)) follows from Corol- 
lary 4.3.3. 

Finally, if (An) is a Cauchy sequence in W(L^(R^)) then, by part (a), it is also 
a Cauchy sequence in L(L^(M^)), hence convergent. Let A e L(L^(E^)) denote 
the limit of this sequence. Given e > 0, choose M such that \\An-Am\\w{L^{R^)) < 
£ for all m, n > M. Letting m go to infinity in this inequality, we get the conver- 
gence of the Am to A with respect to the norm in the Wiener algebra. □ 

Next we consider bi-discretizations of operators in the Wiener algebra W(L^(M^)). 
To distinguish this algebra from the Wiener algebra of operators on the discrete 
Hilbert space L^(R^)) introduced in Section 2.5, we denote the latter by 

W(i^(Z^^)) in what follows. 

Proposition 4.3.5 

(a) Let A e W(L^(R^)). Then the operators GAG* and F(74) belong to the 
Wiener algebra W(/^(Z^^)). 

(b) Let B e W{l‘^{I?^)). Then the operator G*BG belongs to the Wiener algebra 
W(L2(R^)). 
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Proof, (a) Let u € , L^{R^)) and a e Then 

(GAG*u)a = {GA = ^oKA J2 

7€Z2^^ 

= ^oKAUa-^%Ua-y = Y1 ^oKAUa-^%{%uU, 

7GZ2^ 7GZ2^^ 

which shows that GAG* G W(/^(Z^^)). When applied to the operator A = I 
(which is in >V(Z/^(M^)) by Proposition 4.3.4), this inclusion implies in particular 
that Q = GG* G W(/^(Z^^)). Clearly, the discrete Wiener algebra also contains 
the identity operator, whence the first assertion. 

(b) Let B G be given by 

^ bpVi 3 with ||B||vv(p(^2iV)) = ^ ||6/3|| < oo 

/3gZ2^ /36Z2^ 

with multiplication operators bp. Further, let a, 7 G Z^^ and u G L^(R^). Then 

^cUs^o{BGK-^u)s 

6GZ2^ 

= ^ ^ bpi6)iGK-^u)s-0 

(5gZ2^ /3GZ2^ 

(5gZ2^ /3GZ2^ 

= E E Usbp{6)U!_f,<^s-0K-^u 

(5gZ2^ /3gZ2^ 

whence 

\\^^G*BGK-y\\ < E E II&/ 3 II ll^5-/5^^-7ll 

<5gz2^^ pez^^ 

^GZ2^ 6 gZ2 ^ 

We write all indices as a = (cei, 0^2) G Z^ x Z^ and use Proposition 4.3.2 to get 

(5gZ2^ 

< C E («1 - - <^2)-"(71 + <5l - ai - /?!)-'= X 

(5GZ2^ 

X (72 + ^2 — <^2 — /®2) ^ 

- C ^ (ai - (Ji)-"(7i + - A)-" X 

(5iGZ^ 

(<^2—^2) ^(72 + ^2 — <^2 — /^ 2 )~^- 

62GZ^ 



X 
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If k is large enough, then the sequence x (x) ^ belongs to Since 

is closed under convolution, there is a sequence / G 1^{Z^) such that 

< c ^ IMlfi'yi - Pi) /(72 - Pt). 

/3ez2^ 



The sequence g : (xi, X2) 1-^ /(xi)/(x2) belongs to Hence, by the convo- 

lution theorem again, 

\\M*BGK-y\\ < E 9(7 - /?) = 



with a certain function h G /^(Z^^) independent of a and 7. This estimate implies 
the assertion (b). □ 

Proposition 4.3.6 The algebra >V(L^(R^)) is inverse closed in L(L^(M^)). 

Proof. Let A G W(L^(R^)) be invertible on L^(R^). Then T{A) belongs to 
W(p(Z^^)) by Proposition 4.3.5 (a), and it is invertible in L(/^(Z^^, L^(R^))) by 
Proposition 4.2.2. The inverse closedness of the discrete Wiener algebra (Theorem 
2.5.2) implies T(A)"^ G W(p{Z^^)). Since 

G^V{A)-^GA = G^T{A)-^GAG^G = G*T{A)-^T{A)QG = /, 

one has G*T{A)~^G = A~^ G W(I/^(R^)) by Proposition 4.3.5 (b). □ 

4.3.2 Fredholmness of operators in W^(L^(R^)) 

Operators on L^(R^) which possess a rich operator spectrum are defined in com- 
plete analogy to the discrete setting. Recall in this connection the definition of the 
rich discrete Wiener algebra =: W^(/^(Z^^)) given in Section 2.5.1. 

Definition 4.3.7 Let stand for the set of all operators A in the Wiener 

algebra >V(L^(R^)) with the following property: every sequence h eH possesses a 
subsequence g such that the limit operator Ag with respect to this sequence exists. 

It can be easily checked that W^(L^(R^)) is a closed and unital subalgebra of 
W(L2(R^)). 

Proposition 4.3.8 Let A € W*(L^(]R^)). Then GAG* and r(A) belong to the al- 
gebra and 

aop{GAG*) = {TgGAhG*T; :Ahe<Jop{A)}, 

obp(r(A)) = {TgT{Ah)T; :Ah€<Top{A)}. 
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Proof. Let k E H. Since A has a rich operator spectrum, there is a subsequence 
h of k such that Ah exists. By the Proposition 4.2.5, there is a subsequence g 
of h such that the limit operators {GAG*)g and r(v4)^ exist. Hence, GAG* and 
r(.A) are rich, too. The description of the corresponding operator spectra follows 
immediately from (4.17) and (4.18). □ 

The following is the main result of this section. 

Theorem 4.3.9 Let A € Then A is a Fredholm operator if and only 

if all limit operators of A are invertible. 

Proof. If A is a Fredholm operator, then all limit operators of A are invertible by 
(the analogue of) Proposition 1.2.9. Let, conversely, all limit operators of A be 
invertible. Then, by Propositions 4.3.8 and 4.2.2 (e), all limit operators of T{A) 
are invertible. Consequently, P(^) is a 'P-Predholm operator by Theorem 2.5.7. By 
Proposition 4.2.2 (e) again, .A is a Fredholm operator. □ 

Definition 4.3.10 A^(L^(R^)) denote the closure in L(L^(R^)) of the rich 

Wiener algebra 

Theorem 4.3.11 An operator A G A^(L^(R^)) is Fredholm on L^(R^) if and only 
if all limit operators of A are uniformly invertible on L^(R^). 

Proof. Let (An) be a sequence of operators in W^(L^(R^)) which converges to 
A in the norm. By B we denote the smallest C*-subalgebra of L{L‘^{R^)) which 
contains all operators An and the ideal K{L‘^{R^)) of the compact operators. 
Then the mappings 

Wh : A/i^(L^(R^)) ^ L(L^(R^)), A + X(L^(R^)) ^ Ah 

are well defined for h G Hb and, by Theorem 4.3.9, the collection {Whjhens 
forms a weakly sufficient family for the dense subalgebra of B/K{L‘^{R^)) which 
is generated by the cosets of the operators An- Thus, {Wh}henB is a weakly 
sufficient family for the algebra B/K{L‘^{R^)) by Proposition 2.2.8. □ 

Corollary 4.3.12 Let A G A^{L‘^{R^)). Then 

Pile.. := 11^ + K{L\R^))\\ = sup{||A|| : Ah € aop{A)}. 

Proof. The family {Wh}heHB considered in the previous proof is weakly sufficient 
for the algebra B/K{L‘^(R^)). Thus, the result follows from Theorem 2.2.7. □ 

There are also local versions of Theorems 4.3.9 and 4.3.11. For, we call an operator 
A G L(L^(R^)) locally invertible at the infinitely distant point rj G if there 

exist a neighborhood at infinity W of rj (defined analogously to (2.36)) as well as 
operators R, L e L{L‘^{R^)) such that 



LAxwI = XwAR = xwR 
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We denote by cTop^^(A) the set of all limit operators of A G B{L‘^{R^)) which are 
defined by sequences h = {hi, h 2 ) : N x Z^ for which hi tends to infinity 

into the direction of rj. 

Theorem 4.3.13 Let A € W*(L2(R^)). Then A is locally invertible at the infinitely 
distant point rj G if and only if all limit operators Ah G (Jop^<q{A) are invert- 

ible. 

The proof is similar to the proof of Theorem 4.3.9. An analogous result (with the 
invertibility of all limit operators in the local operator spectrum replaced by their 
uniform invertibility) holds for operators in A^{L‘^{R^)). 

Finally, we say that A G C belongs to the local spectrum of the operator 

A at ?7 if A — XI is not locally invertible at the infinitely distant point rj G S^~^. 
The following is a corollary of Theorem 4.3.13. 

Theorem 4.3.14 Let A G W^{L^{R^)). Then 

= IJ <j{Ah). 

■^h (-^) 

4.3.3 Fredhohn properties of pseudodifferential operators in OPSq q 

We have seen in Corollary 4.3.3, that every pseudodifferential operator with symbol 
in 5 qo belongs to the Wiener algebra. Now we will show that, moreover, these 
pseudodifferential operators possess a rich operator spectrum. Thus, they become 
subject to Theorem 4.3.9. 

Theorem 4.3.15 OPS'go ^ 

Proof. Let a G ^ Op{a), and let h eH. For k = {ki, k 2 ) G Z^ x Z^ , 

we consider the functions 

ofk) . X ^ R, (xi, X 2 ) •-> a{xi + fci, X2 + ^2). 

Clearly, U^(^^^AUh{m) = Op{a^^^^^'>). The sequence {a^^^^'>'>)meN £ C°°(R^ x 
R^) is bounded with respect to the supremum norm. Hence, by the Arzela-Ascoli 
theorem, there exists a subsequence g oih such that the functions converge 

in the topology of C^(R^ x R^) to a function Og. It is easy to see that the limit 
function Og belongs to Sq q and that 

\cig\k,i < \a\k,i for all k, I eN. 

We set Ag := Op{ag) and claim that Ag is the limit operator of A with respect to 
the sequence g, i.e., we claim that 

S“lim777,^oo AP^(m) “ ^nd s-lim77T,_^ooP^(rn)A U g^^jryi'^ = Ag. (4.21) 
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For the first assertion of (4.21), choose a function G which is equal to 

1 in a neighborhood of the origin. Further, for i? > 0, set ^r{x) := and 

consider the cut-off functions O'— on x R^. Evidently, 



s-lim/i-.ooOp(V’fl) = I- 



(4.22) 



By Proposition 4.1.7, the operator Op{a)Op{‘>pR) is a pseudodifFerential operator 
with formal symbol cr € Sq q, given by the oscillatory integral 



cr{xA) = os[ [ a{x, ^ + ri)'ipR{x + y, ^)e 
J Jrn 



(4.23) 



By means of the Lagrange formula, we write 



+ vA) = i’R{x, 0 + QRi^r y, 0 

where qR{x, y, ^) := h,Ri^^ 2/> OVj and 

lj,R{^, y, C) := [ {dxji’R){x + Oy, d9. 
Jo 

Then we obtain via Proposition 4.1.4 

os [ [ a{x, ^ + p)e~^‘''^’^'>dydp =p{x, ^), 
J JRN 

such that (4.23) can be written as 

cr{x, 0 = a{x, 0 + tR{^, 0 



where 



tR{x, 0 = ( 27 t ) ^ / / lj,R{x, y, 0{i9yj)a{x, ^ + p)t 

^ JrN Jg^N 



-i{y^ 



dr]. 



Simple manipulations yield the estimates 

\d'^dltR{x + gi{m), ^ + g 2 {m)) < C„,/3 |a|2fci+|a|,2fc2+|/3| (1 + R)~^ 



for all 2k\ > N and 2/c2 > N , and with a constant Ca ,/3 independent of a. By the 
Calderon- Vaillancourt Theorem, 

Op(t^^’"^^) < C|a|;vi,V2(l + R)~^ (4.24) 

whenever N\ and N 2 are sufficiently large. Here we used again the convention 

0 := tR{x + gi{m), ^ + g2{m)). 
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Let now u € L^(R^) and e > 0. Due to (4.22) and (4.24), we can choose i?o > 0 
such that, for all R> Rq, 

\\u - Op{i)R)u\\ < and sup ||Op(t^^™^^)|| < 

Thus, for all m G N, 

||(D;(„)^t/,(„) - Ag)u\\ < II ([/;(„) AC/ 3 („,) - A,)Opii>H)u\\ + eji 

< ||Op((a(s(“» - ag)i^R)u\\ + 2£/3. (4.25) 

Since the functions a^Am)) _ 2 ero in the topology of x E^), 

the sequence of the functions {a^Am)) _ ag)'ipR tends uniformly to zero together 
with their derivatives. Hence, by the Calderon- Vaillancourt Theorem, there exist 
an mo such that, for all m > mo 

||Op((a(^(’"»-a,)^fi)||<^. (4.26) 

Estimates (4.25) and (4.26) imply that, for arbitrary u G L^(M^) and e > 0, there 
exists an mo such that 

\\{Ug^rn)^Ugi^rn) ~ ^g)u\\ < € for all m > mo- 

This settles the first assertion of (4.21). For the second one, recall that, by Propo- 
sition 4.1.8, the symbol of the adjoint operator is given by the oscillatory integral 



sym^.(x, 0 = a(x + y, ^ -h ry)e dy dr]. 



This implies that, since a^ 9 {m)) topology of x R^), 

sym^*(x -h5^i(m), ^ + g2{m)) 

= os d{x + gi{rn)+y, ^ + g 2 {rn) + r])e~^^y''^Uydr] 

J JRN 

OS [ [ dg{x -\-y, ^-\-g)e~^^y^'^^dydrj. 

J Jr^ 



Hence, the formal symbols sym^^"^^^ converge to the formal symbol of the adjoint 
limit operator A* in the topology of C'^(R^ x R^) as m ^ oo. Repeating the 
above arguments, we obtain also the second assertion of (4.21). □ 

Remark. Let a G 50^0,0 • know from Proposition 4.1.10, the pseudodifferential 

operator A := Opd{ci) with double symbol a can be considered as an operator in 
OFSqq. Thus, the results of the previous theorem apply to the operator A, and 
they yield the following. For /c = (/ci, fe) G x Z^, we set 



a^^\x, y, 0 •= + ^1, y + ^1, ^ + ^ 2 ). 
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Then and the sequence h has a subsequence g such 

that the functions converge to a function ag in the topology of C^(M^ x 

X R^) as m — > oo. The limit function ag belongs to 50,0, limit 
operator of A with respect to the sequence g exists and is equal to Op(a^). □ 

Due to Theorem 4.3.15 and the preceding remark, the following results are straight- 
forward consequences of Theorems 4.3.11 and 4.3.14 and of Corollary 4.3.12. 

Theorem 4.3.16 A pseudodifferential operator A G OP5q o (resp. a pseudodiffer- 
ential operator A G OP5o,o,o double symbol) is Fredholm on L^(R^) if and 
only if all limit operators of A are invertible on L^(R^). Thus, 

a,ss{A) := a(A + K(L^(R^))) = 

and, moreover, 

Pile.. := 11^ + /^(L2(K^))|| = ,^inf P - i^ll = sup ||^,||. (4.27) 

KeK{L^{R^)) A^eaopiA) 

Theorem 4.3.17 An operator A G OPSq q (resp. in OPSqqq) is locally invertible 
at the infinitely distant point g G if and only if all limit operators of A in 

(^op,rj{A) are invertible. In particular, 

Gr^{A) = \JAf,e< 7 o^^^{A)<y{Ah). 

Now we are also in a position to finish the proof of Proposition 4.1.17. Suppose 
that, contrary to what we want, the operator Op{a) G OPSq q is compact, but that 
lim(a, a(x, / 0. Then there are sequences (xm) and in R^ which tend 
to infinity, and for which 

sup \a{Xm, ^m)| > > 0. 

meN 

Let [y] and {y} stand for the integer and for the fractional part of y e R^, 
respectively. Without loss we can assume that there are points xq and in [0? 1]^ 
such that 

{^m}) ^ (^ 0 , Co) as m OO 

(otherwise we pass to suitable subsequences). Setting h{m) = (hi{m), h2{m)) := 
[Cm]), we thus get a sequence h :N ^ x Z^ which tends to infinity and 
for which 

sup \a{xo + hi{m), Co + h2{m))\ > a/2 > 0. 

m€N 

Let be a subsequence of h such that the functions converge to a function 

ag in the topology of C®°(R^ x R^). Then the limit operator of A with respect 
to the sequence g exists, and Ag — Op{ag). But Ag cannot be the zero operator 
since 

\ctg{xo, Co)| = lim \a{xo + gi{m), Co + g2{m)ao)\ > a/2 > 0. 

m — >•0X3 

Thus, by (4.27), the essential norm of Op{a) is positive, i.e., this operator cannot 
be compact. Contradiction. □ 
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4.4 Applications 

Here we specify the Fredholm results obtained in the previous section to pseudod- 
ifferential operators with symbols in particular function spaces. 



4.4.1 Operators with slowly oscillating symbols 

A symbol a G 5 q q is called slowly oscillating with respect to x if 

lim sup \dx.a{x, ^)| = 0 for all j = 1, . . . , N, 
and a is slowly oscillating with respect to ^ if 



lim sup \d^.a{x, ^)| = 0 for all j = 1, . . . , N. 



Proposition 4.4.1 Let the function a E Sq q he slowly oscillating with respect to x. 
Then every limit operator of A := Op{a), which is defined with respect to a sequence 
h = (/ii, h 2 ) : N ^ X Z^ with hi{m) oo as m ^ oo, is a pseudodifferential 
operator Op{ah) with a symbol independent of x. In particular, Op{ah) is shift 
invariant and, thus, a convolution operator. Similarly, if a is slowly oscillating 
with respect to and if h 2 {m) — ^ oo as m oo, then the limit operator Op{ah) 
has a symbol independent of ^ and is, thus, a multiplication operator. 

Proof. We will prove the first assertion only. Let a be slowly oscillating with respect 
to X. As we have seen in the proof of Theorem 4.3.15, the symbol Oh of the limit 
operator is the x R^)-limit of the functions 

Since, for fixed x', x" G R^, 






N .1 

^ y, - ^"1 / o\dt 0 

,=1 Jo 



as m — ^ 00 , the function an does not depend on x. □ 

The most simple (and, perhaps, most important) pseudodifferential operators with 
slowly oscillating symbols are those whose symbols are slowly oscillating with 
respect to x and ^ simultaneously. We denote this class of symbols by ^Oq q and the 
corresponding of pseudodifferential operators by OPSOqq. For operators in this 
class, all limit operators are operators of convolution or operators of multiplication 
(indeed, if the sequence h = {hi, h 2 ) tends to infinity, then at least one of the 
sequences hi and /i 2 goes to infinity, too). For both kinds of limit operators, their 
invertibility can be easily checked. 
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Theorem 4.4.2 Let a G SOqq. Then all limit operators of Op{a) are invertible if 
and only if 

lim inf |a(x, 0| >0. (4.28) 

^^oo|x|+|ei>i? 

Proof. Let condition (4.28) be satisfied, and let h — {hi, h2) be a sequence which 
defines a limit operator of Op{a) . Further assume for definiteness that the sequence 
hi tends to infinity (the case when /i 2 — > oo can be treated similarly). Then, as 
we have seen in Proposition 4.4.1, the limit operator Op{a)h is shift invariant, i.e., 
there is a function Oh in Sq q which is independent of x such that Op{a)h = Op{ah)> 
Moreover, the functions 

^ ^ h2{m)) 

converge to the function (x, ^) i— > a^(^) in the topology of C^{R^ x M^) as 
m oo. Thus, for each L > 0, 

lim sup \a{x hi{m), ^ P h2{m)) — ah{^)\ = 0. (4.29) 

From (4.28) and (4.29) we conclude that inf^ |n/i(OI > 0? i-^-? limit operator 
Op{a)h is invertible. 

To prove the reverse statement, suppose that all limit operators of Op{a) 
are invertible, but that condition (4.28) is not fulfilled. Then there exists a se- 
quence h = {hi, h2) : N ^ x Z^ which tends to infinity and for which 
a(hi(m), h2{m)) 0. Without loss we can assume that the limit operator of 

Op{a) with respect to h exists (otherwise we choose a suitable subsequence of h). 
We further assume for definiteness that hi ^ oo (the case when /i 2 ^ oo follows 
similarly). Then, as before, Op{a)h — Op{ah) with a function ah independent of 
X and such that the functions converge to ah in C^{M.^ x R^). It follows 

from a(hi(m), h 2 {m)) 0 that a^(0) = 0 which contradicts the invertibility of 

Op{ah). □ 

Corollary 4.4.3 An operator Op{a) G OPSO^^ is Fredholm if and only if condition 
(4.28) holds. Moreover, 

\\Op{a)\\ess = lim sup |a(x, 01- 

The proof of the first assertion follows from the previous result and from Theorem 
4.3.16. For the second assertion, recall the proof of Corollary 4.3.12. □ 

These results admit generalizations to pseudodifferential operators with double 
symbols. For, we call the double symbol a G S'o,o,o slowly oscillating and write 
a G ^Oq 0 0 1^7 arbitrary compact sets K C R^ and for all j = 1, . . . , A^, 

lim sup \dxja{x, x + y, ^)| = 0 



lim sup |%a(x, 2 /, 01 = 0. 

(x,y)eR^ xR^ 



and 
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Proposition 4.4.4 

(a) Let a G SOq q h = {hi, h 2 ) he a sequence with h\ oo for which the 

limit operator Opd{u)h exists. Then this limit operator is of the form Op{ah) 

where ah is the limit in the topology o/C^(R^ x E^) of the functions 

(x, 1 -^ a(x + hi(m), x + hi(m), ^ + h 2 {m)) 

as m ^ OQ. The function au is independent of x in this case. 

(b) Let a e SOq q h = {hi, h 2 ) be a sequence with h 2 ^ oo for which the 

limit operator Opd{o)h exists. Then this limit operator is of the form Op{ah) 

where an is the limit in the topology of C^{R^ x E^) of the functions 

{x, i-> a{x + hi{m), x + hi{m), ^ + h 2 {m)) 

as m ^ oo. The function ah is independent of ^ in this case. 

Proof. Let us check assertion (b) for example. The symbol ah of the limit operator 
of Opd{a) with respect to h is defined as the limit as m — > oo of the oscillatory 
integrals 



os a{x hi{m), x + hi{m) y, ^ h 2 {m) + rj)e dy drj. 

J JRN 



ah{x,x)=os / / ah{x, x-\-y)e dy drj 

J Jrn 

by Proposition 4.1.4. □ 

One can also prove as in Theorem 4.4.2 and its Corollary 4.4.3 that if a G *S'Oq^q q, 
then all limit operators of Opd{a) are invertible if and only if 

lim sup \a{x, x, ^)| > 0. (4.30) 

Hence, condition (4.30) is necessary and sufficient for Fredholmness of Opd{a), and 



\\Opd{a)\\ess = lim inf \a{x, x, 01- 

it— |x| + |^|>i? 



4.4.2 Operators with almost periodic symbols 

A function a in Cb{R^) is called almost periodic if the set ^ C E^} of all 

shifts of a is relatively compact in Cb(E^), i.e., if every sequence in this set has 
a norm convergent subsequence. Here, VrU stands for the function x i-^ a{x — r). 
The class of all almost periodic functions will be denoted by AP(E^). Note that 
AP(E^) is a C*-algebra with respect to the supremum norm. Nice references to 
this class are [97, 102]. 
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We further set n(7^(M^), and we denote by 21 q q the 

closure in Sq q of the class of all functions of the form 

j 

a{x, 0 = ^Cj{x)bj{^) (4.31) 

i=i 

where J G N, cj G AP^{R^) and bj G SOq q. Pseudodifferential operators with 
symbols in this class possess limit operators with respect to the shifts Vk where 
the convergence is in the operator norm. 

Proposition 4.4.5 Let A G OP^q q. Then each sequence h : N ^ which tends 
to infinity has a subsequence g such that there exists an operator Ag G OP21q q 
with 

lim II ^^11 ~ 0- 

m— >oo / 

Proof. To start with, let A = Op{a) where a G 21q q is a symbol of the form (4.31), 
and let h eH. Since the functions Ck are almost periodic (and by a simple diagonal 
argument), there are a subsequence ^ of h as well as functions Cjg G AP{R^) such 
that 

lim sup \cj{x + g{m)) - Cjg{x)\ = 0 (4.32) 

m— >-oo 

for 1 < j < J. Applying the inequality 

sup ^ \d^a{x)\ ^ C i sup \a{x)\ [ sup |a(x)| + sup ^ \d^a{x)\ 
jfjfi yxeR^ \xeR^ xeR^ l^l^2 

(see, for instance, [164], p. 22), one obtains that the sequence of the shifted func- 
tions Vg{m)Cj converges to Cjg in the topology of C^(M^), which implies that 
Cjg G AP^{R^) . Now set 

j 

Ag := Op{ag) with ag{x, (,) := y^Cjg(a;)6j(0. 

i=i 

Then it follows from (4.32) that indeed 

lim II T— '^S'll 

m^oo / 

This settles the assertion for operators A = Op{a) where a is of the form (4.31). 
The general case follows straightforwardly by a Cantor diagonalization procedure 
and standard continuity arguments. □ 

One can also easily check that Ag G OP21q q again and that Ag is a limit operator 
of A defined by the sequence h : m 0) ^ x and with respect to 

the shift operators Uh{m) (cf- Section 4.2.3). 

The following results can be proved as their discrete counterparts Theorem 
2.6.2 and 2.6.3. 
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Theorem 4.4.6 Let A G g • Then the following assertions are equivalent: 

(a) A is a Fredholm operator. 

(b) All limit operators of A are invertible. 

(c) At least one limit operator of A is invertible. 

(d) A is an invertible operator. 

Theorem 4.4.7 The smallest closed subalgebra of which contains all 

operators in OP5lg g does not contain nonzero compact operators. 

We are now going to sketch briefly how these results specialize to symbols in a 
subclass of 5lg g, in which case the Predholmness of the operator together with 
its uniform ellipticity and a certain index condition yields the invertibility of the 
operator. 

We say that the function a G Sq q belongs to 5? g if 



“I' •= XI 01(0'“' < oo 



for all non-negative integers 1. The semi-norms |.|/ define the topology of 5° g. 
Further, we consider the class 21? g which is the closure in S'? g of the set of all 
symbols of form (4.31) where the Cj satisfy the estimates 



|a%(0l<c„,,(0-'“' 



for all multi-indices a. Finally, an operator Op{a) G OP21? g 
elliptic if 



lim inf 

R-^oox,^eR^ ,\^\>R 



|a(x, 01 > 0- 



is called uniformly 



(4.33) 



It is easy to see that an operator Op{a) G OP21? g is uniformly elliptic if and 
only if all limit operators of A defined by sequences (^i, ^ 2 ) • ^ ^ x with 
p 2 ^ 00 are invertible. Thus, the uniform ellipticity is a necessary condition for 
the invertibility of Op{a). An analogous result holds for almost periodic operators 
with matrix-valued symbols, where one has to replace the value a(x, 0 (4.33) 

by det a(x, 0- 

Let now A G OP21? g be a uniformly elliptic operator with M x M-matrix- 
valued coefficients. Then the difference between its Fredholmness and its invertibil- 
ity is measured by its almost periodic index r{A). This index has been introduced 
in [39] (see also [54]) by means of Brener’s Fredholm theory for IIoo factors. In 
distinction to the usual (Fredholm) index, r{A) can be an arbitrary real number. 
We will not go into the details and restrict ourselves to rephrasing a few basic 
properties: 



• If A, P G OP21? g are uniformly elliptic operators, then r(AB) = r{A)k{B). 



• The almost periodic index is stable in the following sense. Given a uniformly 
elliptic operator Op{a) G OP21? g, there exists an e > 0 such that R{Op{b)) = 
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hi{Op{a)) for all operators Op{b) e OP^i q with 

lim sup \\a{x, 0 ~ OIIl(c^) < 

• If A G OP^i Q is invertible, then k{A) = 0. 

• Let A G OP^i Q be uniformly elliptic and k{A) = 0. Then A is invertible if 
and only if 

HA) ■■= inf \\Aif\\ > 0. 

Ikll<l 

• Let A G OP2li 0 be a scalar uniformly elliptic operator, and let A' > 1. Then 
AC (A) = 0. Thus, for such operators, the condition y{A) > 0 is necessary and 
sufficient for invertibility of A. 

The condition ^{A) > 0 is satisfied if and only if the operator A has a trivial 
kernel and a closed range. Hence, if A G OP21? q is a scalar uniformly elliptic and 
Fredholm operator with ac(A) = 0, then A is invertible. 



4.4.3 Operators with semi-almost periodic symbols 

The class 03? q of the semi-almost periodic symbols with respect to x is defined as 
the closure in the topology of 5? g of tbe set of all functions of the form 

j 

Hx, 0 = '^Cj{x)bj{x, 0 

where J G N, c,- G AP^{R^) and bj G SO^o S% H g- 

Theorem 4.4.8 Let N > 1, and let a G 03? g. Then the operator A := Op{a) is a 
Fredholm operator if and only if the following conditions are satisfied: 

(a) A is uniformly elliptic, that is 



lim inf 



\a{x, 01 > 0* 



(b) For each limit operator Ag of A which is defined by a sequence g = {gi, ^ 2 ) • 
N ^ X Z^ with g 2 00 , one has ^{Ag) > 0. 

Proof. Let conditions (a) and (b) be satisfied. In the same way as in the proof of 
Theorem 4.4.2, we obtain that condition (a) implies the invertibility of all limit 
operators of A which correspond to sequences g = (gi, ^ 2 ) with ^2 ^ 00 . Let now 
9 = {911 92 ) be a sequence with 00 for which the limit operator Ag exists. 

Then, by the definition of the class 03? g, this limit operator belongs to OPOl? g 
and, due to condition (a), the operator Ag is uniformly elliptic with ^{Ag) = 0 
(since A is an operator with scalar- valued symbol) . It follows from the last remark 
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in the preceding section that Ag is invertible if the lower norm y{Ag) is positive. 
Thus, conditions (a) and (b) provide us with the invertibility of all limit operators 
oi A. By Theorem 4.3.16, A is a Fredholm operator. 

Let, conversely, A be a Fredholm operator. Then, by Theorem 4.3.16 again, 
all limit operators of A are invertible. The invertibility of all limit operators with 
respect to sequences g ^ [gi, g 2 ) with g 2 ^ oo yields the uniform ellipticity of A, 
that is condition (a), whereas the invertibility of all limit operators corresponding 
to sequences g = {gi, ^ 2 ) with ^ 00 evidently implies condition (b). □ 

4.4.4 Pseudodifferential operators of nonzero order 

Let a G S'q^o- Theorem 4.1.18, the pseudodifferential operator A := Op{a) acts 
as a bounded linear operator from into for every s G M. We 

are going to study the Fredholm properties of that operator by reducing it in a 
standard way to a pseudodifferential operator acting on For, 

let {Dy refer to the pseudodifferential operator with symbol (x, 1 -^ (1 + 

The operator {DY is an isometry from onto for each real s. 

Thus, 

A: H%R^) 

is a Fredholm operator if and only if 

B := {DyA{D)-^~^ : L^(R^) ^ L^(R^) 

is a Fredholm operator. The operator B is a pseudodifferential operator in the class 
OFSqq due to Proposition 4.1.7. Hence, Theorem 4.3.16 implies the following. 

Theorem 4.4.9 a G S^q. Then the operator A — Op{a) : 

H^{R^) is Fredholm operator if and only if all limit operators of the operator 
B := [Dy A{D)~^~^ : L^(R^) ^ L^(R^) are invertible. In particular, 

These conditions can be made more explicit for symbols which are slowly oscillating 
in the following sense. 

Definition 4.4.10 Let m G N. We say that the function a is in the class SO'^q if the 
function (x, 1 -^ a(x, belongs to SOq q. Analogously, the double symbol 

a is said to be in SO^q q if the function (x, y, 1 -^ a(x, y, belongs to 

'^^ 0 , 0 , 0 * 

Proposition 4.4.11 

(a) If A := Op{a) G OPSO^^^ and B := Op{b) G OPSO^l, then AB G 
and the formal symbol of AB is of the form sym^^ = ab A t 
with t satisfying 

lim 

{x,^)-^oo 



(4.34) 
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(b) Let A := Opd{a) G OPSO^q q. Then A G OPS^q, and the formal symbol of 
that operator is given by sym^(x, := a(x, x, + t(x, where t is such 
that 

lim i(a:,O(O"™=0. 

(x, )>oo 

Proof (a) By Proposition 4.1.3, the operator AB belongs to OPSO^q'^^^ , and 
its formal symbol is given by 

sym^B(2;, 0 = os / a{x, ^ + r))b{x + y, ^)e~^^y’^'>dydr]. 

J JRN 

By Lagrange’s formula, we have 

N .1 

a{x, ^ + T/) == a{x, 0 + y] ^ + ^fl) 

j=i do 

whence via Proposition 4.1.4 

sym^B(x, 0 = a(x, ^)b{x, ^ + t{x, 0, 



N 

d)de 

i=i do 



with 
and 

Lj{x, C, 61) 

^ os f f ^^.a{x,^ + ey){-i^:^ )b{x + y,^)e~dy''^'>dydy 

J Jrn 

= os [ [ 

J JRN 

X C + 6>??)(-iaxJ6(a; + y, ^))} e~dy’i)dydr] 

for all /ci, A ^2 with 2A:i > N and 2/^2 > A'+|mi|. Taking into account the elementary 
inequality 

(e + r?)'<2'/2(,,)i'l(0', 

holding for arbitrary / G R, we obtain 

Lj{x, 6) < CiO^^^+’^^Kjix, 6) 



where 

Kj{x, e) 



= os [ [ + 

J Jrn 

X \{Dyf'^Hy)-^'^^{Dr,f’^^d^,ai^,^ + ey)i-id.dH^ + y, 0{0-"^^)\dydy. 
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The latter integral converges uniformly with respect to x, ^ G and 6 G [0, 1]. 
Hence, we can pass to the limit as (x, oo under this integral, which yields 

lim sup Kj{x, 9) = 0. 

(x,0^oo 1] 

This implies (4.34). Assertion (b) can be checked in the same way. □ 

It follows from this proposition that if A = Op{a) G OPS^q, then 

B := = Op{am) + Op{t) 



where 

am{x, 0 := a{x, 0(0“’" and lim t{x, 0 = 0. 

(x, )>oo 

Thus, all limit operators Bg of B depend on the part am of the symbol of B 
only. Moreover, these limit operators are pseudodifferential operators Bg = Op{bg) 
which are invariant with respect to shifts (i.e., their symbols bg depend on ^ only), 
or they are operators of multiplication (i.e., their symbols are only dependent on 
x). So we arrive at the following theorem. 

Theorem 4.4.12 

(a) Consider the operator A = Op{a) G OPSO^q as acting from if^+’^(M^) 

into iJ^(M^). Then all limit operators of B := : L^(M^) 

L^(M^) are invertible if and only if 

lim inf |a(x, > 0. (4.35) 

|x| + |ei>^ 

The condition (4.35) is necessary and sufficient for the Fredholmness of A. 

(b) Consider the operator A = Opd{a) G OPSO^q q as acting from 

into Then all limit operators of B := (D )^ : L^(R^) ^ 

L^(M^) are invertible if and only if 

lim inf |a(x, x, 01(0”’^ > (4.36) 

i?-oo|x| + |el>i? 

Condition (4.36) is necessary and sufficient for the Fredholmness of A. 

4.4.5 Differential operators 

The results of the previous section apply to study the Fredholmness of differential 
operators on by means of their limit operators. Let 

p= 

|a|<m 
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be a differential operator of order m with coefficients We consider 

this operator as acting from into The function 

Pm ' X ^ M, (x, 1-^ ^ aa(x)^°' 

\a\=m 

is called the main symbol of P, and the operator P is called uniformly elliptic if 
inf |pm(^5 o;)| > 0 for alia; G S^~^. 

xeR^ 

Let /i : N ^ be a sequence which tends to infinity. Then there exist a subse- 
quence g oih and functions G (R^) such that the functions x i-^ aa{xPg{k)) 
converge to in the topology of C^{R^) for every a. We set 

P, := ^ aiD-, 

\a\<m 



consider Pg as an operator from into H^{R^) again, and denote by 

(Top{P) the set of all operators which arise in this way. 

Theorem 4.4.13 The differential operator P : > H^fR^) is Fredholm 

if and only if the following conditions are satisfied: 

(a) All operators Pg G cFop{P) o,re invertible. 

(b) The operator P is uniformly elliptic. 

Proof. It follows from Theorem 4.4.9 that P is a Fredholm operator if and only if 
all limit operators of (D)^ P{D)~^~'^ are invertible on L‘^{R^). 

Let h = {hi, h2) : N ^ Z^ x Z^ be a sequence such that hi — ^ oo but /i2 is 
bounded. Then there exists a subsequence g = {gi, ^2) of h such that, for every a, 
the functions x ^ adx P gi{k)) converge to certain functions a^ in the topology 
of C^{R^) and that the sequence ^2 is constant, say g2{k) = 72 € for all k. 
In this case, it is easy to see that 

with {E^u){x) := Thus, the limit operators of {D)^P{D)~^~^ which 

are defined by sequences of this kind are invertible if and only if condition (a) 
holds. 

Now consider limit operators of {D)^P{D)~^~^ which are defined by se- 
quences g = {gi, ^2) such that ^2 ^ 00 and gi is constant, say gi{k) = 71 G Z^. 
Suppose for definiteness that ^2 tends to infinity into the direction of the infinitely 
distant point uj G S^~^. Then 



s-lim,^oo^;;(,)(i^)^P(i^)-^-"^^,,(.) u;)I 
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whence 



\a\=m 

Hence, all limit operators defined by these sequences are operators of multiplication 
by the functions 

Pm,g ■ (X, a{- - 7lV“- 

|a|=m 

Finally, if both gi and Q 2 go to infinity, and if gi and g 2 are chosen such that the 
functions x aa{x gi{k)) converge to certain functions in the topology of 
C^{R^) and that g 2 tends to infinity into the direction of the infinitely distant 
point Lu G 5^“^, then 

\a\=m 

Thus, we get multiplication operators again, this time by the functions 

Pm,g : {x, Uj) a9i(a;)a;“. 

\a\=m 



Evidently, if the operator is uniformly elliptic, then in all cases 

inf \prn,g{x, (jo)\> 0. 

Hence, the limit operators Op{pm,g)I are invertible on and condition (b) 

implies the invert ibility of all limit operators defined by sequences g with g 2 ^ oo. 
Conversely, choosing sequences g = (^i, ^ 2 ) with gi{k) = 0 for all k and with ^2 
tending to infinity into the direction of u; G we obtain that the invertibility 

of all associated limit operators implies condition (b). □ 

Corollary 4.4.14 Lei P : L^(M^) be a uniformly elliptic differential 

operator of order m. Then 



o‘ess{P) — ^Pge(T^p{P)^{Pg)- 

Proof By Theorem 4.4.9, the operator P — XI : L^(R^) is Fredholm 

if and only if all limit operators 

Pg G aJp(P), 

are invertible and if P — XI is uniformly elliptic. Since the uniform ellipticity of 
a differential operator depends on its main symbol only, the uniform ellipticity of 
P — XI follows from the conditions of the corollary. □ 
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We denote by SO^{R^) the class of the smooth slowly oscillating functions on 
that is the class of all functions a G with 

lim dx.a{x) =0 for all j = 1, . . . , W 

X—*OG 

Let the coefficients of the differential operator P belong to Then 

all limit operators Pg G cr^p{P) are of the form 

Pg = Op{pg)= a^^D°‘ 

\a.\<m 

with constant coefficients . The operator Pg is invertible if and only if 






inf 



E 

\a\<m 



> 0 . 



Hence, if P is a differential operator with smooth slowly oscillating coefficients, 
then 

aess(P) = U {pj(0 : e e M^}. 

Remark. A differential operator P of order m can be considered as an unbounded 
operator on the Hilbert space L^(IR^) with domain If P is uniformly 

elliptic, then P is a closed operator. An unbounded operator P is called a Fred- 
holm operator if its range is closed in L^(R^) and if ker A and ker A* are finite- 
dimensional spaces, and the essential spectrum (Jess(A) of A consists of all A G C 
for which A — XI is not a Fredholm operator. 

It is well known that if P is uniformly elliptic, then P is a Fredholm operator 
in this sense (i.e., as an unbounded operator) if and only if P : IP^{R^) — > L^(R^) 
is a Fredholm operator in the common sense (i.e., as a bounded operator). Hence, 
if P is a uniformly elliptic differential operator, then 



<^ess(P) — 

where now both the essential spectrum on the left-hand side and the spectra on 
the right-hand side are understood in the unbounded operator sense. □ 



4.4.6 Schrodinger operators 

Here we are going to specialize the results of the previous section to operators of 
the form 

N 

H = E + ami) + wl 

I, m=l 

where ai and w are real- valued functions in C^(R^). This operator can be 
viewed of as the electro-magnetic Schrodinger operator on the Riemann space 
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provided with the metric tensor {gim)i^rn=i which is the tensor inverse of 
Schrddinger operators of this form arise in multi-particle problems 
after separating the mass center of the system (see, for instance, [41], pp. 29-33 
and [79], pp. 172-176). 

Throughout this section, we will suppose that 

N 

inf gim{x)r]irjm > 0. 

t, m=l 

Let : N ^ be a sequence which tends to infinity. Then there exists a subse- 
quence k oi h such that the functions 

X ^ g^'^ {x k{n)) ^ x i— ^ a/(x + /c(n)) and x ^ w{x -\- k{n)) 

converge in the topology of C^(R^) to certain functions g]^, af and respec- 
tively. In particular, these limit functions belong to C^(R^) again. If k is chosen 
in this way, then the limit operator Hfc of H with respect to k exists, and 

N 

Hk= + all) + w^I. 

I, m=l 

We consider H as an unbounded operator on L^(R^) with domain Note 

that A G C is a point in the discrete spectrum of the unbounded operator H if and 
only if A belongs to the discrete spectrum of the bounded operator H : (R^ ) — ^ 

L^(R^). Hence, the essential spectrum of H, considered as an unbounded operator, 
coincides with the essential spectrum of the bounded operator H : iJ^(R^) 
L^(R^). With Corollary 4.4.14, we find 

<7ess{ll)= U cr(Hfc). (4.37) 

Here are a few instances where the structure of the limit operators is sufficiently 
simple such that their invert ibility can be effectively checked. 

Example A. Let the functions g^'^, ai and w be in 50°° (R^). Then each limit 
operator of H is a differential operator with constant coefficients, i.e., 

N 

Hfc = y; {id,, + + all) + w*^I. 

I, m=l 

with real numbers g]^^ af and w^. Set := (a^, ..., a^) and {Eau){x) := 
for a G R^. Then 



N 

I, m=l 
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Thus, 



a{Hk) = i + ti;'' : (6, • • • , e i = [w\ +^], 

J 

and the essential spectrum of H is 

0-ess(H) = +oo] = [m^u, +oo] 

where rriw := inf = liminfa-gRAr w{x). □ 

Example B. We let vi, V2 and vi2 be C'°°-functions on with 
lim vi{y) = lim V2{y) = lim Vi2{y) = 0, 

>oo y — >-oo y^oo 

define functions wi^ W2, Wi2 on x R^ by 

wi{x) := vi{x^^^), W2{x) := V2(x^^^), Wi2(x) := Vi2(x^^^ - x^^^) 

where x = (x^^\ x^^^) G R^ x R^, and consider the Hamiltonian on L^(R^ x R^), 

H := -A^(i) - A^( 2 ) - wil - W2I - W12L 

Hamiltonians of this special structure arise in nuclear physics (but, usually, with 
non-smooth functions vi, V2 and vu, which moreover will have singularities at 0; 
see, for instance, [44], p. 163, and [41], p. 29). 

We will describe the essential spectrum of H by means of its limit opera- 
tors. Let h := (/ii, /12) : N x tend to infinity. After passing to suitable 

subsequences of /i, if necessary, we have to distinguish between four cases. 

[A] We have hi 00, and /12 is a constant sequence, say h2{k) = 72 G Z^ for 
all k. Then the limit operator of H with respect to h exists, and 

(H/iu)(x) = -(A^d)u)(x) - (A^(2 )m)(x) - W 2 {x^^'' +72)w(x). 

The operator is unitarily equivalent to the operator 

:= -Aa,(i) - A^(2) W2I. 

[B] If /12 ^ 00, and if hi{k) = 71 G Z^ for all k, then the limit operator of H 
with respect to h exists, and it is unitarily equivalent to the operator 

:= — A3,(2) — Wil. 

[C] If both hi and /i2 tend to infinity, and if also hi — h2 00, then the limit 
operator of H is equal to the Laplacian 

:= -A^(i) - A3.(2). 
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[D] If, finally, h\ and h2 tend to infinity, and if the difference hi~h2 is a constant 
sequence, then the limit operator of H with respect to h exists, and it is 
unitarily equivalent to the operator 

:= — A^^ci) — ^x{ 2 ) — W12L 

Let j = 1 , 2 . Applying the Fourier transform with respect to we obtain that 
the operator is unitarily equivalent to the operator of multiplication by the 
operator- valued function 

HJ ; r 3 ^ ^ ^ ^ |^|2 _ 

It is well known that the essential spectrum of the operator Aj := —ws-jl 

is the interval [ 0 , 00) and that its discrete spectrum consists of finitely many points 
in (—00, 0 ). Let < 0 be the minimal eigenvalue of Aj. Then, since varies 

over [ 0 , 00), the spectrum of H-^ is the interval 00). 

Now consider the operator After a change of variables 

;z= := x^^^ — 

the operator becomes 



— 2(A^(i) -f Ay(2)) — W 12 I 

with Wi2{y) := Vi2{y^‘^^). The spectrum of this operator is the interval 
where < 0 is the minimal eigenvalue of — 2A^(2) — 

Summarizing, we get from ( 4 . 37 ) that 

CTess(H) = [Amin, oo) where A^in := min{A|^i^„, A^?^}. 

4.4.7 Partial differential-difference operators 

Consider differential-difference operators of the form 

P:= Y 1 

|a|<m, j<N 

where (ypu){x) = u{x — ( 3 ) for (3 C and where the coefficients belong to 
50 °° (M^). The operator P is a pseudodifferential operator in the class OPS^q 
with symbol 

P{x, 0 -= 

|o:|<m, j<N 

Hence, P : ^ is a Fredholm operator if and only if all limit 

operators of the operator Q := P{D)~^ : ^ are invertible. 

Let = (hi, /i2) : N ^ x be a sequence tending to infinity which 
defines a limit operator of Q. We distinguish between three cases for the sequence h. 
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[A] Let /ii — > oo, and let /i2 tend to infinity into the direction of the infinitely 
distant point rj G S^~^. Then the limit operator of Q is a difference operator 
with constant coefficients of the form 

Qh-.= 

\a\=m, j<N 

i.e., with numbers G C. It is evident that Qh is invariant with respect to 
shifts, and this operator is invertible if and only if 



inf 



\a\=m, j<N 



> 0 . 



[B] Let h\ — > 00, and let /12 be a constant sequence. Then the limit operator Qh 
is unitarily equivalent to the pseudodifferential operator with symbol 



Qh ■■ ^ 



E 

|a|<m, j<N 



COL 

<0™ 



Clearly, this operator is invertible if and only if 

inf{k(OI--eeR'^}>0. 



[C] Finally, let /i2 tend to infinity into the direction of the infinitely distant point 
77 G 5^“^, and let hi be a constant sequence. Then the limit operator Qh is 
unitarily equivalent to the difference operator with variable coefficients, 

E (^ajr]°‘V0ci- 

|a|=rn, j<N 

Effective sufficient conditions for the invertibility of difference operators with 
variable coefficients can be found in the monographs [7, 8, 9]. 



4.5 Mellin pseudodifferential operators 

In this section, we are going to summarize some facts on Fourier and Mellin pseu- 
dodifferential operators with analytic symbols on weighted Sobolev spaces. These 
results will be employed in the forthcoming section to study the Fredholmness of 
singular integral operators on Carleson curves. 

4.5.1 Pseudodifferential operators with analytic symbols 

Definition 4.5.1 Let B he an open and convex domain in which contains the 
origin. The class consists of all functions 

p e 5'”o,o> (a;, y, 0 ^ p(^. y, 0 
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which possess an analytic extension with respect to ^ into the tube domain -\-iB, 
and for which 

sup ^ {0~""\9S9yd^p{x, y,^ + ir])\ < oo (4.38) 

|a|<ii,l/3|<i2,|7l<i3 

for all /i, / 2 , h C N; where the supremum is taken over all quadruples (x, y, 77 ) G 
X X X B, 

We agree upon denoting the analytic continuation of p G S'^q q{B) by p again. As 
above, we associate with each double symbol p G S^q q{B) a pseudodifferential 
operator Opd{p)- The class of all pseudodifferential operators obtained in this way 
is denoted by OPS^q q{B). 

Definition 4.5.2 A weight in the class A{B) is a function w : R^ ^ [0, 00 ) of the 
form X 1 -^ where v G C^(R^) is subject to the conditions 

(a) Ni{v) := sup 3 ,^ 5 ^iv \d^(Vv){x)\ < 00 for all I G N, and 

(b) (Vv){x) G B for all x G R^. 

Given a function v as in this definition, we define 

: R^ X R^, {x, y) ^ f {Vv){x - t{x - y)) dt. 

Jo 

It is easy to check that is a function in C^(R^ x R^) with values in B and 
that 

\^xd^9vix, y)\ < Ni,+i^{v). 

\a\<lu\0\<l2 

The following theorem is a key result for the study of pseudodifferential operators 
in the class OPS^q q{B) on exponentially weighted Sobolev spaces. 

Theorem 4.5.3 // p G 5o^o,o(^) ^ operator wOpd{p)'w~^I 

belongs to OPS^qq, and 

wOpd{p)w~^ I = OpdiVv) with py{x,y,^)=p{x,y,^ + igy{x,y)). 

Proof The inclusion py G S^q q can be checked simply by differentiating. Let us 
show that wOpd{p)'w~^ I = Opd{Pv)- 

Let u G C^(R^). By means of the Lagrange formula 

v{x) - v{y) = {x-y, gy{x, p)), 

we have 

{wOpd{p)w~^u){x) 

= limos [ [ y, 0'^{y)dyd^. (4.39) 

^^0 J Jr^ 
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For every £ > 0, the function under the integral sign in (4.39) has a compact 
support Q with respect to y, and it is exponentially decreasing with respect to ^ 
as ^ cx). Hence, the integral (4.39) can be written as 

{wOpd{p)w~^u){x) = lim( 27 r)“^ / J{e, x, y)u{y) dy 

where 

J(e, X, y) := j p(x, y, d^. 

Substituting r = r(^) = ^ — igv{x^ y) in the latter integral, we obtain 

J(e, x,y)= [ p{x, y, T + ig^{x, (4.40) 

-ig^{x, y) 

Notice that this change of variables is justified because gv{x^ u) ^ B for x, y e M^. 
Since (x, y, C) i-^ p(x, y, () is an analytic function with respect to C G 
and since y^(x, y) e B for all x, y G M^, we obtain that (x, y, r) i-^ p(x, y, r + 
igv{x^ y)) is an analytic function with respect to r running through the layer 

Tx,y,e '■= + i{-tgy{x, y) :te {-£, 1 + e)}, 

whenever £ > 0 is sufficiently small. Thus, the function under the integral sign 
in (4.40) is analytic with respect to r G Tx^y^e- Since this function is moreover 
exponentially decreasing with respect to Imr G ImTa,^ as Rer ^ oo, and since 
the layer Tx,y^e contains E^, the Cauchy-Poincare theorem (see [185], p. 233) 
justifies to replace the integration along — zy^(x, y) in (4.40) by integration 
along R^. Hence, 

J(e, x,y)= f p(x, y,T + ig^ix, dr, 

JRN 



whence 

{wOpd{p)w~^u){x) 

= lim os f [ e-^^^-y’^^-<^+^^'’^^’y^^"p{x,y,T + igx(x,y))u{y)dydT 
^^0 J J^N 

^{2ny^ [ f e~''^^^y’'^'>p{x, y, T + igy{x, y))u{y)dydT 

JR^ JR^ 

and wOp{p)w~^ I = Opd{Pv)- □ 

Let w G A(H) and s G R. We say that a function u lies in the weighted Sobolev 
space if wu G iL^(R^). The norm of u in is defined as the norm 

of wu in 
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Proposition 4.5.4 Let P G OPS^q q{B) and w G A(B). Then P is a bounded 
operator from to 

The proof follows immediately from Proposition 4.1.10 and Theorem 4.1.18. The 
next result is a consequence of Theorem 4.4.9. 

Theorem 4.5.5 Let p G S^qq{B) and w = expt? G A(B). Then the operator 
Opd{p) • — > LT^(IR^) is Fredholm if and only if all limit operators 

of the operator 



{DyOpd{Pv){D)-^-^ : ^ 



are invertible. 

The condition for the Fredholmness of Opd{p) : — > LT^(R^) can be 

checked effectively if the symbol is slowly oscillating, and if also the weight function 
is slowly oscillating in the following sense. 

Definition 4.5.6 The weight function w = expv G A(B) is slowly oscillating and 
belongs to SA{B) if 

lim {dx,dx.v){x) = 0 for all i, j = 1, . . . , N. 

X— >oo 

For example, if Ba := {x € : \x \2 < a}, then the weight functions x h- > 

and a: belong to SK{B^^). 

Proposition 4.5.7 Let p G SO(P'qq(B) := SOIPqq n S^qq(B) and w = expu G 
SA{B). Then 

wOpd{p)w~^I = Op{p[y\) + Op{t) (4.41) 

where P[v]{x, := p{x, x, ^ + i(Vn)(a;)) and 

hm t(a;,O(e)“'"=0. 

(x, »oo 

Proof Prom Theorem 4.5.3 we know that wOpd{p)w~^ I = Opd{Pv)’ The function 
Py belongs to OPSO'^qq under the hypotheses of the proposition, as one easily 
checks by differentiating. Thus, by Proposition 4.4.11, Opd{Pv) = Op{p) + Op{t) 
with 

Ip){x, 0 := Pv{x, X, = p{x, x,^ + igy{x, a)), 

and with a function t such that 

hm t{x,m~^=0. 

(x, )>CO 



Since gv{x, x) = (Vn)(x), this is the assertion. 



□ 
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Theorem 4.5.8 Let a G SO'^q o(^) ^ ~ expi; G SA{B). Then the operator 

Opdia) : ^ K(R^) 

is Fredholm if and only if all limit operators of the pseudodifferential operator with 
symbol (x, h-> a(x, x, ^ + ^(Vt’)(x))(^)“"^ are invertible on Equiva- 

lently, Opd{o) is Fredholm if and only if 

I |a(a;, a;, ,f + i(Vu)(a;))|(0“’" >0. 

R-^oo |x| + |^|>i? 

This is an evident consequence of the preceding proposition and Theorem 4.4.12. 
4.5.2 Mellin pseudodifferential operators 

Let M_(- := (0, oo), and denote by L^(R+, d/a) the Hilbert space with norm 

f f dr 

\\u\\L^R+,d^i) ■■= if \u{r)\‘^ dp{r) j with /i(r) = — . 

Note that R+ is a commutative locally compact group with respect to multiplica- 
tion, and that d/a is just the Haar measure on this group. The Fourier transform 
associated with (M+ , d/a) is called the Mellin transform. It acts via 

M : L\R+, dp) ^ L^R), (M/)(A) = / /(r)r-*^-, 

Jr+ r 

and its inverse is given by 

M-i : R{R) ^ R{R+, dp), {M-^g){r) = L f g(\)r^^ d\. 

If a G then the operator Cm (a) '= M~^aM is bounded on d/a). 

It is referred to as the Mellin convolution operator with symbol a. 

Definition 4.5.9 An operator A G d/a)) is called locally invertible at the 

point 0 if there exist an e > 0 and operators G L(L^(M+, d/a)) such that 

LeAX(0, e]^ = X(0, e ] I ^^id X(0, e] = X(0, e ] I 

where X{o,e] stands for the characteristic function of the interval (0, e]. The set of 
all X e C for which the operator A — XI is not locally invertible at 0 is called the 
local spectrum of A at 0. We denote it by cro{A). 

Theorem 4.5.10 If a e L"^(R) then 

(Jo{CM{a)) = a{CM{o)) = R{a) (4.42) 

where R{a) refers to the essential range of a, i.e., to the spectrum of a considered 
as an element of the C* -algebra L^(R). 
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Proof. Let A := Cm{o)’ It is evident that ao{A) C a{A) = R{a). To prove the 
inclusion <j{A) C ao{A), assume that A — XI is locally invertible at 0 for some 
A G C. Then there exists an e > 0 and a constant C > 0 such that 

||(A - A/)x(0,e]/|| > C\\x( 0 ,e]f\\ for each / G C'o~(IR+). (4.43) 

For J > 0, let 

: L2(M+, dfi) ^ L2(E+, dfi), (Zsu){r) := u{r/S). 

This operator is unitary on L^(R+, dfi). Given / G choose (5 > 0 small 

enough such that the support of Zsf lies in (0, e]. Then (4.43) implies 

\\{A-XI)Zsf\\>C\\Zsf\\. 

Since (MZsu)(X) = S^^(Mu)(X), the Mellin convolution operator A commutes 
with Zs, and since Zs is a unitary operator, 

II - A7)/|| > C\\f\\ for all / € Co~(K+). 

Analogously, 

11(71* - A/)/|| > Cll/ll for all / € C'o~(K+). 

The latter two estimates imply the invertibility of A — XL Thus, A ^ cr{A). □ 

Next we are going to introduce function spaces £ and £d, which are the ana- 
logues of the Hbrmander classes Sq q and 5 o^q ,05 ^ ^ classes of operators 

on L^(M+, dfj,) with symbols in £ or £d which correspond to the (Fourier) pseu- 
dodifferential operators. We say that a complex- valued function a G C°°(M-(- x R) 
belongs to £ if 

sup \{rdr)°'d^a{r, A)| < CXD 
(r, A)gM+ xE 

for all nonnegative integers a and (3. For a G f, the operator Opm{cl) defined at 
u € C^(R+) by 

{OpM{a)u){r) := f ( a{r, X) {rp~^Y^u{p)p~^ dpdX 

Jr ^e+ 

is called the Mellin pseudodifferential operator with symbol a. The class of all 
operators of this kind is denoted by OP£. Further, let £d denote the set of all 
complex- valued functions a G (R+ x R_^ x R) which satisfy the conditions 

sup I(r9r)“(p5p)^5^a(r, p, A)| < oo 

(r, p, A)gE+xE+xE 

for all non-negative integers a, /?, 7. For a G £d, the operator OpM,d{o) defined at 
u G C^(R+) by 

(OpM,d(a)u)(»') (27 t)“^ f [ a{r, p, X) {rp~'-y^u{p)p~^ dpdX 

Jr Jr^ 
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is called the Mellin pseudodifferential operator with double symbol a. The class 
of all these operators will be denoted by OPSd- That Mellin pseudodifferential 
operators are indeed the analogues of the (Fourier) pseudodifferential operators 
on L^(M) can be seen as follows. Let T be the operator 

T : L^(R) ^ dfi), {Tu){r) := u{logr). 

Then T is unitary, and 

OPS = T{OPSlo)T-^ as well as OPSd = r(OPS'^ 0,0)^"^ 

Thus, the properties of the Mellin pseudodifferential operators follow straightfor- 
wardly from the corresponding properties of (Fourier) pseudodifferential operators 
on L^(M). Some of these properties are summarized in the following theorem. 

Theorem 4.5.11 

(a) Let a £ £. Then Opm{o) is bounded on L^(E+, d/a), and there is a constant 
C such that 



\\OpM{a)\\ < C" 53 K»'5r)“5f(i(r, A)|. 

0<a,P<2 

(b) Let a, b e £. Then OpM{o)OpM{b) G OPE, and OpM{o)OpM{b) = Opm{c) 
where 

c{r, X) = f f a{r, \ + p)b{rp, dpdp. 

J J ]R-|- X IR 

(c) Let a e E. Then the Hilbert space adjoint Opm{o)"^ belongs to OPE, and 
Opm{o)* = Opm{(P) where 



a*(r, A) = (27t) ^ / f a{rp, A + p)p 

J Jr^xr 



' dpd/i. 



(d) Let a £ Ed- Then the Mellin pseudodifferential operator OpM,d{a) '^Hh double 
symbol belongs to OPE, and OpM,d{o) = Opm{c) where c ^ E is given by 



c{r, A) = (27t) 



7 /. 



R+ xR 



a(r, rp, A + /a)p ^^dpdp. 



The integrals in (b), (c) and (d) are understood as oscillatory integrals on x R, 
which are defined via the transformation A i-^ TAT~^ of oscillatory integrals on 



The next definition provides us with an adequate notion of slowly oscillating 
Mellin symbols. 
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Definition 4.5.12 A symbol a e S is called slowly oscillating at the origin if 

lim snp \rdra{r^ A)| =0. 

Further, a double symbol a e £d is slowly oscillating at the origin if, for every 
compact subset K o/R+; 

lim sup \rdra{r, rp, A)| =0. 

^^^+0 (p,X)eKxR 

We denote the sets of all symbols in £ and in £d which are slowly oscillating 
at the origin by £^^ and £^^ , respectively. The corresponding classes of Mellin 
pseudodifferential operators will be denoted by OP£^^ and OP£^^ . 

Proposition 4.5.13 

(a) Let a, be £^^ . Then OpM[o)OpM(b) = OpM{ab -h t) where t e£ and 

lim sup|t(r, A)| =0. (4.44) 

^^+0 agr 

(b) Let a G £^^ and d{r, A) := a(r, r, A). Then d G £^^ and OpM,d[o) = 
Op{d + t) with t G £^^ satisfying (4.44). 

The proof is similar to that of Proposition 4.4.11. □ 

4.5.3 Mellin pseudodifferential operators with analytic symbols 

Let (c, d) C R be an open interval which contains the origin. We say that w = 
expi; G C^(R+) is a weight function in the class P{c, d) if 

• the function v satisfies 

sup \ {rDr)^v{r)\ < oc for all /c G N (4.45) 

rGK 

where DrV = ^, 

• the function k,w{t) := rv'{r) is such that 

c < inf < sup /c^(r) < d, (4.46) 

rGK+ reR+ 

• and if w is slowly oscillating at the point 0 in the sense that 

lim rK,'^{r) = 0. 

r^+O 

For w G TZ{c, d), the weighted space L^(M+, wdn) consists of all functions u with 
||w||L2(R+,iodAt) = < OO- 
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Definition 4.5.14 The class £{c^ d) consists of all functions (r, A) a(r, A) in 
X M) which admit an analytic extension with respect to A into the strip 
n(c, d) {A G C : c < Im A < d} such that 

sup \\{rdr)'^d^a{r, A)|| < oo. 

(r, A)€M+xn(e,d) 

The class of Mellin pseudodifferential operators with symbols in f (c, d) will he 
denoted by OP£{c^ d). 

Here we used the same letter for a function a and for its analytic continuation. In 
the obvious way, one also introduces the classes fd(c, d) of analytic double symbols 
as well as the classes 8^^{c, d) and £^^{c, d) of slowly oscillating analytic symbols. 

Proposition 4.5.15 Let a G d), and let w be a weight satisfying conditions 
(4.45) and (4.46). Then wOpM,d{o)'w~^ I ^ £d, ctnd wOpm{ 0')'^~^ I = OpM,d{ciw) 
where 

auj{r, p, A) := a(a, p, A + i6w{r, p)) (4.47) 

with ^ 

0w : M+ X R+ ^ M, (r, p) P^) dr 

Jo 

Notice that condition (4.46) implies that 0^t;(r, p) G (c, d) for all r, p G M+. 

Corollary 4.5.16 Let a G fd(c, d), and let w be a weight satisfying conditions (4.45) 
and (4.46). Then the operator OpM,d{o) is hounded on I/^(R+, wdp). 

Proposition 4.5.17 Let a G d) and w G 7^(c, d). Then 

wOpmAo)'^~^ I = OpM{a[yj] + t) 

where ^ £ is given by a[^](r, A) := a(r, r, A + irv'{r)), and where t ^ £ 
satisfies 

lim sup |f(r, A)| — 0. 

^^+0 agm 

The Propositions 4.5.15 and 4.5.17 follow from Theorem 4.5.3 and Proposition 
4.5.7 by the change of variables x = logr. 

4.5.4 Local invertibility of Mellin pseudodifferential operators 

Recall that, for a > 0, the (multiplicative) shift operator ’ L^(R+, dp) 
L^(R+, dp) is defined by {Zau){r) := u{r/a). Clearly, Z^ is unitary, and = 
Further, for (3 eR, set 

Fp : L^(R+, dp) ^ L^(R+, dp), r^ F^u{r) 

and, for S := {a, (3) G R+ x R), let Us := Z^Fp. 

A sequence h = {hi, h 2 ) : N ^ R+ x Z is called admissible if hi = exp g with 
a sequence p : N ^ Z, and if hi{n) ^ 0 as n ^ oo. 
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Definition 4.5.18 Let A G dfi)), and let h be an admissible sequence. The 

operator Ah G L(L^(IR+, dfi)) is called a limit operator of A with respect to h if 

U^^^-^AUh(n) Ah * -strongly asn ^ co. 

We denote by cr^p{A) the set of all limit operators of A defined by admissible 
sequences. 

Theorem 4.5.19 A Mellin pseudodifferential operator A G OPE is locally invertible 
at 0 if and only if all limit operators of A defined by admissible sequences are 
invertible. In particular, 



(^o{A) = y cr{Ah). 

AneaS^A) 

Proof. If A G OPE, then T~^AT G OP5q o, and A is locally invertible at the 
point 0 if and only if the operator T~^ AT is locally invertible at — oo. Moreover, 
iih = (exp/ll, h 2 ), then 

^ {h\{n) , h 2 {n)) all n G N, 

and hi{n) — oo as n ^ oo. Hence, the assertion follows from Theorem 4.3. 17. □ 

Corollary 4.5.20 Let A := Opm{o) G OPEd{c, d), and let W be a weight which 
satisfies the conditions (4.45) and (4.46). Then A : L^(M+, wdfjt) L^(1R+, wdfTj 
is locally invertible at the point 0 if and only if all limit operators of the operator 
B := Opuiciw) • 7y^(M+, d/a) L‘^(R^, dja) with respect to admissible sequences 
are invertible. Here, the symbol a^j is given by (4.47). In particular, 

<^o{A) = y <j{Bh). 

BueaSAB) 



It can be seen as in the proof of Theorem 4.3.15 that the limit operators of 
the Mellin pseudodifferential operator Opm{o) G OPE with respect to the ad- 
missible sequence h = {hi, /12) can be obtained in the following way. One has 
^h(n)^VM{o)Uh{n) = OpM{an) where 



a„(r, A) := a{hi{n)r, A + /i 2 (n)), n G N. (4.48) 

The sequence (an)neN possesses a subsequence (a^(^))neN which converges in the 
topology of C^(M+ X M). We denote its limit by Og where g is the admissible 
sequence ho r. Then the function Og belongs to E, the limit operator of OpM{ci) 
with respect to g exists, and OpM{o)g = OpMictg)- 

The limit operators get a simpler form for Mellin pseudodifferential operators 
with slowly oscillating symbol. For, let a G E^^ , and let h be an admissible se- 
quence, such that the sequence (a^) with an as in (4.48) converges in C^(M+ x M) 
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to a function a^. Then one gets as in the proof of Proposition 4.4.1 that the 
function ah does not depend on the variable r. 

In the very same way, one also obtains the limit operators of Mellin pseu- 
dodifferential operators with double symbols OpM,d{o) ^ OPSd- In this case, one 
chooses a subsequence of the sequence {an)neN which converges in x R+ x 

R) to a certain function ag where now 

an(r, p. A) := a(/ii(n)r, /ii(n)p, A -h h 2 (n)), n G N. 

If a G is a slowly oscillating double symbol, and if h is an admissible se- 
quence such that the functions an converge to a limit function ah, then this 
limit function does not depend on r and p. Consequently, the limit operator 
OpM,d{ct)h = OpM,d{cih) of A is a Mellin convolution, 

(Ahu){r) = {CM{cLh)u){r) = f ah{X)u{X)P^ dX, 

Jr 

where u is the Mellin transform of G In this case, it follows from 

Theorem 4.5.10 that the operator Ah : L^(R+, dp) L^(R+, dp) is invertible if 
and only if 

inf |aft(A)| >0, (4.49) 

A t 

and that 

a{Ah) = cro{Ah) = clos{a/^(A) : A G R}. 

With these remarks, the following theorem can be proved as Theorem 4.4.2. 

Theorem 4.5.21 The operator A = OpM,d{a) G , considered as an operator 
on L^(R_|_, dp), is locally invertible at the point 0 if and only if, for every limit 
operator Ah = Cm^clh) ^ condition (4.49) holds. Equivalently, A is 

locally invertible at 0 if 



In particular. 



lim inf 

(r, A)G(0 ,£)xR 



|a(r, r, A)| > 0. 



(Jo(-T) — clos {( 2 /j, (A) : A G R}. 

CM(a^)G<(A) 



Corollary 4.5.22 Let A = OpM,d{o) ^ d) ^ ^ d). Then the opera- 

tor A, considered as an operator on L^(R+, w dp), is locally invertible at the point 0 
if and only if all limit operators of the operator B := OpM,d{(^w) ^ I/(L^(R+, dp)) 
with respect to admissible sequences are invertible. {Recall the definition of a^ in 
(4.47).) This condition is equivalent to 



lim inf |a(r, r, A -h i6y^{r))\ > 0. 

e^0(r, A)g(0,£)xR ^ 



cro{A) ^ y clos {bh{X) : X eR}. 

CM(bH)eaO^(B) 



In particular. 
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4.6 Singular integrals over Carleson curves 
with Muckenhoupt weights 

In this section, we will consider singular integral operators 5p of Cauchy type on 
spaces L^(r, w) over curves P possessing the Carleson property and with weight 
functions w satisfying the Muckenhoupt condition. These are the general condi- 
tions under which the operator S'r is bounded. In particular, we will determine 
the local essential spectra of the singular integral operator 5p by identifying the 
local representatives of 5p with certain Mellin pseudodifferential operators, which 
allows us to have recourse to the results presented in Section 4.5. For the sake of 
simplicity, we confine ourselves to the Hilbert space case p = 2. 



4.6.1 Carleson curves and Muckenhoupt weights 

Let r be an oriented rectifiable simple arc in the complex plane and set P(t, e) := 
{r G r : |r — t| < e} for £ > 0 and t G F. Given p G (1, oo) and a measurable 
function it; : F [0, oo] such that ic“^({0, oo}) has Lebesgue measure zero, 
consider the weighted Lebesgue space L^(F, w) provided with norm 

ll/l|Lp(r,«;) := \f{T-)fw{ry Mr|^ . 

Let / G L^(F). Then the Cauchy singular integral Srf^ 

{Srf){t) := lim — [ dr 

exists for almost all t G F. As a result of a long development culminating in the 
work by Hunt, Muckenhoupt, Wheeden [78] and David [42], it became clear that 
Sr is a well-defined and bounded operator on I/^(F, w) if and only if 



1 

sup sup - 
£>o ter £ 





(4.50) 



where l/p-hl/^ = l (see also [51] and [23]). We write Ap for the set of all pairs 
(F, w) satisfying (4.50). By Holder’s inequality, (4.50) implies that 



supsup \T{t, e)\/e < oo (4.51) 

£>o ter 



where |F(t, e)| stands for the Lebesgue (length) measure of F(t, e). Conditions 
(4.50) and (4.51) are frequently referred to as the Muckenhoupt and the Carleson 
condition, respectively, and weights w and curves F satisfying these conditions are 
called Muckenhoupt weights and Carleson curves. 
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4.6.2 Logarithmic spirals and power weights 

For (5 G R, the curve 

Gi :={re*^'°s'':r>0} (4.52) 

is called a logarithmic spiral It is easily seen that logarithmic spirals are Carleson 
curves. Further, given 7 G R, we call the function 

Uj : Gs ^ (0, 00), r 1-^ \rP (4.53) 

a power weight. Thus, if r = ^ then 

u^{^r) = r^ = ( 4 . 54 ) 

It turns out that is a Muckenhoupt weight on Gs if and only if —1/2 < 7 < 1/2 
(see, e.g.. Theorem 2.2 in [23]). Hence, under this condition, Sqs acts as a linear 
and bounded operator on L‘^{Gs^ u^)- 

Let 5 G R and 7 G (—1/2, 1/2). The mapping defined by 

i^s,jf){r) := r e E+, 

is an isometric isomorphism from L‘^{Gs, u^) onto L^(R_^, dp) where dp again 
refers to the Haar measure of the multiplicative group R+. A straightforward 
computation yields 



{^s,,SGs^-\g){r)= [ k 
JGs 

for all g G C^(R+), where 

1 + iS 



-)s'(p)— > reE+, 
Gs \PJ P 



k{p) := 



(4.55) 



7T2 1 — ' 

To determine the Mellin transform of /c, we need the following technical lemma. 
Lemma 4.6.1 Let 0 < ImA < Re^. Then 



7T2 



r(i_^«)-i,-A^^coth^, 



(4.56) 



where the integral is understood in the sense of the Cauchy principle value. 
Proof. For real (hence, positive) a change of variables yields 






lf(i-.^)-r-^ = ir 

TTi jQ t iri Jq s 

On the other hand, adding the Formulas 3.238.1 and 3.238.2 in [70] gives 



1 

— {1 — x) ^ dx = cothi ym) 

Jo 
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whenever 0 < Rey < 1. Thus, if ^ > 0 and 0 < ImA < ^, then the identity (4.56) 
holds. Clearly, this identity makes sense and is still valid by analytic continuation 
if Re^ > 0 and Im A G (0, Re^). □ 

Proposition 4.6.2 Let S e R and 7 G (-1/2, 1/2), and let k be given by (4.55). 
Then the Mellin transform of k equals 

= coth (tt ^ + 1 — ) =• ^ ^ 



Hence, the transformed singular integral Mellin convolution 

operator symbol := ^>{6, 7 , A). 



Proof. By the previous lemma, we have 



(M/c)(A) = 



l+iS p7+l/2-iA 

ni Jo 1 - p 



= coth 



' A + i(7+l/2) 
^ l + iJ 



for all A G M. 



□ 



To determine the essential range of the function notice that coth(Trz) — 

m_i,i(e^'^^) where m_i,i is the Mobius transform C ^ (C + 1)/(C ~ !)• Now, if A 
runs through E, then the point (A + i(y + l/2))/(l + id) traverses the straight line 



{x + G C : 2 / = —5x + (7 + 1/2)}. (4-57) 

The function z i-> e^'^^ maps this line to the logarithmic spiral 
which on its hand is mapped by the M5bius transform m_i,i to a curve 
joining —1 to 1 which might be called a logarithmic double spiral (The points 
A = ±00 are mapped to ±1.) Thus, the essential range of is 



55,-, = U {-1, 1}. (4.58) 

An operator A G L{LF‘{Gs, u^)) is called locally invertible at the origin if there are 
an £: > 0, a function ip G C{Gs) which is identically 1 on : r G (0, e)}, 

and operators Di, Dr ^ L{L‘^{Gs, u^)) such that 



pADr = pi and DiApI = pi. 



The local spectrum cfo{A) is the set of all A G C such that A — XI is not locally 
invertible at the origin. Clearly, ao{A) = Thus, from what has 

been said above and from Theorem 4.5.10, we get the following. 

Theorem 4.6.3 Let 5 G R and 7 G (-1/2, 1/2), and consider the singular integral 
operator Sgs acting on LP'(Gs, u^). Then 

^{Sgi,) = <to(5gJ = Ss,^- 

Notice that the condition 7 G (-1/2, 1/2) guarantees that the line (4.57) intersects 
the imaginary axis strictly between 0 and i. Therefore, the singularities iZ of 
2 H- > coth ( 772 ) are not met. 
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4.6.3 Curves and weights with slowly oscillating data 

Here we are going to introduce a class of Carleson curves and a class of Mucken- 
houpt weights which behave locally as logarithmic spirals and as power weights, 
respectively. 

Slowly oscillating functions. Fix s > 0. A function a G C°°(0, s) is said to be 
slowly oscillating (at the origin) if 

sup \{rDrYa{r)\ < oo for all j > 0 (4.59) 

r‘G(0, s) 

and if 

lim |ra'(r)| = 0. (4.60) 

r— >0 

Note that (4.59) for j = 0 is the statement that a is bounded, and that (4.59) and 
(4.60) imply that actually 

lim \{rDrya{r)\ = 0 for all j > 1. 

1 — ^0 

For example, if / G C^(R), then the function r i-^ /(log(— logr)) is slowly oscil- 
lating. 

Slowly oscillating curves. Let F be a bounded oriented simple arc with starting 
point t. We say that the curve F is slowly oscillating (at t) if there are an s > 0 and 
a real- valued function 6 in C^(0, s) such that the function r r0'{r) is slowly 
oscillating at the origin and F can be parametrized as 

r = + :rG(0, s)}. (4.61) 

Recall that the slow oscillation property of the function r i-^ r0'{r) means that 

sup \{rDrY 6{r)\ < oo for all j > 1 (4.62) 

rG(0, s) 

and that 

lim \{rDrY6{r)\ = 0, (4.63) 

r— >0 

but that 6{r) may be unbounded as r ^ 0. Since 

\dr\ = a/1 -I- {r6'{r)Y dr, 

the case j = 1 in condition (4.62) ensures that F is a Carleson curve. 

For example, if p G C^(M), then 

6{r) := ^(log(- logr)) logr, r G (0, 1) 

satisfies (4.62) and (4.63). In case g is constant, say g{x) = 5 G M for all x G (0, oo), 
the curve (4.61) is the starting piece of the logarithmic spiral Gs introduced in 
Section 4.6.2. 
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Slowly oscillating weights. Let F be a slowly oscillating curve with starting point 
t, A function ic : F [0, oo] is called a slowly oscillating weight (at the point t) if 
there are an s > 0 and a function v G C®°(0, s) such that 

w{t + for r G (0, s) (4.64) 

and the function r i-^ rv'{r) is slowly oscillating at the origin: 

sup \{rDryv{r)\ < oo for all j > 1 (4.65) 

tG(0, s) 

and 

lim \{rDryv{r)\ — 0. (4.66) 

r — >0 

One can show (Lemma 4.2 in [22] or Theorem 2.36 in [23]) that the Muckenhoupt 
condition (4.50) with p = q = 2 is satisfied if and only if 

— 1/2 < liminfrf'(r) < limsupru'(r) <1/2. (4.67) 

For example, if h e C®^(R) is bounded together with all its derivatives, then the 
function 

: (0, 1) — > E, r ^ /i(log(— logr)) logr 

obviously satisfies (4.65) and (4.66), whereas (4.67) is equivalent to the inequalities 
— 1/2 < liminf(/i(x) + h'{x)) < limsup(/z(x) + h'{x)) < 1/2. 

x^+oo x^+oo 

Note that in case is a constant function, say h{x) = 7 for all x G E, the weight 
(4.64) is the power weight r ^ . 

We denote by the set of all pairs {T, w) G A 2 where F is a slowly 
oscillating curve and re is a slowly oscillating weight. 

Slowly oscillating coeflScients. Let (F, w) G A function c : F ^ C is called 
slowly oscillating (at the point t) if there are an s > 0 and a slowly oscillating 
function d G C°^(0, s) such that 

c{t + = d{r) for r G (0, s). 

The class of all these functions will be denoted by S'0°°(F). 

4.6.4 Local representatives and local spectra of 
singular integral operators 

Let (F, u;) G Af^. In particular we assume that F and w are given via the repre- 
sentations (4.61) and (4.64), and that condition (4.67) holds. The starting point 
of F is denoted by t again. The goal of this section is to represent the singular 
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integral operator w) w) locally as a Mellin pseudodifierential 

operator. 

The map 

: L\T, w) ^ L^iiO, s), dfi), ($J)(r) := 

is a bijective isometry. We write it as o ^t ,2 where 

(^t,i'0)(r) := and ($t, 2 /)(r) := 

Given e G (0, s/2), let ip^ a function in C°°([0, oo)) which takes its values in [0, 1], 
is equal to 1 on [0, e] and vanishes outside [0, 2s]. Further, we associate the weight 
function W-^{r) := on E+ with the weight w on F. 

Proposition 4.6.4 Let (F, ic) G be as above, and consider the operator Sr as 
acting on I/^(F, w). Then the operator 

Pe^t,2^T^t,2TeI • dp) dp) 

is the Mellin pseudodifferential operator OpM,d{b) with the double symbol 

L/ ^ ^ \ + A + z/2 

6(r, p. A) := peir)psip)z r^rr-T r coth — — 

v,p, ; p) l + iMe{r,p) 

where ^ 

Me{r, p) := ( r^~'^ p'^ 6' p^) dx. 

Jo 

Proof. Let / G (M+ ) . A straightforward computations yields 

{<fie^t, 2 Sr^t Wef){r)= [ l{r, p)f{p)dn{p) 

J K-j- 

with 

^ t \ ( \ ^ 0 +ipe'{p)){r/pY>‘^ 

l(r, p) . ife{r)^e{p) ^ _ (^/^)gi(0(r)-0(p)) ' 

Applying the Lagrange formula 

6{r) - e{p) = Mg{r, p){\ogr - \ogp), 

we obtain 



l{r, p) = ipe(r)ipe{p) 
lfp>0, 0<p<l and Re^ > 1, then 



1 {l+ipe'{p)){r/pY/‘^ 

7TZ 1 — (r ! pY+''f^e(r, p) 



1 1 /■ w 

— ; 7 = 7^ coth(7 

ml- p^ 2n 7r 



\ + ip. 



d\ 
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by Lemma 4.6.1. Consequently, 



l{r, p) = (p,{r)(pe{p) 



1 1 + ip0'{p) 

27t 1 + iMe{r, p) 




A + V2 
1 + iMe{r, p) 



d\. 



This implies the assertion. 



□ 



Proposition 4.6.5 Let (T, u;) G he as above, and consider the operator Sr as 
acting on L^(r, w). Then the operator 

'■ dp) L‘^{R+, dp) (4.68) 

is the Mellin pseudodifferential operator OpM {a + q) with 



a{r, A) := (fl{r) cothn 



A + i{rv'{r)) + 1/2 
1 + ir9'{r) 



and 



lim sup \ q{r, A)| = 0. 
xeR 



Proof The condition (4.67) on the weight implies that there is an ro such that 
-1/2 < rv'{r) < 1/2 for r G (0, ro). Since the behavior of the weight w outside an 
open neighborhood of the origin does not influence the operator (4.68) if e is small 
enough, we may a priori assume that w G 7^(— 1/2, 1/2). (Recall the definition of 
the class 7^(c, d) of slowly oscillating weights given before Definition 4.5.14.) The 
double symbol 



{r, P, 



A) 



COthTT 



A + i/2 
1 + irMe{r, p) 



is an analytic function of A in the domain {A G C : —1/2 < ImA < 1/2}, and 
it satisfies the conditions of Proposition 4.5.17 on this domain. So the assertion 
follows from this proposition. □ 



Remark. The functions given on (0, e) by 



r I— > r6'{r) =: /^6>(^) and r rv'{r) := Kvi'f') 



are local characteristics of the curve T and the weight w at the end-point t of T. If 
T = Gs = {z e C : z = re^^ r G (0, s)} is a piece of a logarithmic spiral, and if 
w(r) = r^ with \a\ < 1/2 is a power weight, then Ke{r) = S and hivi'f') = and the 
operator (4.68) is a pure Mellin convolution operator as described in Proposition 
(4.6.2). □ 

After these preparations, we turn over to more involved singular integral operators. 
These are constituted by the operator Sr of singular integration, the identity 
operator, and certain multiplication operators. More precisely, we assume that the 
curve r is slowly oscillating at the origin, that the weight w is in E(— 1/2, 1/2), 
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and that a and b are functions from SO^{r), and we consider the singular integral 
operator 

Ar := al + bSr : L^{r, w) L'^{T, w). 

We will apply the above representations to describe the local spectrum at the 
origin of the operator 

(Ar)t,e := '■= wdn). 

Proposition 4.6.6 Under these assumptions on F, w and a, h, 

{Ar)t,e = OpM(at,e) e OP£^° 



where 



at,e{r, A) (/?^(r) ( a(r) + b{r) coth 



A H- i{rv'{r) + 1/2) 
1 + ir6'{r) 



+ q{r, A) 



with 

lim sup \q{r, A)| = lim sup \q{r, A)| =0. 

Indeed, this is a direct consequence of Proposition 4.6.5. □ 

To describe the local spectrum at t of the operator Ar via Theorem 4.5.21, we need 
the limit operators of (v4r)t,e at the origin. Thus, let h = {hi, h 2 ) be an admissible 
sequence which defines a limit operator of {Ar)t,s‘ In case h 2 {n) ±cx) as n — > oo, 
the functions defined by 



a""(r. A) := at^s{hi{n)r, A + h2{n)) 



converge in the topology of x M) to Oh^bh ^ C, where 

Oh — lim a{hi{n)) and bh = lim b{hi{n)) 

n — >■00 n^oo 



are the partial limits of a and b defined by the sequence hi 0. In case h is 
an admissible sequence for which h 2 is a constant sequence, the limit operator of 
{Ar)t,£ defined by this sequence is unitarily equivalent to the Mellin convolution 
operator CM{dt,£,h) with 



dt,£,h{r, A) := ah + bh cothTr 



A + i{K,v, + 1/2) 

1 + ii^e,h 



where a/^, bh, i^w,h and Ke^h refer to the partial limits of a, 5, Ky and kq defined 
by the sequence hi tending to 0. Note that the symbol at^e^h is independent on the 
variable r. Further define 

:= |c G C : C = cothTT ^ ^ ^ [“Cxd, +00] | . 

Then Theorem 4.5.21 implies the following. 
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Theorem 4.6.7 Under the assumptions made above, the singular integral operator 
Ay : w) w) is locally invertible at the point t if and only if 



lim inf 

£-^0 (r, A)g(0,£)xR 



a(r) + b{r) cothTr 



A + i{rv'{r) + 1/2) 
1 + ir6'{r) 



> 0. 



The local spectrum of Ar at t is 



(^i{Ay ) — + bbS^Q h, K,v,h) 



h 

where the union is taken over all admissible sequences h — {h\, /i 2 ) for which the 
partial limits 



Oh := lim a(/ii(n)), 

n^oo 

Ky^h ■= lim Ky(hi(n)), 
n— >oo 



bh ■■= lim b{hi{n)), 

n^oo 

K 0 ^h ■= lim Ke{hi{n)) 

n— >oo 



exist. 



Proposition 4.6.2 and the representation of the operator (4.68) derived in Proposi- 
tion 4.6.5 show that the local spectrum of the operator Ay : L^(P. w) w) 

is the union of the spectra of the singular integral operators with constant coeffi- 
cients 

:= ahl + bhSc.^^ : ^ 

acting on over the logarithmic spiral ^ and with the power 

weight In particular, the local spectrum of the operator Sy ^^(r, w) 

L^(r, w) is the union of the double logarithmic spirals 



4.6.5 Singular integral operators on composed curves 

The results of the previous section can be extended to singular integral operators 
on composed curves without cusps. The point is that these curves behave locally 
as a union of a finite number of semi- axes (a star ) , and singular integral operators 
on stars can be transformed into Mellin pseudodifferential operators with matrix- 
valued symbols. 

Let r Ti U • • • U Tk where the curves 

Tk := {t + re^(^°(r)+eAr)) ; r e (0, s)} 

are oriented simple arcs with common point t. The point t is also called a node of 
the curve T. Further, let the weight function tt; : T ^ [0, oo] be given by 

w(r) = r G r. 
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Moreover, we assume that there are numbers 

0 < mi < Ml < 7722 < M 2 < • • • < 772k < Mk < 27T 

such that mk < Ok{r) < Mk for all /c = 1, . . . , /C, and that the functions r ^ 
rO'^{r) for A: = 0, . . . , as well as the function r rv'{r) are in C^(0, s), that 

these functions are slowly oscillating at the origin, and that (4.67) is satisfied. 
Finally, we write SO^{T) for the class of all functions ar : F ^ C which are 
slowly oscillating in the sense that the restrictions ar|rfc belong to SO'^{rk) for 
every k. Equivalently, the functions 

a/c : r I— > ar{t + 

are in C"^(0, s) and slowly oscillating at the origin. Let 

a{r) := diag (oi(r), . . . , ax(r)). (4.69) 

As above we introduce the map 

: L^(r, w) ©jLiL^((0, s), diJ.), f ^ (/i, Jk) 

with 

/fe(r) = + re^(0o(r)+0.(r))) 

for A: = 1, . . . , iF. Clearly, is an isometric bijection. For each bounded linear 
operator A : L^(F, w) I/^(F, ic), we set 

At,e ■= 

Finally, given real parameters a, /?, we introduce the matrix- function 
C \ iZ ^ A 7/(a, /?, A) = {yjk{oL^ /?, X))^k=i 

where 

{ ^{(3-ca--k)\ j if 

! sinh(7rA) if k < j, 

coth(TrA) if k = j. 

Proposition 4.6.8 Let the curve F and the weight w satisfy the above conditions in a 

neighborhood of the point t eV. Then (Sr)t,e 'is a matrix Mellin pseudodifferential 
operator with components in OPE ^^ . More precisely, 

{Sr)t,e = OpM{>pls + q) 



where 



s{r, A) = {sjk{r, >^))f,k=i^ 



q{r, A) = {qjkir, X))f^k=i 



^ ^k^jk 



Ojir), 0k{r), 



A + i{rv'{r) + 1 / 2 ) \ 
l+ir^o(r) ) 



with 
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and with Ck = I if the curve Tk is oriented away from the point t and Ck = —1 in 
the opposite case. Finally, 

lim sup \qjk{r, A)| = 0, lim sup \qjk{r, A)| =0. 

The proof of Proposition 4.6.8 proceeds similar to the proofs of Propositions 4.6.4 
and 4.6.5. □ 

Corollary 4.6.9 Let Ar := arl + brSr ' T^(P, w) — > T^(T, w), where the curve T 
and the weight w satisfy the above-mentioned conditions, and where the coefficients 
ar and br are slowly oscillating in a neighborhood ofteT. Then 

{Ar)t,s = OpMi^Uo- + M + q) 

where a and b are the diagonal matrices given by (4.69) and with s and q as in the 
preceding proposition. 

Employing the obvious generalization of Theorem 4.5.21 to the Ccise of vector- 
valued functions, we obtain the following result. 

Theorem 4.6.10 Let T, w, ar and br be as in Corollary 4.6.9. Then the operator 
Ar = arl br Sr • T^(T, w) T^(P, w) is locally invertible at the point t G T if 
and only if 

^ |det(a(r) +6(r)s(r, A))| >0. (4.70) 

e— >0 (r, A)G(0, e:) xM 

The local spectrum of Ar at the point t is given by 

<Tt(Ar) = IJ{C €C:C = sp{ah + bhir)sh{X)), A e [-oo, +oo]} (4.71) 

h 

where spc refers to the spectrum of the matrix c. The union in (4.71) is taken over 
all admissible sequences h = {hi, 0) for which the limits 

lim a{hi{n)) ah^ lim b{hi{n)) =\ bh 

n^oo n—^oo 

exist and for which also the limit 

lim a{hi{n), A) = ah{X) 

n— >CXD 

exists uniformly with respect to X E [-R, i?] for every R> 0. 

Let us finally consider a composed curve P which is the union of a finite number 
of simple smooth curves, and let t\, . . . , tr refer to the nodes of T. We suppose 
that each node ti has a neighborhood Ui which contains no other node of T and 
such that r n {7/ is a curve of the form considered above. 
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We consider the singular integral operator 



= arl + brSr : L^{T, w) L^{r, w) 

where the coefficients ar, br and the weight w are C°^-functions on r\{^i, . . . , ti,} 
which moreover satisfy the above-given conditions on each of the neighborhoods 
Ui. The operator Ar is bounded, which follows from the general theory of singular 
integral operators on Carleson curves (see, for instance, [23]). Prom Allan’s local 
principle (Theorem 2.3.16) it becomes obvious that 

ae.s(Ar) = lJ<Tt(^r). (4.72) 

ter 

It is further well known (and not hard to see) that if ^ G P is not a node, then 

(^t{Ar) — {ct{t) + b{t)^ a(t) — b{t)}. (4.73) 

Thus, equality (4.72) together with (4.71) and (4.73) gives a complete description 
of the essential spectrum of a singular integral operator with slowly oscillating 
coefficients on L^(P, w) if (P, w) belongs locally (on a neighborhood of each point 
ter) to 

4.7 Comments and references 

Comprehensive introductions into the world of pseudo differential operators are 
[76, 90, 175, 181]. Our presentation of the material in Section 4.1 follows [127]. 

The bi-discretization method proposed in Section 4.2, the construction of 
the Wiener algebra of operators on L^(IR^), and the basic Fredholm results for 
operators in the Wiener algebra (hence, for pseudodifferential operators in OPSq q) 
from Section 4.3, together with the applications to concrete operators presented 
in Section 4.4, are taken from [134]. Similar operator algebras of Wiener type were 
considered by Sjostrand [170, 171] and Boulkhemair [36]. 

One should mention that the standard approach to Fredholmness of pseu- 
dodifferential operators makes use of composition formulas (see, for instance, 
[164, 175, 76, 127]). This approach does not work for operators in OPS^q. So 
new tools are needed, and it is our hope that we convinced the readers of that the 
limit operators method is a quite promising tool. 

The Fredholm theory of pseudodifferential operators in OPS^q with sym- 
bols which are slowly oscillating with respect to the spatial variable x has been 
considered by Grushin [71]. 

For elliptic differential operators with almost-periodic symbols with respect 
to X, conditions for the invertibility are given in Shubin [162, 163], Fedosov and 
Shubin [54] and Coburn, Moyer and Singer [39]. These conditions are based upon 
the concept of the almost periodic index. 
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Pseudodifferential operators with analytic symbols on exponentially weighted 
spaces are considered in [122], whereas [128] deals with a more general class of 
pseudodifferential operators on such spaces. The results concerning Mellin pseu- 
dodifferential on weighted spaces are taken from [121] and [26]. 

In Section 4.6 we follow the paper [27] by Bbttcher, Karlovich and one of 
the authors. In the case of nice curves P and nice weights w, the spectrum of 
the operator S'r of singular integration along P, considered on the Lebesgue space 
L^(P, w) with power weight w has been known since the sixties from the work of 
Widom, Gohberg and Krupnik [65, 186]. This spectrum had been determined for 
nice curves P and arbitrary Muckenhoupt weights w by Spitkovsky [173] in the 
early nineties, and only very recently, the spectrum of S'r was completely identified 
by Bottcher, Karlovich [24] and Bishop, Bottcher, Karlovich and Spitkovsky [17] 
for general (composed) Carleson curves P and general Muckenhoupt weights w 
(also see [23]). 

The approach of [24] and [17] is based on Wiener-Hopf factorization and on 
the use of sub- multiplicative functions. An entirely different approach, making use 
of Mellin convolutions and Mellin pseudodifferential operators, was elaborated in 
[150, 169] and [119, 123, 125]. In [25, 26], it is shown how Mellin techniques can 
be applied to study the spectrum of Sr on L^(P, w) for large classes of Carleson 
curves and Muckenhoupt weights. 




Chapter 5 



Pseudodifference Operators 



The aim of this chapter is to study pseudodifference operators on weighted P- 
spaces over Pseudodifference operators can be viewed of as the discrete analogs 
of the standard pseudodifferential operators on (see, for instance, the mono- 
graphs [175, 164, 174, 76]). Notice also that, under some special conditions on 
the symbol a, the dual operator to a pseudodifference operator with respect to 
the discrete Fourier transform is a pseudodifferential operator on the torus T^. 
Operators of this kind have been studied in [2, 3, 4, 5, 154]. 

Particular attention will be paid to the following questions: 

• Fredholm properties and essential spectrum of pseudodifference operators on 
general exponentially weighted spaces, 

• Phragmen-Lindelof type theorems on the exponential decay at infinity of 
solutions to pseudodifference equations, 

• the description of the essential spectrum of discrete Schrodinger operators 
and to the decay of their eigenfunctions at infinity. 

5.1 PseudodifFerence operators 

This section deals with some general aspects of pseudodifference operators. This 
class includes difference operators as well as their inverses and inverses modulo 
compact operators, if the latter exist. We formulate here the main theorems on 
the calculus of pseudodifference operators, the boundedness in /^-spaces, and the 
inverse closedness of the Frechet algebra of the pseudodifference operators. These 
results are analogs of the well-known results for pseudodifferential operators as 
mentioned in Chapter 4 (see [175, 164, 174, 127]). 

For w a positive function on and 1 < p < oo, we write for the 

Banach space of all functions / on Z^ such that wf G and 

||/||p,i(; ll^/llp- 
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We further denote by S{Z^) the Frechet space of all functions u on such that 
[u]k := sup {x)^\u{x)\ < oo, where (x) := (1 + 

for each non- negative integer k. The space S{Z^) is densely embedded into each 
of the spaces with 1 < p < oo. We denote by S'{Z^) the corresponding 

space of tempered distributions on S{Z^). Finally, we will need the space coo(^^) 
of all function on Z^ which have a finite support. This space lies densely both in 
S{Z^) and in all spaces F{Z^) with 1 < p < oo. The discrete Fourier transform 
u oi u e S{Z^) is defined by 

u{t) := (Fu){t) = u{x)t~^ , t £ T^. 

The operator F of discrete Fourier transform provides us with a topological iso- 
morphism 

F : S{Z^) C^(T^), 

the inverse of which is given by 

(F~^f){x) = [ f{t)t^ dfi{t), X eZ^ 

where 

fi{t) := {2m) — 

ii In 

is the Haar measure on the A^-dimensional torus T^. It is well known that the 

discrete Fourier transform extends by continuity to an (almost) unitary operator 
F : l‘^{Z^) L^(T^) such that Parseval’s identity 

holds. 

Definition 5.1.1 Let a be a complex-valued function defined on Z^ x such that 
\a\k := sup |9fa(x, t)\ < oo (5.1) 

{x,t)eZ^ xT^ ,aeN^:\a\oo<k 

for each non-negative integer k. The class S of all functions enjoying this property 
is provided with the topology defined by the family of semi-norms a ^ \a\k with 
k > 0. To each function a £ S, there is associated a pseudodifference operator 
Op{a) , which maps a function u £ S{Z^) into the function Op{a)u on Z^ , given 
by 

{Op{a)u){x) := I a(x, t)u{t)t^ dp.{t), x £ Z^ . (5.2) 

The class of all pseudodifference operators with symbol a £ S will be denoted by 
OPS. 
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In case 

a(x, t) = aa{x)t~^ 

\oi\oo<m 

is a polynomial with respect to t G T^, the pseudodifferential operator Op{a) acts 
as the difference operator 

u ^ E (5.3) 

|a|oo<m 

where the Va are shift operators, 

{Vau){x) := u{x — a) for a G . 

Among the most important and best-studied classes of difference operators are 
those with m = 1, which are also called Jacobi operators. An archetypal example 
of a Jacobi operator is the discrete Schrodinger operator, 

N 

U:=J2(Ve,+V-^) + aI, (5.4) 

j = l 

where the ej := (0, . . . , 0, 1, 0, . . . , 0) (with the 1 standing at the jth place) 
are unit vectors and where al is the operator of multiplication by the function 
a G 

Below we will give, partially without proofs, some results concerning the 
calculus of pseudodifference operators. These results are completely parallel to the 
well-known results for usual pseudodifferential operators on M^, as they are cited 
in Section 4.1 and as they can be found in [76, 127, 164, 174, 175], for instance. 

Proposition 5.1.2 Let a E S and u G S{Z^). Then Op{a)u is in S{Z^) again, and 
the operator Op{a) : S{Z^) S{Z^) is hounded. 

By the definition of the discrete Fourier transform, 

{Op{a)u){x) = f a{x, t) u{y)t^~^ dpi{t), u E S{Z^), 

which suggests to write the operator Op{a) as 

(Op{a)u){x) = [ a{x, t)u{y)t^~^ dp.{t). (5.5) 

This makes perfectly sense if the right side part of (5.5) is interpreted as follows, 
which is an analogue of an oscillatory integral, namely 

{Op{a)u){x) = t){y)~‘^'"u{x + y)t~y dfi{t) (5.6) 




270 



Chapter 5. Pseudodifference Operators 



(cf. Section 4.1 and [127, 175]). Here we choose 2k > N and set 

j=l J 

One can show that the right-hand side of (5.6) does not depend on k \i 2k > N. 
The representation (5.6) allows us to define Op{a)u also for functions u in /^(Z^). 

Proposition 5.1.3 If a e S, then the operator Op{a) : /®^(Z^) ^ /^(Z^) defined 
by (5.6) is bounded. 

Proposition 5.1.4 Let a, b e S. Then Op{a)Op{b) G OPS, and Op{a)Op{b) = 
Op{c) with 

c{x, t) := / a(x, tr)b{x + y, t)T~^ dfi{r), 

with the right-hand side being understood in the oscillatory sense. 

Given an operator A on 5(Z^), we define its formal adjoint as the operator A* 
which satisfies 



{Au, = {u, A*v)i2(^^n^ for all u, v e S{Z^). 

Proposition 5.1.5 If a e S, then the formal adjoint Op{a)* belongs to OPS again, 
and Op{a)* = Op(a*) with 

a*{x,t):= [ a{x + y, tr)r~y d/a{r). 

Corollary 5.1.6 Operators in OPS are bounded on S'{'Z^). 

Indeed, one defines the action of Op{a) G OPS at 7/ G S'{Z^) by 

{Op{a)u){v) := u{Op{ayv), v G 5(Z^), 

where Op(a)* is the formal adjoint of Op(a). This definition makes sense since 
Op{a)* is a bounded operator on 5(Z^) by the preceding proposition. Moreover, 
the boundedness of Op{a)* on S{Z^) implies the boundedness of Op{a) on S'{Z^). 

□ 

Next we present the discrete analogs of pseudodifferential operators with double 
symbols. A double symbol is a function a on Z^ x Z^ x which satisfies the 
condition 



a\k := sup \dta{x, y, t)\ < oo 

(x, y, t)ez^ xZ^ xT^, aGN^:|a|<fc 



(5.7) 
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for each non- negative integer k. We let Sd refer to the set of all double symbols. 
Each function a ^ Sd induces an operator Opd{a)^ called the pseudodifference 
operator with double symbol a, via 



{Opd{o)u){x) 



[ V a{x, y, t)u{y)t^ ^ dfi{t) 
[ a{x, y, t)u{y)t^^y dy{t) 



(5.8) 



where u G 5(Z^), and where the right-hand side of (5.8) is understood in the 
oscillatory sense. We denote the class of all pseudodifference operators with double 
symbol by OPSd^ 

Proposition 5.1.7 Let a E Sd- Then Opd{o) G OPS and Opd{ci) = Op{a^) with 

a^(x, t) = / a{x, X -\- y, tr)r~'^ dfi{r), (5.9) 

where the right-hand side is understood in the oscillatory sense. 

The following can be considered as the discrete version of the Calderon- Vaillan- 
court theorem for pseudodifferential operators. 

Theorem 5.1.8 7/ a G S, then the pseudodifference operator Op{a) is bounded on 
/P(Z^) for all 1 < p < oo, and 

\\Op{a)\\i(^iP(^'^N^^^ < C\a\2k 

whenever 2k > N and with a constant C > 0 independent of A {but depending 
on k). 

Thus, one has an obvious difference between pseudodifferential operators on 
which are bounded on L^(IR^) only when 1 < p < oo (see, for instance, [174], 
Chapter VII), and pseudodifference operators on /^(Z^), which are bounded for 
all 1 < p < oo. 

Proof. Write a G 5 as 

a(x, t) = aa{x)t~^ 
aez^ 

where 

da{x) := [ a{x, t)t^dp.{t). (5.10) 



Op{a) = aaVa- 



Consequently, 



(5.11) 
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Integrating by parts in (5.10), we obtain the estimate 

|a.(rr)| < \{Dtf^a{x, t)\{a)-^’^ < C\a\ 2 k{a)~^\ 

whence 

llaalloo < C\a\2k{a)-^^ 
for all k > 0. In case 2k > N, this implies 

^ ll^Q;||oo ^ 
aez^ 

with a constant C depending on k only. Since \\Va\\L{ip{z^)) = 1 ^r all p G [1, oo], 
we conclude from (5.11) that 

l|(^P(o)||L(i!>(Z«)) < E ||^Q;||oo — 

aez^ 

for each k greater than 2N. □ 

Corollary 5.1.9 If a e Sd, then the pseudodifference operator with double symbol a 
is bounded on 1^{7 j^) for every 1 < p < oo, and 

\\Opd{a)\\L{ip{z^)) ^ C\a\4k 

whenever 2k > N and with a constant C > 0 independent of A {but depending 
on k). 

Proof From Proposition 5.1.7 we conclude that Opd{o) is the pseudodifference 
operator Op{of) where 

J{x, t) := Y] {y)~^^ f {{Drf^a{x, x + y, tr)) dy{T) 

with a k greater than N/2. Thus, 

\J{x, i)| < C\a\2k 

with a constant C > 0 independent of a. In the same way, one gets 

t)\ < C'|a|2fc+|a|, 

which implies that |a^| 2 fc < C\a\ 4 k. Hence, if we choose k > N/2, then Theorem 
5.1.8 implies the boundedness of Opd{a) on each of the spaces F{Z^) with p 
[1, oo] as well as the desired estimate. 

Given a linear operator B : S{Z^) S'{Z^) and an integer j G {1, . . . , N}, we 

let Xjl stand for the operator of multiplication by the function 

X = {xi, . . . , Xn) ^ Xj, 



□ 
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and we define 

LjB := —{ixjB — Bixjl). 

Further, for every multi-index a := (ai, . . . , Ofiv), we set B^^^ := B. 

The following theorem establishes an equivalent characterization of pseudodiffer- 
ence operators. It is the analogue of a well-known result by Beals ([14]) holding 
for pseudodifferential operators. 

Theorem 5.1.10 A linear operator B : S{Z^) S'{Z^) belongs to OPS if and 

only if, for every multi-index a, the operator B^°"^ has a continuous extension to 
a hounded operator from P{Z^) into itself 

Corollary 5.1.11 If the operator A G OPS is invertible when considered as an 
operator on P(Z^), then A~^ belongs to OPS again. 

Proof For j G {1, . . . , A^}, one has LjA~^ = —A~^{LjA)A~^ and, thus, 

\\L,A-^\\<\\A-^f\\L,A\\ 

Iterated application of this estimate gives, for each multi-index a, a constant Ca 
such that 

\\ir 

By (the analogue of) Beals’ Theorem 5.1.10, the operator A~^ belongs to OPS.H 

5.2 Fredholmness of pseudodifference operators 

In this section, we are going to show that the class of pseudodifference operators 
under consideration is included in the Wiener algebra W of band-dominated opera- 
tors introduced in Section 2.5, and we apply Theorem 2.5.7 to establish Fredholm 
criteria and to describe the essential spectrum of pseudodifference operators in 
terms of their limit operators. 

The following proposition can be derived from Theorem 5.1.8 in the very 
same way as its analogue for pseudodifferential operators on (Corollary 4.3.3). 

Proposition 5.2.1 OPS C W. 

Let us mention that in the case at hand the Wiener algebra W coincides with the 
rich Wiener algebra Thus, by Proposition 5.1.7, both OPS and OPSd are 
contained in the rich Wiener algebra. Thus, as consequences of Theorem 2.5.7 and 
its Corollary 2.5.8, we have the following results which we formulate for pseudod- 
ifference operators in OPS only. In order to indicate the dependence on the un- 
derlying Banach space, we denote the essential spectrum of an operator A G L{X) 
by cr^^(A) and we write ax (A) for the usual spectrum of A on X. 
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Theorem 5.2.2 The following assertions are equivalent for an operator A G OPS: 

(a) There is a p E [1, oo] such that A is Fredholm on 

(b) A is a Fredholm operator on for each p G [1, oo]. 

(c) There is a p G [1, oo] such that all limit operators of A are invertible on 
IP{Z^). 

(d) All limit operators of A are invertible on P{Z^) for each p G [1, oo], and the 
norms of their inverses are uniformly bounded. 

Theorem 5.2.3 If A ^ OPS, then the essential spectrum is independent 

of p E [1, oo], and 

for each choice of r E [1, oo]. 

The application of these results requires some knowledge about limit operators of 
pseudodifference operators. 

Proposition 5.2.4 Let a E S. Then each sequence h : N ^ Z^ which tends to 
infinity possesses a subsequence g such that there exists a function Og E S with 

lim sup \{d^a){x-\-g{n), t) — (9fa^)(x, t)| = 0 

n — *oo 

at each point x E Z^ and for each multi-index j3. 

Proof. Write a E S as 

a{x, t) = '^ aa{x)t~°‘, 

where the series is convergent absolutely and uniformly with respect to {x,t) E 
Z^ X together with all derivatives with respect to t G . By a Cantor diagonal 
argument, one can easily check that the sequence h has a subsequence g such that 

o>a{x F gin)) ^ a^^{x) asn-^oo (5.12) 

for each point x E Z^ and each multi- index a. Moreover, the inequality (5.13) 
holds. Since a E S, one has 

ll^allco ^ 

for arbitrary k eN. Hence, 

llaalloo < C\a\2k{x)~^'' . 

These estimates together with (5.12) imply the assertion. □ 

The analogue of Proposition 5.2.4 for double symbols reads as follows. Its proof is 
similar to that of the preceding proposition. 
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Proposition 5.2.5 Let a ^ Sd- Then each sequence : N ^ which tends to 
infinity possesses a subsequence g such that there exists a function Og G Sd with 

lim sup \{d^a){x + g{n),y + g{n), t) - {d^ag){x, y, t)| =0 

n—^oo 

at each point (x, y) G Z^ x Z^ and for each multi-index (3. 

In the settings of the preceding propositions, we call Og the limit function of a 
with respect to g. 

Theorem 5.2.6 Let a e S {a e Sd), and let an ^ S {an G Sd) be the limit function 
of a with respect to a sequence : N ^ Z^ tending to infinity. Then Op{ah) 
(Opd{ah)) is the limit operator of the pseudodifference operator Op{a) (Opd{a)) 
with respect to this sequence. 

Proof. If A G OPS is of the form aaVa with Ikalloo < oo, and if is a 
sequence tending to infinity, then 

{V_h^n)AVh(n)U){x) = aa{x + h{n)){VacU){x). 

A Cantor diagonal argument yields that the sequence h has a subsequence g such 
that, for each a G Z^, there exists a function G /®°(Z^) with 

lla^lloo < \\aa\\oo (5.13) 



and 



lim aa(x + g{n)) = a^(x). 



for every x G Z^. Hence, for each 1 < p < oo, the limit operator Ag of A with 
respect to g exists and that 

= E 






This settles the assertion in case a e S. 

If a G Sd, then, by Proposition 5.1.7, Opd{a) = Op{a^) where 



a\x,t)= / a{x, X y, Tt)r ^d)u(r). 



yez^ 



Thus, 



a^{x h{n), t) = / a{x h{n),x + h{n) y, Tt)r dfi{r), (5. 



14) 



yeZ^ 
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with the right-hand side understood in the oscillatory sense. By means of Propo- 
sition 5.2.5, one can pass to the limit as n — » oo on the right-hand side of (5.14), 
which yields that the function a^, 

a{{x, t) / ^h{x, x + y, Tt)T~^ dy{T), 

is the limit function of with respect to h in the sense of Proposition 5.2.4. Hence, 
Op(a^) = Opd(cih) is the limit operator of Opd{a) with respect to h. □ 

Thus, all limit operators of operators in OPS and OPSd belong OPS and OPSd, 
respectively, and their symbols are the limit functions defined in Propositions 5.2.4 
and 5.2.5. 



5.3 Fredholm properties of pseudodifference operators 
on weighted spaces 

Here we are going to consider pseudodifference operators with symbols which are 
analytic with respect to the second variable. We prove their boundedness in ex- 
ponentially weighted spaces, with weights being compatible with the domains of 
analyticity of the symbols, and we consider again Fredholm properties and essential 
spectrum. 



5.3.1 Boundedness on weighted spaces 



We start with introducing an appropriate class of pseudodifference operators which 
are distinguished by analyticity properties of their symbols, and with defining a 
corresponding class of exponentially weighted functions. For r > 1, set 

Kr {2 G C : 1/r < \t\ < r}, 

and for an A^-tuple r = (t’i, . . . , tat) of real numbers rj > 1, we consider the 
multi-dimensional annular domain in 

Kr^ X • • • X Krj^. 

The Wtuple r and the domain will be fixed throughout this section. 

Definition 5.3.1 Let S{K^) denote the set of all functions a : x (x, t) 

a(x, t), which are analytic with respect to the variable t in the domain and 
which satisfy the estimates 



l«U := E 

aeN^:\a\<k 



sup |(9fa)(x, t)| < 00 

xez^,teK^^ 



for each non-negative integer k. Further, each function a G S{K^) determines a 
pseudodifference operator Op{a) on coq{Z^) as in (5.2). We denote the class of all 
pseudodifference operators with symbol in S{K^) by OPS{K^). 
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Evidently, OPS{K ^ ) C OPS. For the following definition, we agree upon denoting 
a function on and its restriction onto by the same letter. 

Definition 5.3.2 Let FF(K^) denote the class of exponential weights w = exp?;, 
where v is the restriction onto Z^ of a function v G such that, for each 

point X G and each j G {1, . . . , N}, 

dv 

-logr^- < < ^ogrj. (5.15) 

Theorem 5.3.3 // a G S{K^) and w G W{K^), then the operator wOp{a)w~^I 
{which is previously defined on coq{Z^)) belongs to the class OPSd- Moreover, 
wOp{a)w~^ I = Opd{o) with 

a{x, y, t) = a{x, • t) 

where s-t stands for the N -tuple (si^i, . . . , s^tN) whenever s, t E , and where 

6{x,y) := [ {Vv){{l -t)x-\-ty)dt. 

Jo 

Proof. Let u G coo{Z^). Then wAw~^u can be represented in the form 

{wAw-^u){x) = (27t)-^ y u{y) [ a{x, d^ (5.16) 



Notice that the convexity of the rectangle Q := n^i(~ loga^) implies that 

6{x, y) E Q for arbitrary points x, y E Z^ . Changing the variable y := ^ — i6{x, y) 
in (5.16), we find 

{wAw~^u){x) = (27t)-^ y u{y) [ a{x, dp. 

yeZ^ Tv]^-ie{x, y) 

Setting t = e^^ = (e^^S • • • 7 we further obtain 

{wAw~^u){x)= y [ a{x, ' t)u{y)P~^dfi{t) (5.17) 



where 



e : \zj\ = for j = 1, . . . , N). 



Note that t a{x, e • t) is an analytic function of the complex variable 

tEC^ in the domain 



J(x,y) . = {^ e < \zj\ < for j = 1, . . . , N). 
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We claim that the domain contains both the deformed torus 2 /) -T^ 

and the torus T^. Indeed, the inclusion C is evident. 

Further, the estimates (5.15) imply that 

pGj{x,y) 

< 1 < ^V,- for j = 1, . . . , iV, 

whence the second inclusion. Thus, the Cauchy-Poincare theorem ([185], p. 233) 
entitles us to replace the integration along the deformed torus by 

integration along in (5.17). So we arrive at 

{wAw~^u){x) = f a(x, u{y) d^{t) = Opd{d). 

Finally, it follows from Definition 5.3.1 that a is a double symbol in □ 

Corollary 5.3.4 Le^ a G <S(K^) and w G W{K^). Then the operator Op(a) is 
bounded on each of the spaces with p £ [1, 00 ]. 

Indeed, an operator A : 1^{Z^) is bounded if and only if the operator 

wAw~^I : P{Z^) F{Z^) is bounded. Since Theorem 5.3.3 states that the 

operator wOp{a)w~^I belongs to OPSd, the assertion follows from Proposition 
5.1.7 and Theorem 5.1.8. □ 

5.3.2 Fredholmness on weighted spaces 

Here we consider the Fredholmness of operators in OPSfK^) on weighted spaces 
1^{Z^). It is evident that an operator A : 1^{Z^) 1^{Z^) is Fredholm operator 

if and only if the operator wAw~^I : F{Z^) P{Z^) is Fredholm. Now, if 

A = Op{a) G OPS{K^), then, by Theorem 5.3.3, the operator wAw~^I belongs 
to OPSd^ and wAw~^I — Opdip) with the double symbol a defined as in Theorem 
5.3.3. Thus, and due to Propositions 5.1.7 and 5.2.1, the Theorems 5.2.2 and 5.2.3 
apply to the problem of Fredholmness of Op{a) on /^(Z^), and they yield the 
following. 

Theorem 5.3.5 Let a G OPSfK^) and w G IF(K^), and let d be as in Theorem 
5.3.3. Then the following assertions are equivalent. 

(a) There is a p £ [1^ 00 ] such that the operator Op{a) is Fredholm on 1^{Z^). 

(b) The operator Op{a) is Fredholm on each of the spaces 1^{Z^) with l<p<oo. 

(c) There is an r £ [1, 00 ] such that all limit operators of Op{d) are invertible 
on r(z^). 

(d) All limit operators of Op{d) are invertible on each of the spaces P{Z^) with 
I < p < 00 , and the norms of their inverses are uniformly bounded. 
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Theorem 5.3.6 Let the notations and hypotheses be as in the preceding theorem. 
Then does not depend on the choice of p e [1, oo], and 

^I(Z«)(^)= U cri’-{Z^){Op(ah)) 

Op{dh)ecTop{Op{d)) 

for arbitrarily chosen r G [1 , oo] . 

5.3.3 The Phragmen-Lindelof principle 

The following result can be viewed of as an analogue of the well-known Phragmen- 
Lindelof principle, which states that the solutions to certain equations are better 
than expected (see, for example, [96], page 284). 

Theorem 5.3.7 Let a G S{K^), and let w be a weight function in with 

lima:->oo u;(x) = + 00 . Suppose further that, for each /i G [—1, 1], all limit operators 
of w^Op{a)w~^I are invertible on r(Z^) for some r G [1, oo]. 

7/ 1 < p < cxD, and if u is a solution to the equation 

Au = f withfel^iZ^) (5.18) 

{which a priori belongs to the space /^_i(Z^)), then u G 1^{Z^). 

Proof. For w e W (IK^), it is immediate from Definition 5.3.2 that eW {K^ ) for 

every pi G [—1, 1]. From Theorem 5.3.3 we know that w^Op{a)w~^I = Op^i(d^), 
where 

ai^{x, y, t) := a{x, ■ t). 

Since all limit operators of Opd{d^) are invertible for each /i G [-1, 1] by hy- 
pothesis, Theorem 5.3.5 implies the Fredholmness of w^Op{a)w~^I on each of the 
spaces F{Z^) with 1 < p < oo. 

Moreover, it follows from Corollary 5.1.9, that the family 

w^Op{a)w~^I : F{Z^) F{Z^) (5.19) 

depends continuously on the parameter p G [—1, 1]. Hence, the Fredholm index 
of the operators (5.19) is independent of the choice of ji. Consequently, also the 
operator 

is a Fredholm operator for each fi G [—1, 1], and its Fredholm index does not 
depend on //. 

Now we can suppose without loss of generality that w{x) > 1 for all x G Z^. 
Then < w. Hence, the space ll^{Z^) is densely embedded into l^p{Z^) for all 
p G (1, oo) and all ji G [—1, 1]. Then it follows from [59], p. 308, that equation 
(5.18) has the same solutions in all spaces l^p{Z^) with /a £ [—1, 1]. This implies 
the assertion. □ 
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5.4 Slowly oscillating pseudodifFerence operators 

This section is devoted to pseudodifference operators with slowly oscillating sym- 
bols with respect to the spatial variable x G considered as acting on spaces 
with slowly oscillating weights. For operators in this class, the limit operators are 
invariant with respect to shift, which allows us to give an effective description of the 
essential spectrum of such operators. Other results of this section are a Fredholm 
index formula for pseudodifference operators on and a Phragmen-Lindelof 

type theorem on the exponential decay of the solutions to pseudodifference equa- 
tions. 

5.4.1 Fredholmness on /^-spaces 

Here we are going to introduce a class of symbols a for which the limit operators 
of the pseudodifference operator Op{a) get a quite simple form, which will allow 
us to derive explicit and effective Fredholm criteria. We start with recalling the 
definition of a slowly oscillating function from Section 2.4.1 and with defining 
corresponding classes of slowly oscillating symbols. 

Definition 5.4.1 

(a) A function f G is called slowly oscillating if 

lim \f{x -hz) - f{z)\ = 0 

z->-oo 

for each x G Z^. The class of all slowly oscillating functions is denoted by 
SO. 

(b) A symbol a E S is slowly oscillating if 

lim sup \a{x z, t) — a{z, t)| = 0 

for each x G Z^. The class of all slowly oscillating symbols is denoted by SO. 

(c) A double symbol a e Sd is slowly oscillating if 

lim sup \a{x -h z, y + z, t) — a(z, z, t)\ = 0 

Z ^OO 

for each pair (x, y) G Z^ x Z^. We denote the class of all slowly oscillating 
double symbols by SO d- 

(d) We write Co for the subset of SO consisting of all symbols a with 

lim sup |(5fa)(x, = 0 

X — >00 

for each multi-index a. 

The classes of associated pseudodifference operators will be denoted by OPSO, 
OPSOd, and OPCq. It is easy to check that if a is a double symbol in SOd, then 
the function defined by (5.9) is a symbol in SO. 
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Proposition 5.4.2 

(a) If a,b e SO, then 

Op{a)Op{b) — Op{ab) G OPCq. 

(b) Let a G SOd cmd b{x, <^) := a(x, x, ff). Then 



(c) //a G SO, then 



Opd{a) - Op(b) G OPCo. 



Op{aY - Op{a*) G OPCo. 



Proof To prove assertion (a), recall from Proposition 5.1.4 that Op{a)Op{b) 
Op{c) with 

c{x, t) := / a{x, tr)b{x y, t)r~'^ dp{r). 






Hence, 



(5.20) 



where 



c(x, t) = ( ^ / a{x, tr)T ^ dp.{r) | b{x, t) + r{x, t) 

{x, t) := / a{x, tT){b{x + y,t)- b{x, t))r^y dfi{T). 

The first term on the right-hand side of (5.20) is nothing but a(x, t)b{x, t). To 
estimate the second term, write r[x, t) as 

yZ [ {Drf^^~''^^a{x, tr){b{x + y, f) - b{x, t))r~y dy,{T) 

where k is an arbitrary non-negative integer. Choose 2A; + 1 > A^. Then 

|5(a; + y,t) - b{x, f)| 



sup \r{x, t)\ < C\a\ 2 (k+i) sup 



(y) 



The right-hand side of this estimate tends to 0 as x — > oo. In the same way, one 
can show that 



lim sup \{d^r){x, t)| = 0 for each a G N^. 

X — >■00 

This proves assertion (a), and assertions (b) and (c) can be checked similarly. □ 

Proposition 5.4.3 Let a ^ SO. Then each sequence A : N — > which tends to 

infinity possesses a subsequence g such that the limit functions Og of a exists {in 
the sense of Proposition 5.2.4), and this limit function is constant with respect to 
the variable x G Z^. 




282 



Chapter 5. PseudodiflFerence Operators 



Proof. In virtue of Proposition 5.2.4, we only have to check the independence of 
a^(x, t) from x. By the definition of the limit function, 

lim sup \a{x + g{n), t) — ag{x, ^)| = 0 for each x € Z^. 

71 >00 

Together with the definition of the class SO, this implies that 
sup \ag{x, t) - ag{y, i)| 

< lim sup \dg{x, t) — a(x + g{n), t) \ + lim sup \a{y + g{n), t) — ag{y, t)\ 

71 >00 

+ lim sup \a{x + g{n), t) — a{y + g{n), t)| = 0 

71 >00 

for arbitrary x, y G Z, whence the assertion. □ 

Consequently, if the symbol a is slowly oscillating, then all limit operators of Op{a) 
are of the form Op{ah) where the limit function depends on the variable t G 
only. So we can identify ah with a function in C°°(T^), and the pseudodifference 
operator Op{ah) acts as an operator of discrete convolution on Z^, i.e., 

{Op{ah)u){x) = ^ &h{x - y)u{y) 



where 

dh(x) := / ah{t)f^ dp.{t). 

Note that dh is a function in S{Z^) C W. Hence, the spectrum of Op{ah), con- 
sidered as an operator on 1^{Z^), does not depend on p G [1, oo], and 

CTiP(z^){Op{ah)) = {ah{t) : t G T^}. 

So we obtain the following as a corollary of Theorem 5.2.3. 

Theorem 5.4.4 If a e SO, then, for each p e [1, oo], 

<p(V)(Op(a)) = IJ {ah{t):teT^}. 

Op{ah)e(Top{Op{a)) 



In particular, the essential spectrum of Op{a) is independent of p. 

Theorem 5.4.5 Let a G SO and p G [1, ooj. Then Op{a) : P{Z^) P{Z^) is a 

Fredholm operator if and only if 



lim inf \a(x, t)\ > 0. 

R^oo \x\>R,teT^ 



(5.21) 




5.4. Slowly oscillating operators 



283 



Proof. Let the condition (5.21) be satisfied, and let be a sequence which tends to 
infinity, and for which the limit function an of a exists (in the sense of Proposition 
5.2.4). Then, in particular, 

a{x -h /i(n), t) — ^ ah{t) as n ^ oo 

for all t G T^, and (5.21) clearly implies that 

inf \ah{t)\ > 0. 

Hence, the limit operator Op{a)h = Op{ah) is invertible. Since h has been chosen 
arbitrarily, the operator Op{a) is Fredholm on P{Z^) by Theorem 5.2.2. 

Conversely, let Op{a) be a Fredholm operator on but assume that 

condition (5.21) does not hold. Then there exists a sequence N ^ x T^, n 
(h(n), t{n)) with h{n) oo and t{n) such that 

lim a{h{n), ^(^)) ^ 0- 

n — >-oo 

We can moreover choose the sequence h such that it defines a limit function an of 
a (otherwise we pass to a suitable subsequence). Thus, we have 

a{h{n), t) ah{t) for all t G 

whence, in particular, a/^(^o) = 0- On the other hand, the Fredholmness of Op{a) 
implies via Theorem 5.2.2, that the limit operator Op{ah) of Op{a) is invertible. 
This means that inf^^T^ Wh{i)\ > 0, which contradicts ah{to) = 0. □ 

Proposition 5.4.6 Let a G SO be a slowly oscillating symbol which satisfies con- 
dition (5.21), and let p G [1, oo]. If u G P(Z^) and Op{a)u G S{Z^), then 
ueS{Z^). 

Proof Choose R> 0 such that 



inf 

\x\oo>R,ter^ 



a(x, ^)| > 0, 



and let i/jr be the function defined by 'iPr{x) = 1 if |x|oo > ^ and 'iPr{x) = 0 if 
l^loo < R- Further, set 6(x, t) := l/a(x, t) if |x|oo > R and 6(x, t) := 1 if |x|oo < Ri 
such that we can formally write b{x, t) = 'iljR{x)/a{x, t) for all (x, t) G Z^ x T^. 
Then, by Proposition 5.4.2 (a). 



Op{b)Op{a)'iljRl = (Opi'ipR) + Op{r))'ipRl = (/ + Op{r)il;Rl)xpRl 

with r G Cq. From Theorem 5.1.8 we conclude that Op{r)ipRl, considered as an 
operator on /^(Z^), has a small norm if only R is chosen large enough. Hence, the 
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operator I + Op(r)ipRl is invertible on and from Corollary 5.1.11 we infer 

that (/ + Op{r)^Rl)~^ lies in OPS. Thus, the operator 

C := (/ + Op{r)'il)Rl)~^Op{h) 



belongs to OPS, and 

C — Op{a)'ipRU = iIjru for each u e 
Consequently, for all u G F{Z^), 

ipRU = COp{a)u — COp{a){l — 'iPr)u. 

If now Op{a)u G S{Z^), then the right-hand side of this equality belongs to 
S(Z^), too. Indeed, the operator C is in OPS. So it maps S{Z^) into S(Z^) by 
Proposition 5.1.2, whence COp{a)u G S{Z^). Analogously, since {1—'iPr)u belongs 
to S{Z^), and since Op{a) and C are in OPS, we also have COp{a){l — 'i!^r)u G 
S{Z^). Thus, i^RU is in S{Z^) for some R > 0. Oi course, this implies that u is 
in S{Z^). □ 

Corollary 5.4.7 Let a G SO, and let Op{a) be a Fredholm operator on F{Z^) for 
some p G (1, oo). Then Op{a) is Fredholm on each of the spaces F{Z^), and its 
index does not depend on p G (1, oo). 

Proof. The only fact which needs a proof is that the Fredholm index of Op{a) 
is independent of p. Indeed, the preceding proposition shows that each solution 
u G P{Z^) to the equation Op{a)u = 0 belongs to S{Z^). Hence, the kernel 
of Op{a) is independent of p. Analogously, the kernel of Op(a)* = Op{a*) does 
not depend on p. Since both the kernel and the cokernel dimension of Op{a) are 
independent of p, we get the assertion. □ 

5.4.2 Fredholmness on weighted spaces, Phragmen-Lindelof principle 

Here we are going to consider pseudodifference operators on weighted /^-spaces. 
The appropriate class of weight functions is introduced in the following definition. 

Definition 5.4.8 The weight w = e^ ^ W {K^ ) is called slowly oscillating if the 
functions are slowly oscillating for every j = 1, . . . , N . 

Here are two examples of slowly oscillating weights. In the first one, the weight 
function tends to infinity as x oo, whereas it has no limit as x ^ oo in Example 

B. 

Example A. For v{x) := a|x|, one has 

f/1) IT ' 

- — (x) = ar^ ior j = 1, . . . , N and x ^ 0. 
dxj ^ |x| 

Thus, if r = (i?, . . . , i?) and 0 < a < logi?, then w G kF(K^), and the weight w 
is slowly oscillating. □ 
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Example B. Let v{x) := a\x\ sin log |x| for x ^ 0. Then 
dv X ■ 

— (x) = a-^(sinlog |x| + coslog |x|) for j = 1, . . . , and x ^ 0. 
OXj |x| 

It easy to check that the functions ^ are slowly oscillating, and that 




< \/2a 



for j = 1, . . . , iV. Let R and r be as in Example A, and let a < ^ logR. Then 
w G W(K^), and w is slowly oscillating. □ 

In order to obtain Fredholm criteria for the difference operator Op{a) with sym- 
bol a G S{K^) n 5(9 on the space with slowly oscillating weight w G 

W{K^), we need to understand the structure of the limit operators of the opera- 
tor wOp{a)w~^ I . It is easy to see that 



wOp{a)w = Opd{a) 

where a(x, y, t) := a(x, • t) is now a double symbol in SOd (recall the 

definition of 0 from Theorem 5.3.3). 

Let : N ^ be a sequence tending to infinity such that the limit function 
ah G S{K^) of a exists. In particular, 



lim a{x + t) = lim a{h(n)^ t) = ah{t). (5.22) 

n^oo n^oo 

Moreover, we choose the sequence h such that the limits 

lim ^ — (/l(?^)) =; (5.23) 

n^oo OXj 

exist for each j — ^ N . Since the functions are slowly oscillating, we get 

lim 6j{x^-h{n)^y-\-h{n)) — lim [ -^^{{1 — t)x ty h{n)) dt 

n— >oo n-^OG Jq OXj 

= lim —{h{n)) = 6j. 

Thus, if the sequence h satisfies (5.22) and (5.23), then 

lim a(x + h{n), y + h{n), t) = ah{e~^ • t) with 9^ := (^^ , . . . , 6%). 

n-^oo 



Notice that the function 

a\ : X C, (x, t) i-> ah{e~^ • t) (5.24) 



(which is constant with respect to x) belongs to 5. So we arrive at the following 
proposition. 
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Proposition 5.4.9 Let a G nSO , and let w G he a slowly oscillating 

weight. Then all limit operators of wOp{a)w~^ I are of the form Op(aJ^) where 
S is defined by (5.24). 

Theorems 5.4.4, 5.4.5 and 5.3.7 specialize to the present context as follows. 

Corollary 5.4.10 Under the notations and hypotheses of Proposition 5.4.9, 

^ii(zN){Op{a)) = Uh{ah{e~^'' -t) :t£ T^} 

for each p G [1, oo], where the union is taken over all sequences h for which the 
limits (5.22) and (5.23) exist. 

Theorem 5.4.11 If the hypotheses of Proposition 5.4.9 are satisfied, then the oper- 
ator Op{a) : 1^{Z^) Fredholm if and only if 

lim inf |d(x, t)| > 0 
where d{x, y, t) := a{x, • t). 

Proof The operator Op{a) : IZ{Z^) is Fredholm if and only if the 

operator wOp{a)w~^ I = Opd{d) : P(Z^) 1^{Z^) is Fredholm (Theorem 5.3.3), 

where the double symbol d belongs to SOd^ Hence, by Proposition 5.4.2 (b), 

Opd{a) - Op{a°) G OPCo 

with 

a°(x, t) = d{x, X, t) = a{x, • t). 

Thus, the assertion follows from Theorem 5.4.5. □ 

Theorem 5.4.12 (Phragmen-Lindelof principle). Let a G S{K^)nSO, p G (1, oo), 
and let w G VF(K^) be a slowly oscillating weight with lim^-^oo '^(^) = +oo. Let 
further u G /^_i(Z^) he a solution to the equation 

Au = f, fe 

If the condition 

lim inf \a(x, t)| > 0 
R-^oo \x\>R,teK^ 

is satisfied, then u belongs to /^(Z^) again. 

Indeed, this is a direct consequence of Theorem 5.3.7. 
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5.4.3 Fredholm index for operators in OPSO 

Here we are going to calculate the Fredholm index of operators in OPSO in terms 
of indices of their limit operators. In this subsection, we consider only operators 
on sequence spaces over Z, i.e., we let = 1. 

Given an operator A e W, we denote the subsets of the operator spectrum 
of A which consist of all limit operators with respect to sequences h tending to 
+00 and oo by (J-\-{A) and a- (A), respectively. Obviously, 

(7op{A) = cr^{A) U a -{A). 

We further write Z+ and Z_ for the non- negative and negative integers, and we let 
P 4 . and P- denote the orthogonal projections from /^(Z) onto and /^(Z_), 

which we identify with closed subspaces of /^(Z) in the natural way. 

If A G W is a Fredholm operator (considered as an operator on /^(Z)), then 
all limit operator are invertible, and the limit operators Ah of A belong to W 
again. The simple observation 

Ak - (P+AhP+ + P-)(P+ + P-AhP-) e K{l^{Z)) 

shows that then P^AhP-\- and P-AhP- are Fredholm operators on and 

/^(Z_), respectively. 

The following theorem is proved in [136]. 

Theorem 5.4.13 Let A he a Fredholm operator on Then 

(a) the Fredholm index of Pj^AhP+ is the same for all limit operators Ah € 
a-^{A), and the Fredholm index of P- Ah P- is the same for all limit operators 
Ah G a- (A). 

(b) if A_|_ G (J-i- {A) and A- G (T_ {A) are chosen arbitrarily, then 

mdA = ind {P^A-^P^) + ind (P-A-P-). 

This result takes an especially simple form for operators in OPSO (with N = 1). 

Let a : T — > C be a continuous function which has no zeros on T. Then there 
is a real- valued function 6 : T C, which is continuous on the punctured circle 
T \ {1}, for which a = The increment of 6 as the result of a counter- 

clockwise circuit around T is an integer, which only depends on a (and not on the 
particular choice of b). This integer is called the winding number of a. We denote 
it by windin. 

Theorem 5.4.14 Let Op{a) G OPSO, and let all limit operators of Op{a) be invert- 
ible on P(Z) for some p E [1, 00 ]. Then Op{a) is a Fredholm operator on P(Z) for 
eachp G [1, 00 ], and its Fredholm index ind Op{a) does not depend onp. Moreover, 



ind Op{a) = — windia.^ -h windT^- , 



(5.25) 




288 



Chapter 5. Pseudodifference Operators 



where a_|_ and a_ are limit functions of a defined by sequences /i_i_ and h- tending 
to +00 and —oo, respectively, i.e., 

a^{t) = lim a(/i+(n), t), a-{t) = lim a{h-{n), t). 

n—^oo n^oo 

In particular, the Fredholm index of Op{a) is independent of the choice of the 
sequences and h- . 

Proof The independence of ind Op(a) of p follows from Corollary 5.4.7. Let 
Op{a)h^ and Op{a)h_ be the limit operators defined by sequences and h-. 
Then 

Op{a)h+ = Op{a+) and Op{a)h_ = Op{a^). 

Applying Theorem 5.4.13 and the well-known Gohberg-Krein formula for the Fred- 
holm index of the operators P±Op{a±)P± (see, for instance, [59]), we obtain for- 
mula (5.25). □ 

The index formula has to be modified for operators acting on weighted spaces. 
For, we define the winding number wind^T n of a function a : 7 T C where 7 > 0 
in complete analogy with the case 7 = 1 . 

Theorem 5.4.15 Let a G SO fl 5(K^), and let w = e'^ e kF(]K^) he a slowly oscil- 
lating weight. Let further Op{a) : 1^{Z) l^C^) be a Fredholm operator for some 

p e [1, 00 ]. Then Op{a) is a Fredholm operator on ll^{2) for every p e [1, 00 ], and 
its Fredholm index does not depend on p. Moreover, 



ind Op(a) = -windexp( 0 +)TC^+ + windexp( 0 _)T«-, 
where the functions a± are defined as in the preceding theorem, and where 

dv 

e± := lim —{h±{n)). 

n—^oo at 

5.5 Almost periodic pseudodiflference operators 

Here we will see that, for pseudodifference operators with almost periodic symbol, 
their essential spectrum coincides with their common spectrum for every p G 
[ 1 , 00 ]. 

Recall that function a in /®^(Z^) is almost periodic if the set of all functions 

C, X a{x -h k) (5.26) 

with k G Z^ is precompact in /°°(Z^). This means that each sequence of functions 
of the form (5.26) possesses a subsequence which converges in the norm of /°^(Z^). 
We let AS stand for the class of all symbols a e S such that x 1 -^ a(x, t) is an 
almost periodic function on Z^ for each t G T^. 
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It turns out that if a G AS and if h : N is a sequence which tends to 

infinity, then there are a subsequence g of h and a symbol ag G AS such that 

lim sup |5f (a(x + g{n), t) — ag{x, ^))| =0 

for each multi-index a. Thus, we have the following special cases of Proposition 
2.6.1 and Theorem 2.6.2. 

Proposition 5.5.1 Let a G AS, and let h : N ^ Z^ he a sequence which tends to 
infinity. Then there are a subsequence g of h and a symbol Og G AS such that 

II II L(/P(Z^)) 0 (5.27) 



for all p G [1, oo]. 

Theorem 5.5.2 The following assertions are equivalent for an operator Op{a) G 
OPAS: 

(a) Op{a) is Fredholm on P{Z^) for some p G [1, oo]. 

(b) Op{a) is invertible on F{Z^) for each p G [1, oo]. 

Corollary 5.5.3 If Op{a) G OPAS, then 

<^iP{z^){Op{a)) = a,p(zN)(Op(a)). 

5.6 Periodic pseudodifFerence operators 

The topic of this section are periodic pseudodifference operators. We show that 
a scalar periodic pseudodifference operator can be considered as a matrix pseu- 
dodifference operator which is invariant with respect to shifts. This identification 
allows us to describe the spectrum of such operators in an explicit form. 

Let g = {gi, . . . , g^) G N^. We say that a function a G V^{Z^) is g-periodic 
if 

a{x + p) = a{xi + pi, . . . , X]\[ -h gjsf) = a{x) for each x G Z^ . 

We denote the class of all p-periodic functions by Vg{Z^). Further, we write VSg 
for the set of all symbols a G 5 which are p-periodic with respect to x, i.e., 

a{x g, t) = a{x, t) for all (x, t) G Z^ x T^. 

The class of associated pseudodifference operators is denoted by OPVSg. 

Let Op{a) G OPVSg and u G S{Z^). Then Op{a)u can be represented as 

(Op{a)u){x) = aa{x){Vau)(x), x€Z^, 



(5.28) 
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where the G are ^-periodic. We are going to show that the opera- 
tor Op{a) : ^ /^(Z^) is similar to an operator of multiplication by a 

matrix-valued function A : ^ L(/^(Z^, C^)) where M := g\ Here, 

/P(Z^, C^) stands for the Banach space consisting of all vector- valued functions 
u = (ui, . . . , um) where Uj G P{Z^) for each j between 1 and M. We provide 
this space with the norm 



M 



P 



M 






if p G [1, oo), and 

C^) sup sup \Uj{x)\. 
i<j<M xez^ 

Alternatively, one can consider /^(Z^, C^) with p < oo as the space of functions 
u : Z^ ^ which satisfy 

II^II/P(Z^, C^) ^ V ll'^(^) ll(C^ ^ ^ 



where we have to provide with the corresponding p-norm. The case p = 
oo can be treated similarly. In what follows, we will switch freely between both 
perspectives of /^(Z^, C^). 



5.6.1 The one-dimensional case 

We start with the case when N — 1. Given a positive integer M, we consider the 
mapping 

Tm : /P(Z) -> /'’(Z, C"^), u^{vu-..,vm) 

where Vj{y) := u{My j — 1) for p G Z and j G {1, . . . , M}. Evidently, Tm is an 
isometry for each p G [1, oo]. 

Let us look at how certain operators A G L{F{Z)) are transformed under the 
mapping A ^ TmAT^ . If p is a positive integer and M = g (recall that N = 1), 
and if a is a p-periodic function, then the operator al of multiplication by a is 
transformed into the constant diagonal matrix diag(a(l), . . . , a(M)), which acts 
on /^(Z, C^) as 

diag(a(l), . . . , a(M)) : (i/i, . . . , um) ^ (a(l)wi, . . . , a{M)uM)^ 

Next we consider the operator Tm VLi where (y-iu){x) u{x + 1). Let 

u G F{Z) and Tmu = (t’l, . . . , vm)- Then 



{TMV-iu){y) = {v 2 {y), vsiy), . . . , VM{y), (V-iVi){y)) for p G Z, 
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i.e., the action of the operator TmV-iT^^ : /P(Z, C^) ^ /P(Z, C^) is described 
by the M x M matrix 






o c 


JL 

0 


1 


... u 
... 0 


o c 


• o 


• o 


• o 


... 0 


• O 


0 


. . o 


. . o 


... 0 


i 


^-1 


0 


0 


... 0 


0 ) 



Consequently, if Op{a) is the operator (5.28) with ^-periodic coefficients then 
the operator TmOp{o)T^^ acts on P(Z, C^) as 



TmOp{o)T^^ = ^diag(a«(l), . . . , a„(M))A-“. 

aez 



Let now p = 2. Then the discrete Fourier transform maps the operator Am ^ 
/^(Z, C^) ^ C^) to the operator of multiplication by the matrix- valued 



function 




( 0 


1 


0 ... 


0 


0 \ 








0 


0 


1 ... 


0 


0 






T ^ L(C^), t A{t) := 


0 


0 


0 ... 


0 


0 








0 


0 


0 ... 


0 


1 










0 


0 ... 


0 

o 


0 





which we consider as an multiplication operator acting on L^(T, C^) where 
is provided with the Euklidean norm. 



Thus, if we write an operator A G OPVSg in the form (5.28), then it becomes 
unitarily equivalent to the operator of multiplication by the matrix- valued C^- 
function 



T->L(C^), t^^(i):=^diag(ac.(l), ...,a„(M))A-“(0, (5.29) 

aGZ 

thought of as acting on L^(T, C^). This yields the following theorem. 

Theorem 5.6.1 Let N = 1, and let Op{a) G OPVSg he given by (5.28) with asso- 
ciated symbol A defined by (5.29). Then the operator Op{a) is invertible on 1 ‘^{Tj) 
{hence, on all spaces P{Ij) with p E [1, co]) if and only if 

det A{t) ^0 at each t eT. 



Moreover, 

<(Z)(Op(a)) = <Jinz){Op{a)) = (J {A e C : det{A{t) - XI) = 0}. 
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Remark. The matrix A{t) has M eigenvalues Ai(^), . . . , Am( 0 (counted with re- 
spect to their multiplicity) which can be numbered in such a way that the t Xj {t) 
become continuous for each j ([82], Chapter II, Theorem 5.2). Let 

^ ^ "^}* 

The continuity of the function Xj implies that each Tj is a compact connected 
curve in C. Hence, under the hypotheses of the preceding theorem, the spectrum 
of Op{a) is a finite union of curves: 

M 

<^iP(Z){Op{a)) = (T;p(z)(Op(a)) = |J 

5.6.2 The multi-dimensional case 

Let now g = {gi, . . , , gN) and M = gi • - gN with N > 1. We write 

(g) • • • (g) = (g)^^iC^^' . 

If 6j^ k denotes the unit vector of length k having a 1 at the jth place and zeros at 
the other places, then the set 

{eji.gi ® • • • «) eg„,gjv}i;=r;.®.jjv=i (S-SO) 

forms a basis in C^. We order its elements lexicographically. Further, we consider 
the mapping 

Tg : C^) 

defined by 

{Tgu){yi, . . . , j/w) := {u{giyi QNVN+jN - 

which again acts as an isometry for each p G [1, ooj. As in the one-dimensional 
case, we obtain 

where Aj is the gj x ^j-matrix operator 

/ 0 1 0 ... 0 0 

0 0 1 ... 0 0 

0 0 0 ... 0 0 

■— : : : : : 

0 0 0 ... 0 1 

V V~\ 0 0 ... 0 0 

\ ^3, N 
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For t eT we further denote by Aj{t) the gj x ^^-matrix 

/ 0 1 0 ... 0 0 

0 0 1 ... 0 0 

0 0 0 ... 0 0 

AjW := ; ; : ; ; 

0 0 0 ... 0 1 

V i 0 0 ... 0 0 

If p = 2, then we see as in case N = 1 that the operator Op{a) G OPVSg, given by 
(5.28) and acting on is unitarily equivalent to the operator of multiplication 

by the matrix- valued function A : ^ acting on L^(T^, C^), where 

•= H diag(aa(ji - 1, ■ • • , iiv - ® ® 

The notation diag(aa(ji — 1, . . . , means a diagonal matrix 

with lexicographically ordered elements on its main diagonal. With these notations, 
we have the following generalization of Theorem 5.6.1. 

Theorem 5.6.2 Let the operator Op{a) G OPVSg he given by (5.28) with associated 
symbol A defined as above. Then the operator Op{a) is invertible on P{Z^) {hence, 
on all spaces /^(Z^) with p e [1, oo]) if and only if 

det^(^) / 0 at each t G T^. 

Moreover, 

<^ip( 7 ,N){Op{a)) = cFiv(iN){Op{a)) = [J {A G C ; det(^(t) - \I) = 0}. 
Again, the spectrum of Op{a) is a finite union of connected compact curves. 

5.7 Semi-periodic pseudodifFerence operators 

Here we consider so-called semi-periodic pseudodifference operators which can be 
thought of as certain perturbations of periodic operators. Limit operators of semi- 
periodic operators are operators with periodic coefficients. This property makes it 
possible to derive effective conditions for semi-periodic operators to be Fredholm 
on weighted spaces, to describe their essential spectrum, and to calculate their 
Fredholm index (in dimension one). 

5.7.1 Fredholmness on unweighted spaces 

Let again ^ = (^i, • • • , ^at) ^ A function a G /^(Z^) is called g -semi-periodic 
if it is the limit in /^(Z^) of functions of the form 

m 

Y, bj Cj with bj€SO{Z^) and c, G Vg (Z^ ) . 



(5.31) 
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We denote the set of all ^-semi-periodic functions by SPg{Z^). Further, we let 
SVSg stand for the set of all symbols a G 5 for which the functions x i-^ a(x, t) 
belong to SPg{Z^) for each point t G T^. The corresponding class of pseudodif- 
ference operators is denoted by OPSVSg. 

Our treatment of the Fredholm properties of pseudodifference operators with 
symbol in SVSg is based on the following proposition. 

Proposition 5.7.1 Let a G SVSg, and consider the operator Op{a) as acting on 
where 1 < p < oo. Then all limit operators of Op{a) belong to OPVSg. 

Proof. Let a G 5P(Z^), and let h : N ^ be a sequence tending to infinity 
such that the limit ah{x) := limn-^oo a{x P h{n)) exists for each point x G Z^ . We 
claim that the function ah is ^-periodic. 

It is certainly sufficient to prove this claim for functions a of the form (5.31) 
(since Vg{Z^) is closed) and, hence, for functions a = be with b G SO{Z^) and 
c G Vg(Z^) (since Vg{Z^) is a linear space). In this case, we can find a subsequence 
/c of /i, a complex number bk and a function Ck G Vg{Z^) such that b{x-\-k{n)) bk 
and c{x + k{n)) Ck{x) for each x G Z^ (compare Proposition 5.4.3). Hence, 

ah{x) = lim a{x -f k{n)) = lim b{x + k{n))c{x -f k{n)) = bkCk{x), 



whence ah G Vg{Z^). 

Let now the operator A G OPSVSg have the representation 
A — ^ a^Va with G SPg{Z^). 



Then 



^—h{n)^^h{n) ^ ^ ^^—h{n)^(y^h{n))^<y. 

and, if the sequence h defines a limit operator of t 4, we have 

{V^h{n)aaVh(„)){x) = aa{x + h{n)) aa,h{x) for each x € 



with certain ^-periodic functions aa^h^ as we have seen above. Consequently, Ah = 

^ct,hVa G OPVSg. □ 

To the limit operator Ah = (^a,hVa of A = (^aVa, we associate the 

matrix- valued function 









where the notations are as in Section 5.6.2. 
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Theorem 5.7.2 Let a G SVSg, and consider the operator Op{a) as acting on 
where 1 < p < oo. Then the operator Op{a) is Fredholm if and only if 

det Ah{t) 7 ^ 0 at each point t G 

for every limit operator Op{a)h of Op{a). Moreover, 

(^iv(zN)Op{a) = G) {A e C : det(^/j(i) - XI) = 0} 

where the union is taken over all limit operators of Op{a) and over all t G . 

The proof follows immediately from Theorems 5.2.2 and 5.6.2 and from the remark 
following Theorem 5.6.1. 

The image of operators in OP SVSg under the transformation A TgAT~^ 
is described in the following proposition. 

Proposition 5.7.3 7/ a G SVSg, then TgOp{a)T~^ : , C^) , C^) 

with M := gi qn is a matrix operator with entries in OP SO. 

Proof Let a G SP{Z^). We are going to show that the operator TgoT~^ has a 
representation as an M x M-matrix- valued multiplication operator 

{TgaTg'-){y) = diag (5.32) 

with slowly oscillating entries aj^j^...j^. 

Again, it is sufficient to prove this for a = be where b G SO{Z^) and c G 
Vg{7j^). In this case we have 

{TgbcT-^){y) = {TgbT~^){y) ■ {TgcTg-^){y) 

= diag {b{giyi + ji - 1, . . . , QNyN + Jn ~ 

■ diag (c(ji 

Since the functions 

^ji-jN • (yi^ • • • ^ Vn) ^ b{giyi + - 1 , . . . , pnPn PJn ~ 1 ) 

are slowly oscillating, and since the Cj^...j^ := c{ji — 1, . . . , Jn — 1) are constants, 
we obtain the assertion of the proposition for the operator TgbcT~^ and, thus, for 
all operators TgoT~^ with a G SP{Z^). 

The operators TgVaT~^ have already been described in Section 5.6.2. These 
two partial results combine to give the proof of the assertion for general operators 
in OPSVSg. □ 

The preceding proposition shows in particular that if A = with 

a^ G OPSVSg, then the operator TgAT~^ is the pseudodifference operator acting 
on the space l^ifL^ , C^) and having the matrix- valued symbol 

Ay, t) ■= (y))j(=r;.Gjjv=i^i’“' (ii) ® ® {tN) 

with slowly oscillating functions ^9 
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The following theorem is a corollary of Theorem 5.4.5. 



Theorem 5.7.4 An operator A G OPSVSg is Fredholm on P{Z^) with 1 < p < oo 
if and only if 



lim inf 

R^oo |y|>H,tGT^ 



detA{y, ^)| > 0 



where A is the matrix-symbol of the pseudodifference operator TgATg ^ . 



5.7.2 Fredholmness on weighted spaces 

The methods developed in Section 5.3 apply to derive the following versions of The- 
orems 5.7.2 and 5.7.4, holding for pseudodifference operators with semi-periodic 
symbol which act on spaces with slowly oscillating weight. The notations are as in 
Section 5.3. 

Theorem 5.7.5 Let Op{a) be a pseudodifference operator with symbol in SVSg fl 
S{K^), let p G [1, oo], and let w = e'^ ^ be a slowly oscillating weight. 

Then Op{a) is a Fredholm operator on if and only if 

detAh{e~^^ - 1) ^ 0 

for every t G and every limit operator Ah of Op{a ) . Here, the function Ah is 
defined as before Theorem 5.7.2, and 6h limn^oo(Vf)(/i(n)). In particular, 

^PJ(z-){Op{a)) = |J{A e C : det(^^e-^'- • t) - XI) = 0}, 

where the union is taken over all limit operators of Op{a) and over all t G . 

Theorem 5.7.6 Let a G SVSg fl let p G [1, oo], and let w = e'^ G 

be a slowly oscillating weight. Then the operator Op{a) is Fredholm on 1^{Z^) if 

and only if 

lim inf I det^(y, • t)| >0. 

Theorem 5.7.7 (Phragmen-Lindelof principle.) Suppose that a G SVSg fl S{K^), 
that p G (1, oo), and that w G is a slowly oscillating weight with 

lima^^oo = + 00 . Further, let u be a solution to the equation Op{a)u = f 
with right-hand side f G 1^{Z^), which a priori lies in If 

lim inf |det.4(p, t)\ >0, 



then u e ll{Z^). 
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5.7.3 Fredholm index 

The assertions on Fredholm indices of operators in OP SO derived in Section 

5.4.3 can be modified in an evident way to give results on indices of operators 
in OPSVSg. The point is that operators in OPSVSg are unitarily equivalent to 
matrix operators with components in OPSO^ as we have seen in Proposition 5.7.3. 
We formulate the resulting Fredholm index theorem for operators on weighted 
spaces only. 

Theorem 5.7.8 Let a G SVSg Pi S{K^), p £ [1, oo]^ and let the weight w = e^ £ 
VF(K^) be slowly oscillating. If the operator Op{a) : /^(Z) Fredholm 

for at least one p £ [1, oo]^ then it is Fredholm for each p, and its Fredholm index 
does not depend on p. Moreover, 

ind Op(a) = — windg^+^j, det.4“^ +windg 0 -.j, detvA” 

where and A~ are the limit functions of the matrix symbol A defined before 
Theorem 5.7.4 with respect to certain sequences and h- tending to +oo and 
—oo, 

A'^(t) lim A(hj^{n), t), A~ (t) := lim A{h-{n), t) fort £ T, 

n — >•0X3 n^oo 

and where the 0^ are as in Theorem 5.4.15. In particular, the index of Op{a) does 
not depend on the special choice of the sequences h ± . 

5.8 Discrete Schrodinger operators 

Here we are going to apply the results of the previous sections to the discrete 
analogue of the Schrodinger operator — A + a/, viz. to the operator H defined by 

Hu := Lu + au (5.33) 

where L is the discrete Laplace operator 

N 

L:=;^(K,+F_e,) 

and where the potential a is a function in We consider L and H as 

bounded operators on the Banach space P{Z^) with p G [1, oo]. In particular, we 
will present estimates of the decay at infinity of the eigenfunctions of Schrodinger 
operators with slowly oscillating potential. 

Given a £ we let Lim (a) denote the set of all limit functions of 

a, i.e., the set of all functions ah £ 1^{Z^) for which there exists a sequence 
h :N tending to infinity such that 

ah{x) = lim a{x h{n)) for each x £ Z^ . 
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Then, clearly, 

^op (H) = {L + ahl : ah G Lim(a)}. 

Thus, the following is a corollary of Theorems 5.2.2 and 5.2.3 and of Proposition 
5.2.1. 

Theorem 5.8.1 The essential spectrum of the operator H : ^ does 

not depend on p e [1, oo], and 

= IJ <T,p(zN)(L + a^/). 

a^GLim (a) 



This theorem reduces the calculation of the essential spectra of discrete Schrodin- 
ger operators to the calculation of the common spectra of their limit operators. In 
many cases, these limit operators are of a more simple structure than the original 
operators, which allows one to determine their spectra. Some particular instances 
where this calculation can be performed explicitly are examined in the following 
sections, where we let p = 2. 

5.8.1 Slowly oscillating potentials 

If the potential a belongs to 50(Z^), then all limit operators of H = L + a/ are 
of the form H = L + a^7, and each limit function an G Lim(a) is constant, i.e., 
ah = lim^^oo a{h{n)) for some sequence h ^ oo. So we can identify Lim (a) with 
a closed subset of C. In that sense, we have the following. 

Theorem 5.8.2 If a ^ SO{Z^), then 

af 27 z^)(H) = Lim (a) + [-2N, 27V]. 

Proof The operator H = L + ahl, considered as an operator on is unitar- 

ily equivalent (by means of the discrete Fourier transform) to the multiplication 
operator 

:= Cl + ahl ; L2(T^) ^ 
where C refers to the function 

N 

j=i 



Since 

a{Uh) = [-2N, 2N] + an, 



we get the assertion via Theorem 5.8.1. 



□ 
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Corollary 5.8.3 Let let the potential a G SO{'L^) he a real-valued function, 

and set 

m := liminfa(x), M := limsupa(x). 

X >•00 



Then 



= [m-2N,M + 27V]. 



Moreover, all points in the spectrum of H which lie outside the segment [m — 
2N, M + 2N] are isolated eigenvalues, and their only possible cluster points are 
m — 2N and M + 2N. Finally, all eigenfunctions o/H belong to S(fL^). 



Proof Since the potential a is real, all partial limits of a are real, and since a 
is slowly oscillating, the set of partial limits of a is connected. Indeed, this set 
is just the range of the restriction of the Gelfand transform of a onto the fiber 
M^{SO{Z^)), i.e., it is the image of a compact and connected (by Theorem 
2.4.7) set under a continuous mapping. So we conclude from Theorem 5.8.2 that 

= [m, M] + [-2AT, 2N] = [m-2N,MF 2N]. 

Since the operator H is self-adjoint on the assertions concerning the lo- 

cation of the eigenvalues of H are immediate consequences of the Gohberg-Sigal 
theorem (which can be found, for instance, in [60]). Finally, the eigenfunctions of 
H belong to S{Z^) due to Proposition 5.4.6. □ 

Obvious modifications yield an analogous result for the case N = \ where one has 
to consider the fibers of M{SO{Z)) over — oo and H-oo. 



5.8.2 Exponential decay of eigenfunctions 

Here we apply the Phragmen-Lindelof principle from Section 5.4.2 to Schrodinger 
operators H = L + a/ with slowly oscillating and real- valued potential a. We will 
consider two situations: 

(i) liminG-^cx) cl{x) =: > 2N, and 

(ii) limsup^^^ a(x) =: a_ < —2N. 

Note that the symbol h of the difference operator H is 

/i : X ^ R, (x, t) C{t) + a{x). 

For e > 0 sufficiently small, we set 

<3? € R» : 1,1. < log ^ (5^)' 

and 

or := |, € R" : |,U < log 
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Since, as one easily checks, 



N 

Reh{x, = COS cosh T]j + a(x) , 

j=i 



we have in case (i) 



lim inf Reh{x, > inf 

R^oo \x\>R,^eR^,r]eQt leQt 



N 

a+ — 2 cosh T]j 
j=i 



> 



whereas in case (ii) 

lim inf |Re/i(x, 

R^oo \x\>R,^eR^,r]eQ7 



e^(^+^^))| > inf_ 
rieQe 



|a_ 



N 

2 cosh T]j 



> £. 



Thus, the conditions of Theorem 5.4.12 are satisfied for operators L + a/ with 
potential a subject to condition (i) on the domain Q+, and they hold for potentials 
subject to condition {ii) on Qj. As a consequence of that theorem, we obtain the 
following. 



Theorem 5.8.4 Let w = e'^ be a weight function with lima,^oo w{x) = +oc and 
Vv G SO{Z^). Further we suppose that if a is a potential satisfying condition (i), 



then 




< log 



— e 

2N 



+ 




and if the potential a satisfies condition {ii), then we suppose 

/ I — 

dv 



dx 



■{x) 



< log 



F-l 
2N 



+ 



|Q-I -g 
2N 



for all j = 1, . . . , N , for all sujflciently large x G and for all sufficiently small 
£ > 0. Let u be a solution to the equation 

(L + a/)« = /, 

which a priori belongs to the space Then u lies in 



Corollary 5.8.5 Let a be a potential satisfying one of the conditions {i) and {ii). 
If u\ G /^(Z^) is an eigenfunction o/ L + a/ which corresponds to an eigenvalue 
A < — 2N, then u\ G /^^(Z^) for sufficiently small £ > 0, with the weight 

given by 



w^{x) = 



A — a+ — £ 
2N 



+ 



A — (2_|_ — £ 



kl2 



- 1 
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where \x \2 refers to the Euklidean norm of x E Similarly, if u\ is an eigen- 
function corresponding to an eigenvalue A > a_ + 2N , then u\ G for 

sufficiently small e, where now 




This corollary can be viewed of as the discrete analogue of the well-known Agmon 
estimates for the decay of the eigenfunctions of the Schrodinger operator — A + a/, 
compare [1]. 

5.8.3 Semi-periodic Schrodinger operators 

Finally, we consider Schrodinger operators with real- valued semi-periodic poten- 
tials a G SPg{Z^). In this case, all all limit operators of H = L + a/ have the form 
:= L -h ahl where ah is a ^-periodic function, that is 

ah{x) = lim a{x h{n)) for x G Z^ 

n^oo 

for some sequence /i — > oo. 

For simplicity, we will treat the case = 1 only, i.e., g' is a positive integer. 
As we have seen in Section 5.6.1, the limit operator H/i : F(Z) ^ is unitarily 
equivalent to the operator H/» : A^(T, C^) — > A^(T, C®) of multiplication by the 
Hermitian matrix 

/ ah(0) 1 0 ... 0 ^ \ 

1 aft(l) 1 ... 0 0 

0 1 ah{2) ... 0 0 

Hhit)-- . . . . . , tGT. 

0 0 0 ... ah{g-2) 1 

V ^ 0 0 . . . 1 ah{g - 1) / 

Let \^{t), j = 1, . . . , g, refer to the eigenvalues of the matrix Hh{t). We enumerate 
these eigenvalues such that the functions 1 1 -^ become continuous for each j. 
Since all eigenvalues of Hh{t) are real, the (compact and connected) curves 

:= :tej} 

become compact intervals in R. From Theorem 5.8.1 we further infer that 

= U U rf 

a/^GLim (a) j=l 

Thus, the spectrum of a discrete Schrbdinger operator H with semi-periodic poten- 
tial is an infinite union of closed intervals, which are labeled by the limit operators 
of W. 
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5.9 Comments and references 

Special classes of pseudodifference operators have intensively been studied for 
about a century. In the case where the symbol a : x T^, (x, t) a(x, t) 

is independent of x, we are in the context of discrete convolution operators. The 
monographs [56] and [59] as well as the classical papers [63, 64] by Gohberg and 
Krein contain interesting historical notes. In particular, it has been known for a 
very long time that the spectral properties of convolution operators depend on 
the exponent p G [1, oo] and on the weight. For continuous symbols, there is 
no dependence on p, but the presence of an exponential weight may drastically 
change the spectrum (incidentally, this phenomenon was employed in [28] to study 
the invertibility of convolution operators in unweighted Lebesgue spaces over the 
quarter-plane). One of our results is that this behavior of discrete convolution 
operators carries over to large classes of pseudodifference operators. 

We remark that the spectra of convolution operators with piecewise contin- 
uous symbols depend on the space in much more a sensitive way than in the case 
of continuous symbols: in this situation already the exponent p G (1, oo) influ- 
ences the shape of the spectrum. For details of this fascinating topic (which goes 
far beyond the scope of this text: for example, a Laurent operator on l‘^{Z) is 
band-dominated if and only if its generating function is continuous) we refer to 
the books [30, 50, 65, 150, 23] and the references therein. 

In the case of singular integral operators on L^-spaces with general Mucken- 
houpt weight, this effect has been observed by Spitkovski [173] for the first time. 
See also [23, 27, 26] for the further development of the story, and [29] for analogous 
effects for discrete Wiener-Hopf operators with discontinuous symbols. 

The derivation of the Fredholm index formula for pseudodifference operators 
on /£;(Z) in Section 5.4 follows the paper [136] by two of the authors with John Roe, 
and the Phragmen-Lindelof theorem on the exponential decay of the solutions to 
pseudodifference equations is a discrete analogue of a result for pseudodifferential 
equations on which has been established by one of the authors in [128]). 

Notice that the approach presented in Section 5.6 is completely different 
from the approach proposed in [179], where the spectral theory of one-dimensional 
periodic Jacobi operators (the so-called Floquet theory) is studied. There is an 
extensive bibliography devoted to partial differential equations with periodic co- 
efficients from which we only cite the well-known books [143] (Section XIII. 16) 
and [89]. 

Discrete Schrddinger operators of the form (5.4) appear in the theory of the 
spin waves [142], the description of random walks on Z^ [104], the propagation 
of waves in crystals [179], the theory of nonlinear integrable lattices [179, 45], etc. 
There is an extensive bibliography devoted to one-dimensional Jacobi operators, 
see for instance the monographs [179, 45, 80] and references therein. 

The presentation of this section follows [135]. 




Chapter 6 

Finite Sections of Band-dominated Operators 



Let ^ be a band-dominated operator on the Banach space introduced in 
Section 2.1.1. The practical solution of an operator equation Ax = y with given 
y G usually requires the use of a suitable discretization method which allows 
one to compute approximate solutions to Ax = y numerically. For discretization 
by a projection method one replaces the equation Ax = y hy the sequence of the 
approximate equations 



RnARjiXji — Rjiy 1 ^ ^ 1 ? ( 6 . 1 ) 

where the Rn are projection operators which converge in a suitable sense (strongly 
or P-strongly) to the identity operator on We will examine a concrete projec- 
tion method where the projections are specified as follows: We let be a compact 
subset of which has the point 0 G R^ in its interior. The characteristic func- 
tion of Q is the function xn which is 1 for x G and 0 for x 0 fl. Then we denote 
by Rn the operator of multiplication by the restriction of the function Xnn onto 
Clearly, every Rn is a projection operator on E^ , and the condition 0 G int 
guarantees the strong convergence of the sequence (P^) to the identity operator 
on every space P, whereas this sequence converges P-strongly to I on ,X). 

If the projections are specified in this way, we call (6.1) the finite section method 
for the approximate solution of Ax — y. 

Our assumptions guarantee that IZ := {Rn) is an approximate identity which 
is equivalent to the approximate identity V specified in Section 2.1.1. Since equiva- 
lent approximate identities determine identical notions of compactness, Predholm- 
ness and convergence, we can assume for simplicity and without loss of generality 
that 71 = V. Thus, the equations (6.1) become 

PnAPnXn = PnV, ^ > 1 , ( 6 . 2 ) 



in what follows. 

The crucial question is whether the sequence (PnAPn) is stable, i.e., whether 
the operators PnAPn : ImP^ ^ ImP^ are invertible for sufficiently large n 
and whether the norms of their inverses are uniformly bounded. The stability 
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of {PnAPn) together with the 7^-strong convergence of the Pn and with the invert- 
ibility of A imply the applicability of the finite section method in the sense that, 
for every y ^ E and n large enough, the equations (6.2) possess unique solutions 
Xn which converge to a solution of Ax = y as n ^ oo. If the norm convergence 
on ,X) is replaced by a weaker one, then an analogous result holds for all 

spaces 

The formulation of a stability criterion is in Section 6.1. Its proof is surpris- 
ingly simple and rests on an application of the results on the Fredholmness of band- 
dominated operators. In Section 6.2, we will consider some special choices of and 
make the stability conditions more explicit. After this, we turn our attention to the 
problem of the approximate determination of spectra of band-dominated operators 
in the third section. In particular, we will demonstrate how our stability results ap- 
ply to establish the convergence of the eigenvalues or pseudo-eigenvalues of the ma- 
trices PnAPn ^ The concluding forth section is devoted to a discussion of the fractal- 
ity properties of the finite section method for band-dominated operators. Tract ality 
is a property of an approximation sequence which guarantees that certain limiting 
processes behave more uniformly than expected (see [73, 146, 151]). For example, 
the condition numbers of a stable approximation method {An) are bounded: 

limsupm„|| ||^“^|| < oo, 

but if the sequence {An) is fractal, then this limes superior is actually a limes. It 
turns out that, in general, the finite section method for band-dominated operators 
is non- fractal in an essential manner. So it is one of our goals to specify classes of 
band-dominated operators for which fractality of the finite section method can be 
guaranteed. 

6.1 Stability of the finite section method 

In this section, we are going to summarize some general facts on approximation 
methods and to explain the relationship between the stability of the finite sec- 
tion method for a band-dominated operator on and the Fredholmness of an 
associated band-dominated operator on 

6.1.1 Approximation sequences 

Let jF be a Banach space, and let V = {Pn) be an approximate identity on E the 
elements of which are projection operators. In order to solve the operator equation 
Ax = y for the operator A G L{E,V) approximately, we choose a sequence {An) of 
operators An : Im Pn ImP^ and replace the equation Ax = y hy the sequence 
of the equations 

AnXn = Pny, n = 1,2,3,... (6.3) 

the solutions Xn of which are sought in ImP^i- Observe that AnPn = PnAnPn 
belongs to K{E, V) and, hence, to L{E, V) for every operator An G L{lmPn) and 
for every n. 
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Of course, one has to assume some consistency between the operator A and its 
approximations An . At least one has to fix the sense in which the An approximate 
A. The weakest requirement one usually imposes is that the sequence (An)^i is 
an approximation method for A in the following sense: 

Definition 6.1.1 A sequence {An) of operators An G L{lmPn) is an approximation 
method for A G L{E^ V) if the operators AnPn converge V -strongly to A asn^oo. 

Being an approximation method says nothing about the solvability of the equa- 
tions (6.3) and about the relations between possible solutions Xn of (6.3) and a 
possible solution x of Ax = y. What one is interested in is that the equations (6.3) 
possess unique solutions Xn for every n > no and every right-hand side y E E and 
that these solutions converge in the norm of E" to a solution of Ax = y. Equiv- 
alently, the operators An should be invertible for sufficiently large n, and their 
inverses A~^ Pn should converge strongly. We summarize these requirements in 
the following definition. 

Definition 6.1.2 

(a) The approximation method {An) for A is applicable if there exists a number 
no such that the operators An ore invertible for every n > no and if their 
inverses A~^ converge strongly. 

(b) The approximation method {An) for A is E-applicable if there exists a number 
no such that the operators An ore invertible for every n > no ond if their 
inverses A~^ converge V- strongly. 

(c) A sequence {An) of operotors An G LiJmPn) is stable if there exists o number 
no such thot the operotors An ore invertible for every n > no ond if the norms 
of their inverses ore uniformly bounded: 

sup < 00 . 

n>no 

The following basic result connects these notions. Recall the Definition 1.1.18 of 
the class E(E, V). 

Theorem 6.1.3 Let {Pn) be o uniform opproximote identity consisting of projection 
operators, and let {An) with An G L(Im Pn) be an approximation method for the 
operator A G L{E,V). Further suppose that {AnPn) E T{E, V). Then this method 
is V -applicable if and only if the operator A is invertible and the sequence {An) is 
stable. 

Proof Let A be invertible and let {An) be stable. Then, for all sufficiently large n 
and all Pk E V, 

\\{A-^Pn-A-^)P4 < ||(^-ip„-P„A-')P,|| + ||(P„-/)A-iPfe|| 

< \\A-^Pn\\\\{A-AnPn)A-^Pk\\ + \\{Pn-I)A-^Pk\\ 

and, similarly, 

\\Pk{A-^Pn - ^-')|| < \\A-^Pn\\ \\PkA-^(A - AnPn)\\ + \\PkA~\Pn ~ /)||. 
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These estimates imply the P-strong convergence of A~^Pn to and, thus, the 
P-applicability of the method (An). 

Let, conversely, (An) be a P-applicable approximation method for A. Thus, 
the operators An are invertible for large n, and the sequence (A“^Pn) of their 
inverses is P-strongly convergent. Then Proposition 1.1.17 (a) yields the stability 
of (An). 

To verify the invertibility of A, recall that the definition of an applicable 
method implies the solvability of the equation Au = f for every right-hand side 
/. Hence, A is surjective. For the injectivity of A observe that, for all x e E, all k 
and m, and for all sufficiently large n, 

\\Pk{I - A-^Pr.A)x\\ = \\Pk{Pn - A-^PnA)x\\ 

= \\PkA-^Pn{A„Pn-A)x\\ 

< \\PkA-^PnPm{AnPn ~ + \\PkA-^ PnQm{AnPn ~ A)x\\ 

< \\PkA-^Pn\\ \\Pm{AnPn ~ A)x\\ + ||Pfc^;;'P„Q„|| ||(A„P„ - A)a:|| 

< C{\\Pm{AnPu - A)|| + \\PkA-^PnQm\\)- 

For fixed k and given e > 0, choose m such that ||Pfc^“^P„QTO|| < e/2 uniformly 
with respect to n (which is possible due to the assumption {AnPn) € P{E, V) and 
to the inverse closedness of P(P, P) by Theorem 1.1.19). Then choose no such 
that \\Pm{AnPn ~ ^)|| < £/2 for all n > no. This shows that 

\\Pk{I - A/;/^ PnA)x\\ ^ a asn->oo 

for every k eN and x G If, in particular, x is in the kernel of A, then we obtain 
PkX = 0 for every k whence x = 0 because V is an approximate identity. □ 

6.1.2 Stability vs. invertibility 

Theorem 6.1.3 indicates that a main problem in numerical analysis is to study the 
stability of a given sequence of approximation matrices. We will see now that this 
stability problem can be realized as an invertibility problem in a suitably chosen 
Banach algebra. For this goal, it will be convenient to consider approximation 
operators which act on all of E rather than on Im Pn- Further, we will admit 
two-sided approximation sequences (i.e., sequences on Z) rather than the usual 
one-sided sequences (on N). For example, we will rewrite the equations (6.2) as 

{PnAPn + Qn)Xn = V where Qn := I - Pn^ (6.4) 

Clearly, the solutions Xn are related to the solutions Xn of (6.2) by Xn = PnXn 
and Xn := Xn + QnV’ It is also evident that the sequence {PnAPn) is stable if and 
only if the sequence {PnAPn + Qn) has this property. Moreover, if we set Pn := 0 
or Pn := P-n for n < 0, then the stability of {PnAPn + Qn)n>o becomes equivalent 
to the stability of the sequence {PnAPn + Qn)nez- 
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By T we denote the set of all bounded sequences {An)nez of operators 
An G L{E). Provided with elementwisely defined operations and the supremum 
norm (see Section 1.1.5), this set becomes a Banach algebra, and the set Q of all 
sequences {Gn) € T with ||Gn|| ^ 0 as n ^ cxd becomes a closed ideal of T. Let 
furthermore Tc refer to the set of all sequences G T with the properties that 
all operators An belong to L{E, V) and that all differences Am— An are 'P-compact, 
and abbreviate Ec^Q to Qc. It is elementary to check that Tc is a closed and inverse 
closed subalgebra of T and that Qc is a closed ideal of Pc- If (Gn) is a sequence 
in Qc then, necessarily, every operator Gn is P-compact. Indeed, since (Gn) G 
all operators Gn have the same essential norm ||Gn||ess •= ||Gn + K{E'^, P)||. 
Thus, if the essential norm of one of these operators is positive, say c > 0, then 
||Gn|| > II Gn II ess = c > 0 for all n, which is in contradiction with ||Gn|| ^ 0. 

Lemma 6.1.4 

(a) A sequence A e T is stable if and only of the coset A-\-Q is invertible in the 
quotient algebra T jQ . 

(b) Let V be a uniform approximate identity. Then a sequence A e. Tc is stable 
if and only of the coset A Qc is invertible in the quotient algebra TcjQc- 

Proof (a) Let A = {An)nez be a stable sequence. Thus, the operators An are 
invertible for |n| > no, and the norms of their inverses are uniformly bounded. 
We set Bn •= A~^ for |n| > no and choose Bn arbitrarily for |n| < no- Then the 
sequence (Bn) belongs to P, and it is an inverse of {An) modulo Q. 

Let, conversely, the coset {An) -f ^ be invertible in T jQ. Then there are 
sequences {Bn) in P and {Gn) and {Hn) in Q such that AnBn = / + Gn and 
BnAn = I -\-Hn for all n G Z. If |n| is large enough, then ||Gn|| < 1/2 and Hi^^nll < 
1/2. Thus, for these n, the operators I + Gn and / + Hn are invertible, and the 
norms of their inverses are uniformly bounded by 2. Hence, AnBn{I + Gn)~^ = I 
and {IpHn)~^BnAn = /, and the norms of Bn{I + Gn)~^ = {I-\-Hn)~^Bn = A~^ 
are uniformly bounded. Consequently, {An) is a stable sequence. 

(b) If {An) is a stable sequence in Tc-, then we choose Bn as above for |n| > no and 
set Bn = for |n| < no. Then all operators Bn belong to L{E, V) by Theorem 
1.1.9, and 

Bm-Bn= A-' (An - Am)A-^ G K {E , P). 

Consequently, the sequence {Bn) belongs to Pc, and it is an inverse of {An) modulo 
Qc- The reverse implication follows from assertion (a). □ 

6.1.3 Stability vs. Fredholnmess 

Beginning with this section, let again E^ refer to one of the sequence spaces 
P(Z^, A) with 1 < p < oo or cq{Z^ ,X). In order to indicate the dependence of 
on the dimension N, we will sometimes write in place of E"^. Let further 
p = (p^) be an approximate identity on E^ which satisfies 



PmPn = PnPm = Pm whenever m<n. 
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In particular, all Pn are projection operators. Our goal is to establish a fairly 
general criterion for the stability of approximation methods for operators which 
act on one of the spaces This criterion relates the stability of a sequence (An) 
of operators on with the T^'-Fredholmness of a related operator which lives on 
Here, V' is an approximate identity on E^_^^ which is related with V and 
which will be defined later. 

We agree upon writing every vector x G as x = (x',xtv+i) C x Z. 

The Banach space can be viewed as the direct sum over all m G Z of its 

closed subspaces 



EN+i,m ■= {/ e -E^+i : f{x) = 0 if a;iv+i ^ m}. 
Further, for every m G Z, consider the operator of restriction 

{Rmf){x') := f{x', m) 

as well as the operator of embedding 

iSm){x',n) := I 



The operator Tm := SmRm is the projection (in case is a Hilbert space the 
orthogonal projection) of onto parallel to the direct sum of all 

r r ^ m, whereas RmSm acts on E"^ as the identity operator for every 
m. In particular, each of the spaces ^ is isometrically isomorphic to E^. 

We say that an operator A G L{E"^_^-^) is reduced by the family {Tm)mez if 

ATm = TmA for all m G Z. 



The class of all of these operators will be denoted by Lred(^KF+i)- Clearly, this class 
is a closed, unital, and inverse closed subalgebra of L{Eff_^-^). To every sequence 
A := (An) G P, we finally associate an operator Op (A) on by 

(Op(A)/)(x',m) := (A„i?„/)(x')- 



Further, if A is the constant sequence (A) G P, then we agree upon writing Op(A) 
in place of Op(A). 

Lemma 6.1.5 The mapping Op is an isometric isomorphism from P onto the al- 
gebra Lred(-£^V+l)' 

Proof Let A := (An) G P. Then, for every / G and every m G Z, 



(Op(A)T^/)(x',m) = {AmRmTrf){x 
_ f {ArRrf){x') ifm = r _ 
\ 0 ifm^r 



') 

(T,Op(A)/)(x',m), 
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implying that (T^) reduces the operator Op (A). Conversely, if the operator A is 
reduced by (Tm), then A (RnASn) is a sequence in JT with 

(Op(A)/)(a:',m) = (RmASmRmf)(x') = (RmAT^f)(x') 

= {R^TmAf){x') = {S„,Af){x') = {Af){x',m). 

Thus, the mapping A Op(A) is onto. To see that this mapping is an isometry 
notice that 

||Op(A)/r = ||(Op(A))(x',m)|r = J2T,\\(^rnRmrnx'W 

m x' m x' 

U^RrnfF < sup UmV E = IIAf ii/r 

m 

m m 

whence the estimate ||Op(A)|| < ||A|| in case 1 < p < oo. In case of or cq, 
this estimate follows similarly. Finally, given 5 > 0, choose m such that \\Am\\ > 
||A|| — 5, and choose a unit vector x G such that ||A^x|| > ||A^|| — e. Then 
IlS'm^z^ll = 1 and 

||Op(A)S'^x|| = \\Amx\\ > ||A|| - 2e, 

which gives the reverse estimate. □ 

The next result settles the connection between stability and Predholmness for 
sequences in the algebra Tc> For every non- negative integer n, define 

n 

P' := E SkPuRk and Q'^ := I - P' . 

k= — n 

The family V (P;^) n>o forms an approximate identity on Evidently, one 

has P^Tm = TmPn for all choices of m and n. Thus, G Lred(^^+i) for every n 
and Tm G V') for every m. 

Theorem 6.1.6 

(a) If A is a sequence in the algebra Tc-, then Op(A) belongs to V'). 

(b) A sequence G ^ Pc 'Is in Qc if and only if Op{G) is V' -compact. 

(c) Let P be a uniform approximate identity on Eff . Then a sequence A e Pc 'Is 
stable if and only if the operator Op(A) is V' -Fredholm. 

Proof, (a) Let A = {An) ^ Pc- It is easy to check that, for every fixed k > 0 and 
every n> k, 

P,^Op(A)Q; = E SrPkArQnRv 

\r\<k 

The right-hand side of this equality tends to zero as n oo since Ar G L{Eff,P). 
Similarly one gets \\Q'^Op{A) Pj^\\ 0. Thus, Op(A) is in L{Eff_^-^^,V'). 
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(b) Let G = (Gn) be a sequence in Gc’ Given e > 0, choose no such that ||Gn|| < £ 
for all |n| > no, and choose m > no such that 

\\Gn - PmGnPmW < £ for all |n| > Uq. 

Further, let Hn ■= Pm if |?r| > no and ;= 0 for |n| > no- With H one 

then has ||G-HGH|| ^ s and, thus, 

||Op(G) - Op(H)Op(G)Op(H)|| < £. 

The operator Op(H) belongs to Indeed, 

Op(H)= ^ SnPmRn= ^ TnP^, 

ln|<no |n|<no 

and TnP'm belongs to since Tm C L{E]^^^). Since furthermore Op(G) G 

by assertion (a), we conclude that Op(H)Op(G)Op(H) is P'-compact 
and, hence, Op(G) can be approximated by T^'-compact operators as closely as 
desired. 

For the reverse implication, let G = (Gn) C Tc and let Op(G) be T^'-compact. 
We claim that 

||Gn|| = ||i^nOp(G)S'n|| ^0 as n oo. 

Since 

|li^,Op(G)5nl| = \\RnTnOp{G)Sn\\ < ||T,Op(G)||, 

it is sufficient to show that 

\\TnK\\ ^ 0 for every K G V'). (6.5) 

Given £ > 0, choose m such that ||Q^K|| < e. Then, for all n > m, 

\\TnK\\ < \\TnPM + \\TnQ'mK\\ < Wm^W < S, 

whence the assertion. 

(c) If A G .Fc is a stable sequence then, by Lemma 6.1.4 (b), there are sequences 
B e Pc and G, H G such that AB = I -h G and BA = I + H where I refers 
to the constant sequence (/). Applying the isomorphism Op to these equalities 
and taking into account that Op(A) as well as Op(B) belong to L{E'^_^^,V') and 
that Op(G) as well as Op(H) are 'P'-compact by the previous parts of the present 
theorem, we get the P'-Predholmness of Op(A). 

Let, conversely, A = (An) G Tc and let Op(A) be a P'-Predholm operator. 
Then there are an operator B G as well as P'-compact operators G 

and PL such that Op(A)P = / + G and POp(A) = / + F. Multiplying the first 
of these equalities by Rn from the left- and by Sn from the right-hand side and 
taking into account that Op(A) is reduced by (Tn)nGZ, we obtain 

PnOp(A)P5n - RnTnOp{A)BSn = RnOp{A)TnBSn 
= RnOp{A)SnRnPSn = AnRuR^n = + RnGSn- 
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The sequence {RnGSn) converges to 0 in the operator norm as n ^ oo, which fol- 
lows from RnG = RnTnG and from (6.5). Similarly, RnBSnAn = I + RnHSn with 
the sequence (RnHSn) tending to zero. Since the sequence (RnBSn) is bounded, 
Lemma 6.1.4 (a) implies the stability of the sequence (A^). □ 

So we are left with the problem of the P'-Predholmness of the operator Op(A). 
It turns out that if A = {An) is the sequence of the approximation operators in 
(6.4), i.e., if An = PnAPn + Qn with a band-dominated operator A on then 
Op(A) is a band-dominated operator on More generally, we let B (resp. 

B^) stand for the smallest closed subalgebra of the algebra P which contains all 
constant sequences {A) where A is a band-dominated operator (resp. a rich band- 
dominated operator) on and which contains the sequence {Pn) with Pn = 0 
for n < 0. 

Lemma 6.1.7 If A e B, then A ^ Pc, Op(A) is a hand- dominated operator on 
U A. ^ B^ , then Op(A) is a rich band- dominated operator. 

Proof. The algebra B can be characterized as the smallest closed subalgebra of 
P which contains all constant sequences {Vm) and {al) with m G and a G 
1^{Z^,L{X)) as well as the sequence (Pn)- It suffices to check the assertions of 
the lemma for these generating sequences in place of A. The first assertion is 
evident. It is further clear that Op(a/) and Op(Pn) are multiplication operators 
on and that Op{Vm) is the shift operator Hence, in any case, Op(A) 

is band-dominated. It is finally evident that the operator Op(Pn) possesses a rich 
operator spectrum and that every operator Op(A) is rich whenever A is rich. □ 

In particular, this result offers the possibility to study the stability of the sequence 
by means of the Fredholm criterion in Theorem 2.2.1. This theorem has been 
proved for rich band-dominated operators acting on spaces E only. Thus, we will 
restrict our attention to these spaces in what follows, and we will write En in place 
if Eff in accordance with our earlier notations. For these spaces. Theorem 2.2.1 in 
combination with Theorem 6.1.6 (c) states that a sequence A G is stable if and 
only if all limit operators of the operator Op(A) are invertible and if the norms of 
their inverses are uniformly bounded. 

Since the entries of the sequence A are operators acting on Pat, one would 
prefer a criterion for the stability of A in terms of operators on Pat, not on Pat+i- 
The next lemma shows that the stability criterion for sequences in B^ can be 
formulated in the desired way. 

Lemma 6.1.8 Pi;er^ limit operator Ah of an operator A G Pred(pAr+i) belongs 
to Pred(pN+i); ioo. In particular, Ah is invertible if and only if all operators 
RmAhSm with m G Z are invertible in En and if the norms of their inverses are 
uniformly bounded. 

Proof. The only thing which requires a proof is that Ah is reduced by the family 
(Tm) if A is so. 
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Indeed, for every A: G Z and n G N, one has 

TkV-h{n)^yh{n) = TkV-(^h(^riy ,hN^i{n))^y{h{ny ,hN+i{n)) 

— y~{h{ny ,hN^i{n))'^k+hN+\{n)^y{h{ny ,hN + i{n)) 

Letting n go to infinity yields T^Ah = AhTk- □ 

For every sequence A G let (Tstab{A) stand for the set of all operators RmBSm 
where B G <Jop(Op(A)) and m G Z. Summarizing the previous results, we arrive 
at the following stability criterion for sequences in B^. 

Theorem 6.1.9 A sequence A G 6^ is stable if and only if all operators in astah{A) 
are invertible and if the norms of their inverses are uniformly bounded. 



6.2 Finite sections of band-dominated operators on 1 } and 1 ? 



Our next goal is to compute the stability spectrum cr^tabCA) for the finite section 
sequences A = {PnAPn + Qn) with 



f XtiqI\z^ if n>Q 

\ 0 if n < 0 



and Qn '= I - Pn 



in the cases when A is band-dominated on E\ and Q. = [—1, 1], and when A 
is band-dominated on E 2 and Q is a convex and compact polygon with 0 as its 
interior point and with vertices in I? . We start with describing the limit operators 
of the operators Op (A) where A is band-dominated on and N is arbitrary. 

Proposition 6.2.1 For every operator A G L{Ejsr), 

(Tstab{Op{A)) = aop{A) U {V-cAVc : c G (6.6) 

Proof. Again, we write each sequence h : N ^ as = (/i', /liv+i) : N 

Z^ X Z. Then 



y—h{m) yh{m) 

~ y—(h'(m),0)y—{0,hN + i{rn)) Op{A) 

^(0, hN + i(rn))y(h' (m), 0) 

0) Op(A) 0) ^P{y—h'{rn)AVhyrn))' 

Let now /i be a sequence which tends to infinity and for which the limit opera- 
tor Op(A)/i exists. Then the sequence h' can be bounded or unbounded. If it is 
bounded, then there is a subsequence r/ of N such that h'orj is a, constant sequence, 
( c) , say. For the sequence horj one has 



Op{A)h = Op{A)horj = Op{V^^h'orj){m)AV^h'orj)(m)) = Op{V-cAVc). 
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If h' is unbounded, then there is a subsequence ?7 of N such that the limit operator 
Ah' 07 ] exists, and consequently 

Opi^A^h — Opi^A^horj — Opi^Ah'oTj)' 

Thus, the operators in astab{Op{A)) are necessarily limit operators of A or oper- 
ators of the form V-cAVc with c G Conversely, if h' is a sequence such that 
the limit operator Ah' exists, then h{m) 0) defines a sequence which 

tends to infinity and for which the limit operator of Op(A) exists and satisfies 
Op{A)h = Op(Ah'). Finally, if c G Z^, then h{m) := (c, m) defines a sequence 
which tends to infinity and for which the limit operator Op{A)h exists and coin- 
cides with Op{V- cAVc). This shows the identity (6.6). □ 

6.2.1 Band-dominated operators on Z^: the general case 

Let N = 1, define Pn as above with respect to 0 = [—1, 1], and abbreviate 
the sequence (Pn) by P. Then Op(P) is the operator of multiplication by the 
characteristic function of the cone {(xi,X 2 ) G : X 2 > This operator can 

be written as the product xmi Xm_i where Mi and M_i refer to the half-planes 

Ml {(xi, X 2 ) : X 2 > Xi} and M_i {(xi, X 2 ) : X 2 > -Xi). 

The results of Section 2.6.3 yield the following description of the local operator 
spectra of the operator Op(P). For, write ry G as r/ = exp(i(/p) with p G [0, 27t) 
and, for m G Z, let Um stand for the shift operator V(o,m) Then 

{0, /, U-rn Um'meZ} if (f = 7t/4 

{/} if (f e (tt/4, 37t/4) 

{0, /, U-rn Xh^J\z^ Um'rneZ} if p = 37t/4 
{0} if ip ^ 37t/4]. 

Let, finally, Q : E\ ^ E\ stand for the projection operator which sends the 
sequence (. . . , x_ 2 , x_i, xq, xi, . . .) into (. . . , 0, 0, xq, xi, . . .), and set Q := I — 
P. Then 

XM_J = Op{{V-nPVn)nel) and XmJ = Op{{V-nQVn)nez)- 

Theorem 6.2.2 Let A he a hand- dominated operator on E\ with rich spectrum, and 
let Lt = [—1, 1]. Then the finite section method {PnAP^ + Qn) is stable if and only 
if the operator A is invertible, if the operators 

PAsPpQ (6.7) 

are invertible for all limit operators As G a-i{A), if the operators 

QAsQ + P ( 6 . 8 ) 

are invertible for all limit operators Ag G ai{A), and if the norms of the inverses 
of the operators in (6.7) and (6.8) are uniformly bounded. 



^r7(Op(P)) = < 
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Proof. If the sequence A {PnAPn + Qn) is stable, then the operator A is 
invertible by Theorem 6.1.3. We have to check that the operators in (6.7) are 
invertible, too. 

Let s : N ^ Z be a sequence which tends to infinity in the direction of 
— 1 G 5° and for which the limit operator Ag exists. Then h{n) := (^(n), —s{n)) 
defines a sequence in which tends to infinity in the direction of exp{i(p) with 
(p = 37 t / 4 , and the limit operators of Op(A) and Op(P) with respect to h exist 
and are equal to 

Op{As) and = Op{{V-nPVn)nez)^ 

respectively. Thus, astab{A.) contains all operators 

V-nPVnAgV-nPVn + V-nQVn 

with n > 0. In particular, it contains the operator PAgP + Q and, thus, all 
operators (6.7). The uniform boundedness of the inverses of these operators is a 
consequence of Theorem 6.1.9. The proof for the operators in (6.8) is analogous. 

Now suppose that the operator A as well as all operators in (6.7) and (6.8) 
are invertible and that the norms of their inverses are uniformly bounded. By 
Theorem 6.1.9, we have to show that all operators in astab{A.) are invertible and 
that the norms of their inverses are uniformly bounded. 

If G Z^ is a sequence which tends to infinity such that the limit operator 
Op(P)h exists and is equal to 0, and if ^ is a subsequence of h such that the limit 
operator Op{A)g exists, then Op(A)^ = /, and nothing is to prove. If Op(P)^ 
exists and is equal to /, and if ^ is as above, then either 

Op(A)^ = Op(A,) or Op{A)g = Op{V-cAVc) 

with a sequence s :N ^ Z tending to infinity or with a constant c G Z (Proposition 
6.2.1). In both cases, the invertibility of Op(A)^ follows from the invertibility of 
A, and one has ||(Op(A)^)“^ || < HA“^||. 

It remains to study sequences h which tend to infinity in the direction 
exp(i(^) G with ip = it j A and p = 37t/4 and for which Op(P)h exists and 
is not equal to 0 or I. Let, for example, p = 37t/4, and let p be a subsequence 
of h such that the limit operator Op(A)^ exists. Then the first component of 
g = g 2 ) is a Sequence in Z which tends to — oo (i.e., to infinity in the direction 

of — 1 G S^) and for which the limit operator Ag exists. Thus, there is an m G Z 
such that 

Op(A)^ = U—m XH_i Urri^p{Ag^U—m XlHI_i Um + U—m (1 Xi^-i ) 

= [/_^Op((P_nPF,)nGz)t/mOp(A,)f/_^Op((P_nPPn)nGz)C/m 
+ U-rnOp{{Y-nQyn)nez)Urn 

— Op((VL,2— mP^KT,+m)nGz)Op(As)Op((VL7T,— mP^^+m)nGz) 

+ Op((p_ n—m Q^^n+m)nGz) 

~ Op((LLn— T ^) Vn+m)nGz)* 
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Clearly, this operator is invertible if and only if all operators 

PVn-\-m^s^—n — mP Q with 777 -, Tl ^ 

are invertible and if the norms of their inverses are uniformly bounded. But the 
uniform invertibility of these inverses is an obvious consequence of the invertibility 
of all operators in (6.7) and of the shift invariance of local operator spectra (see 
Section 2.3.2). □ 

6.2.2 Band-dominated operators on slowly oscillating coefficients 

The results of the previous section take their simplest and most satisfying form 
for band-dominated operators with slowly oscillating coefficients. To get this, we 
will have to employ the index formula derived in Theorem 2.7.1. So we let p = 2 
in this section. 

First we have to fix some notations. The projections P, Q and Pn are as in 
the previous subsection. Besides these projections, we consider the operators 

Rn : /2(N) ^ f{n), Rn = PPnP- 

Recall further that a function a G /^(Z) is slowly oscillating if 

lim ^m) ~ 0 and lim (utt^+i ^m) — 0? 

m^ — oo m^+oo 

and that we call a function a G 1^{N) slowly oscillating if it satisfies the second 
of these conditions. Finally, if A is a band-dominated operator on /^(Z), then we 
call the operator PAP, considered as acting on Im P, a band-dominated operator 
on /2(N). 

A simple necessary condition for the stability of the finite section method of 
the operator A is the invertibility of A (Theorem 6.1.3). Our first result says that 
the invertibility of A is also sufficient for the stability of the finite section method 
if A is a band operator with slowly oscillating coefficients on /^(N). 

Theorem 6.2.3 Let A G L(/^(N)) be a band operator with slowly oscillating coeffi- 
cients. Then the finite section method (RnARn) is stable if and only if the operator 
A is invertible. 

This result is well known in case of band operators on /^(N) with constant co- 
efficients, which are called Toeplitz operators. Recall in this connection that ev- 
ery function a G C(T) induces a bounded Laurent operator L{a) on /^(Z) by 
{L{a)x)n := Ylke'L ^n-k^k where On refers to the nth Fourier coefficient of a. The 
compression PL{a)P of L(a) onto /^(N) is the Toeplitz operator T(a), and these 
operators have a band structure if and only if a is a trigonometric polynomial. 
Overviews on Toeplitz and Laurent operators with continuous generating func- 
tions, including their Fredholmness, invertibility, and stability of the finite section 
method, can be found in [30, 32, 59], for example. 
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One cannot expect that Theorem 6.2.3 remains valid for band operators with 
slowly oscillating coefficients on /^(Z) - it is even wrong for band Laurent opera- 
tors. In fact, the finite section method {PnL{a)Pn) for the Laurent operator L{a) 
is stable if and only if the Toeplitz operator T{a) is invertible. (Notice that the 
invertibility of T(a) implies that of L(a), but if a{t) := t~^, then the Laurent 
operator L{a) is invertible, whereas the Toeplitz operator T(a) has a non-trivial 
kernel.) 

To establish the result for band operators with slowly oscillating coefficients 
on /^(Z), we will have recourse to the notions of the plus-index and the minus-index 
of a Fredholm band-dominated operator introduced in Section 2.7. 

Theorem 6.2.4 Let A G I/(/^(Z)) he a band operator with slowly oscillating coeffi- 
cients. Then the finite section method (PnAPn) is stable if and only if the operator 
A is invertible and if the plus-index of A is zero. 

If these conditions are satisfied, then, by (2.136), the minus-index of A is zero, 
too. Notice also that for operators with constant coefficients, i.e., for band Lau- 
rent operators A = L{a)^ the Fredholmness of L(a) implies the Fredholmness of the 
Toeplitz operator T(a), and that the plus-index of A is just the common Fredholm 
index of T(a). Since Fredholm Toeplitz operators with index zero are invertible 
(this is Coburn’s theorem, see [59], Chapter 1, Theorem 3.1, for the case of poly- 
nomial generating functions and [30], Theorem 2.38 and Corollary 2.40, for the 
general case), we rediscover the classical result for the finite section method for 
band Laurent operators from Theorem 6.2.4. 

Proof of Theorem 6.2.3. Let A G L{P{N)) be a band operator with slowly os- 
cillating coefficients. If the finite section method (RnARn) is stable, then A is 
invertible, as we have already remarked. Let, conversely, A be an invertible op- 
erator. We identify A with the operator PAP + Q acting on 1‘^{7j). Clearly, this 
operator is invertible, too. Hence, all limit operators of PAP + Q are invertible 
by Theorem 2.2.1. It is easy to check that the part a-i{PAP -h Q) of the oper- 
ator spectrum of PAP + Q consists of the identity operator only. Let Ah be a 
limit operator in ai{PAP + Q). Since the coefficients of A (hence, the coefficients 
of PAP -f Q) are slowly oscillating, the operator Ah is shift invariant (Proposi- 
tion 2.4.1). Thus, there is a trigonometric polynomial ah such that Ah = L{ah)- 
Further, an elementary calculation shows that JQAhQJ = PJL{ah)JP is the 
Toeplitz operator T(oh) where d{t) := a{l/t) for a, function a on the unit circle. 

Since the operator A is invertible, the plus-index of PAP Q is zero. By 
Theorem 2.7.1, the plus- and minus-indices of each limit operator of PAP + Q 
are zero, too. In particular, the index of QAhQ + P (which is the minus-index of 
Ah) is zero. This implies that the index of JQAhQJ = Tioff) is zero, whence the 
invertibility of Tioh) via Coburn’s theorem, stating that the kernel or the cokernel 
of a non-zero Toeplitz operator are trivial ([30], Theorem 2.38). By Theorem 6.2.2, 
the finite section method (RnARn) is stable. □ 
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Proof of Theorem 6.2.4. Let now A G LipifL)) be a band operator with slowly 
oscillating coefficients. If the finite section method (PnAPn) is stable, then A is 
invertible. Let Ah be a limit operator of A which lies in cri(^). Then QAhQ + P 
is invertible by Theorem 6.2.2, whence 

0 = ind {QAhQ P) = ind-{Ah) = ind_(A) 

by Theorem 2.7.1. Since A is invertible, this implies that ind+(A) = 0. 

Let, conversely, A be invertible and ind_^(.A) = 0, and let Ah be a limit 
operator in a±i{A). Then also ind_(A) = 0, and we get as above that 

0 = ind±(^) = ind±(A/i), 



whence 

ind {PAhP + Q) = ind {QAhQ + P) = 0. 

Since the limit operators Ah are again Laurent operators L{ah) with some trigono- 
metric polynomial a/^, we conclude via Coburn’s theorem again, that the operators 
PAhP + Q and QAhQ + P are invertible. This implies the stability of the finite 
section method {PnAPn) via Theorem 6.2.2. □ 

We conclude this section with two results which can be proved in the same vein. 
The first one concerns compactly perturbed band operators. 

Theorem 6.2.5 

(a) Let A G L(P(N)) he a band operator with slowly oscillating coefficients, and 
let K G I/(/^(N)) he compact. Then the finite section method {Rn{A-\-K)Rn) 
is stable if and only if the operator A-\- K is invertible. 

(b) Let A G L(/^(Z)) be a band operator with slowly oscillating coefficients, and 
let K G L{P{Tj)) be compact. Then the finite section method {Pn{A K)Pn) 
is stable if and only if the operator A -\- K is invertible and if the plus-index 
of A is zero. 

The proof is as above. One only has to take into account Proposition 1.2.6 (b) and 
the obvious fact that A and A-\- K have the same plus-index. 

One subtlety should be mentioned. Every compact operator is a band dom- 
inated operator with slowly oscillating coefficients (in fact, its coefficients have 
limit zero at ±oo). Thus, if the compact operator K is a. band operator itself, then 
Theorem 6.2.5 says nothing new when compared with Theorems 6.2.3 and 6.2.4. 

It is still an open question whether Theorems 6.2.3, 6.2.4, and 6.2.5 remain 
true for general band-dominated operators A with slowly oscillating coefficients. 
We only have the following result which holds for band-dominated operators in the 
discrete Wiener algebra W introduced in Section 2.5. The point is that a band- 
dominated operator in the Wiener algebra is Fredholm if and only if each of its 
limit operators is invertible (without requiring the uniform boundedness of the 
norms of their inverses, see Theorem 2.5.7). So, the proofs of Theorems 6.2.3 and 
6.2.4 can be modified in an evident manner to yield the following. 
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Theorem 6.2.6 

(a) Let A G L(Z^(N)) be an operator in the Wiener algebra with slowly oscillating 
coefficients, and let K G L(/^(N)) be compact. Then the finite section method 
{Rn{A K)Rn) is stable if and only if the operator A -\- K is invertible. 

(b) Let A G L(/^(Z)) be an operator in the Wiener algebra with slowly oscillating 
coefficients, and let K G L{l‘^{Z)) be compact. Then the finite section method 
{Pn{A -h K)Pn) is stable if and only if the operator A K is invertible and 
if the plus-index of A is zero. 



6.2.3 Band-dominated operators on 

Here we will study the stability of the finite section method {PnAPn + Qn) in case 
when A is a band-dominated operator with rich spectrum on E 2 and when is a 
convex and compact polygon with vertices in Z^ and with 0 as its interior point. 

Let ui, . . . , Uk G Z^ denote the vertices of define Uk-^-i := ui and uq := Uk, 
and abbreviate the open segment {x : x = {l-t)uj-\-tUj-^i with 0 < ^ < 1} to 

{uj, Uj^i). For j = 1, . . . , k,\et P[j C refer to the half-plane which is bounded 

by the straight line through Uj and Uj and which contains the point 0, and let 
Kj C R^ refer to the angle with vertex at Uj which is bounded by the straight 
lines through Uj and Uj-i resp. through Uj and lij+i and which contains the point 
0. Further, set := Hj — Uj and Kj := Kj — Uj {= the algebraic difference). 

Besides these notations for subsets of the plane R^ we need some notations 
for their spatial counterparts. If is as above, then the operator Op(P) (where 
P = (Pn) again) turns out to be the characteristic function of a pyramid in R^ 
with its vertex at the origin. The faces of this pyramid are in correspondence with 
the edges of fi. We let Mj stand for the half-space of R^ which is bounded by 
the plane through the face which corresponds to {uj, uj^i), and which contains 
the pyramid. Similarly, the edges of the pyramid are in correspondence with the 
vertices of the edge corresponding to Uj will be denoted by Gj. 

Since the operator Op(P) is the projection onto a cone, we can refer to the 
results of Section 2.6.3 in order to get the following description of the local operator 
spectra of this operator. Given a point x G O, let r/a, refer to the intersection of 
the ray {{tx, t) : t >0} CR^ with the sphere 5^. Then one has to distinguish the 
following cases. 

• If 77 G 5^ is not of the form rjx for some x G then a^(Op(P)) = {0}. 

• If X is in the interior of then arj^{Op(P)) = {/}. 

• If X G {uj, Uj-^i), then arj^{Op(P)) consists of the operators 0, I and of the 
operators of multiplication by the characteristic functions of the half-planes 
U-mXMjUm with m G Z. 
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• li X = Uj^ then cr^^(Op(P)) consists of the operators 0 and /, the character- 
istic functions of the half-planes 

U-kXMj-iUk and U-rnXUjUm with k, m e Z, 

and of the characteristic functions of the dihedrals 

U-kXMj-^UkU-rnXUjUrn with k, 171 ^ Z. 



Observe further that 

XUjI = Op{{V-nIljVn)nez) (6.9) 

where Ilj stands for the projection Finally, given a point x in the boundary 

of 0., the ray {tx : t > 0} C intersects the sphere in a point which we denote 
by /ix- 

Theorem 6.2.7 Let A he a hand- dominated operator on E 2 with rich operator spec- 
trum, and let Q, a convex and compact polygon with 0 as its interior point and with 
vertices u\,. . . , Uk G Then the finite section method {PnAPn + Qn) is stable 
if and only if the operator A is invertible, if the operators 

UjAsHj + (/ — Uj) ( 6 . 10 ) 

are invertible for all limit operators Ag G af^^{A) and for all x G {uj, Uj^i), if the 
operators 

TljTlj—iAslAj—iIlj -h (/ — YljUj—i) (6.11) 

are invertible for all limit operators Ag G aij,^(A) and for all x = Uj, and if the 
norms of the inverses of the operators in (6.10) and (6.11) are uniformly bounded. 

Proof. Most parts of the proof run completely parallel to the proof of Theorem 
6.2.2. The only essential difference is that now, at points x = Uj, we have (besides 
the trivial operators 0 and /) two kinds of limit operators of Op(P), namely half- 
plane projections and dihedral projections. For instance, one has now to verify 
that, for every fixed vertex x = Uj of the invertibility of all operators in (6.11) 
implies the invertibility of the operators 

^—rnXM.jUrnL)p(^Ag^U—TjiXMjUrn XlHIj)^m 

for every m and every limit operator Ag G (A) as well as the uniform bound- 
edness of the inverses of these operators. Due to (6.9), this is equivalent to the 
invertibility of all operators 



Employing, as in the proof of preceding theorem, the shift invariance of the local 
spectra, we see that this is further equivalent to the invertibility of the operator 



TijAgYij + (/ — Ilj). 



( 6 . 12 ) 
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That this operator is invertible for every operator Ag G (t^^{A) can be seen as 
follows: Choose a sequence h such that 



V_h{n)^j-iyh{n) I P-strongly as n ^ oo, 



but 

V-h{n)^jVh{n) = for all n. 

Since every shifted limit operator of A is a limit operator of A again, the uniform 
invertibility of all operators in (6.11) implies that the operators 

^j^j-lVh(n)^sy-h{n)^j-l^j + (^ - Hjllj-i) 

are invertible for all n and that the norms of their inverses are uniformly bounded. 
Then also the operators 

UjV^h{n)^j-iyh{n)^sy-h{n)^j-iyh{n)^j + ~ VL^(n)nj_iy^(n)) (6.13) 

are invertible for all n, and the norms of their inverses are uniformly bounded. 
Letting n go to infinity, the operators in (6.13) converge P-strongly to the operator 
(6.12). Since the adjoints of the operators (6.13) converge 'P-strongly, too, the 
invertibility of the operator (6.12) follows. Finally, the Banach-Steinhaus theorem 
entails that || {UjAgUj + (/ - IIj))“^ || is bounded from above by the same constant 
as the norms of the inverses of the operators (6.13). □ 

It is evident that an analogous result holds for the finite section method for band- 
dominated operators on En with N > 2 if the corresponding projections Pn are 
defined with respect to convex polyhedra having 0 as interior point and vertices 
in Z^. 



6.2.4 Finite sections of convolution type operators 

We conclude this section by an application of the results of the previous subsections 
to the convergence of the finite section method for convolution type operators. If 
we restrict ourselves to finite sections of a very special shape such as squares and 
cubes with integer vertices, then the discretizations of the finite sections of an 
operator A yield exactly the finite sections of the discretization of A. Hence, the 
results from Section 6.2.3 can be applied directly. 

Let A G L(L^(R^)) be an operator which belongs to the algebra introduced 
in Definition 3.1.5. For m a positive integer, let Orn denote the square [— m, m]^. 
We consider the finite sections 

Xn^Axn^I : - L^i^m) (6.14) 

of A. Since = XQm^ (with the discretization operator G defined by 

(3.2)), it is evident that the sequence of the operators (6.14) is stable if and only 
if the sequence of the operators 

Xn^AoXnJ : L^Io)) ^ Fi^m, L^{Io)) 
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with Clm •= n Iq := [0, 1)^ and Ac '= GAG ^ is stable. The operator Ac 
is a rich band-dominated operator on L^(/o)) by Proposition 3.1.6. Thus, 

Theorem 6.2.7 applies to the finite sections of Ag^ and it yields the following result. 
The notations are as in Section 6.2.3. 

Theorem 6.2.8 Let A E Bp over Then the sequence of the 

finite sections of A is stable if and only if the operator A : ^ is 

invertible, if the operators 

XhoAhXhoI : LP(H^) ^ L^H^) 

with Ah G (jp^{A) are uniformly invertible for each non-vertex point x G {uj, 
in the boundary ofQi, and if the operators 

XHOnHlAhXHOnHO_J : LP{H^ n H^_,) ^ n 

with Ah G (jp^{A) are uniformly invertible for each vertex x = Uj ofQi. 



6.3 Spectral approximation 

Throughout this section, we will work in Hilbert spaces only, i.e., we let p = 2 and 
X — H a. Hilbert space. Then, accordingly, the projections Pn are self-adjoint. 

Our concern in this section is relations between the spectrum of a band-dom- 
inated operator A and the spectra of its approximations An = PnAPn obtained 
by the finite section method. We will pay particular attention to the asymptotic 
behavior of the spectra of the operators An- As a rule, one will observe that these 
results are satisfactory only in case of self-adjoint or, at least, normal operators An- 
In general, the connection between the spectrum of an operator A and the spectra 
of its approximations An proves to be quite loose. For example, the spectrum of 
the shift operator Vi on P{Z) is the unit circle T, whereas each of its finite sections 
has the spectrum {0}. 

This observation suggests to look for other spectral quantities which behave 
more robustly and which exhibit much better convergence properties than com- 
mon spectra. We will discuss two of these quantities, namely pseudospectra and 
numerical ranges. 

The results on the convergence of spectra, pseudospectra and numerical 
ranges of the approximation operators An will be obtained as special cases of 
some general theorems on spectral approximation. The most convenient way to 
formulate these general theorems makes use of the language of C*-algebras. Thus, 
to apply these results to a concrete approximation sequence (An) requires not 
only a precise knowledge on stability properties of the single sequence (An) it- 
self, but for a whole (7*-algebra of sequences which contains (An)- Moreover, it 
will prove to be advantageous to work with C*-algebra homomorphisms instead 
of limit operators. Recall in this connection the notion of a (weakly) sufficient 
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family of homomorphisms introduced in Section 2.2.2. This notion allows us to 
reformulate the result of Theorem 6.1.9 in an appropriate way. 

Indeed, given a sequence A = {An) in we let C*(A) stand for the smallest 
closed subalgebra of T which contains the sequences A, A* (A* ) and I := (/). 
Let h e Wop(A )5 set of all sequences h for which the limit operator Op{A)h 
exists. Then the limit operator {Op{B))h exists for every sequence B G C*(A), 
and every limit operator of Op(B)h arises in this way. Thus, the mapping B 
Rm{Op{'B))hSm is a * -homomorphism from (7* (A) into L{E) for each m e Z. 
Since the ideal C* (A) fl Q lies in the kernel of that homomorphism, the mapping 

Wh,m : C*(A)/(C*(A) n 0) -> L{E), B + C*(A) nQ ^ Rm{Op{B))hSm 

is well defined for every sequence h G Wop(A) every m G Z. The following is 
an immediate consequence of Theorem 6.1.9. 

Theorem 6.3.1 Let A e Then the family of C* -homomorphisms {Wh^m} 
h G Wop(A) o.nd m eZ is weakly sufficient for the algebra C*(A)/(C*(A) fl Q). 

6.3.1 Weakly sufficient families and spectra 

We will see now how certain spectral quantities of 6 G S can be expressed by the 
corresponding spectral quantities of the Wt{b), provided that {Wt} is a weakly 
sufficient or a sufficient family of homomorphisms. It will be convenient to use the 
following notation. Given a family {Mt)teT of subsets of C, we set 

supMt :== c\os{UteTMt). 

teT 

Further, we call sup^^T^ Mt the maximum of the family {Mt) if UterMt is closed. 

Spectra. As usual, we let cr]s{b) {A G C : 6 — Ae is not invertible mB}. 

Theorem 6.3.2 Let B, Bt and Wt be as in Definition 2.2.6. If {Wt}ter is a weakly 
sufficient family for B, then 



aeib) = sup(TB,(iyt(6)) (6.15) 

teT 

for all normal elements b of B. If the family {Wt}teT is sufficient, then the supre- 
mum in (6.15) is a maximum, and the assertion holds for every b E B. 

Proof The inclusion D in (6.15) is trivial and holds also in the context of general 
Banach algebras. It remains to show that, for every normal element b e B, 

X ^ s\ipaBt{Wt{b)) ^ X^drsib). 

teT 



Without loss, let A = 0. Then, since sup^^^^ as^{Wt{b)) is compact, there is a closed 
disk with center 0 and with positive radius r which has no points in common with 
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^^PteT Thus, Wt{b) is invertible for every t and since {Wt{b)) ^ 

is normal, we get 

||(W^*(6))-^|| = piiWtib))-^) 

= sup{A G C : A G a{{Wt{b))~^)} 

— inf{A G C : A G a{Wt{b))}~^ < l/r. 

The weak sufficiency of {Wt} implies the invertibility of b. The assertion for suffi- 
cient families follows immediately from the definitions. □ 

Pseudospectra. Let e > 0. The e-pseudospectrum of 6 G S is the set 

cr^{b) := {A G C : 6 — Ae is not invertible or \\{b — Ae)“^|| > l/e}. 

Pseudospectra are non-empty and compact, and for the pseudospectral radius of 
an element 6 G B one has 

max{|A| : A G cr^{b)} < ||6|| -h 

Theorem 6.3.3 Let B, Bt and Wt be as in Definition 2.2.6, and let e > 0. If{Wt}teT 
is a weakly sujflcient family for B, then 

(T^{b) = sup a^{Wt{b)) for every b G B. (6.16) 

ter 

If the family {Wt}teT is sujflcient, then the supremum in (6.16) is a maximum. 

Again, one inclusion holds in a more general context, and we formulate it sepa- 
rately. 

Lemma 6.3.4 Let B and C be unital Banach algebras and W : B C be a unital 
and contractive homomorphism. Then 

a^{W{b)) C a^{b) for every b E B. 

Proof. Let A G a^{W{b)). If W{b) — Ae = W{b — Xe) is not invertible, then 6 — Ae is 
not invertible. Hence, A G cr^{b) in this case. Let now W{b — Xe) be invertible and 
\\{W{b — Ae)“^|| > l/e. If 6 — Ae is not invertible, then we have A G cr^{b) again. If 
6— Ae is invertible, then (VP(6—Ae))~^ = W'((6—Ae)“^), whence ||IT((6— Ae)“^)|| > 
l/e. Since W is u contraction, this shows that \\{b — Ae)“^|| > l/e, i.e., A G cr^{b). 

□ 

The proof of Theorem 6.3.3 exploits the following result by Daniluk stating that 
the maximum principle (which does not hold for operator- valued analytic functions 
in general) holds for the resolvent function z {a — ze)~^. 

Theorem 6.3.5 Let B be a C* -algebra with identity e, and let a E B be such that 
a — ze is invertible for all z in some open subset U of the complex plane. If ||(a — 
^e)“^|| < C for all z E U, then ||(a — ^:e)“^|| < C for all z E U. 

A proof is in [32], Theorem 3.14 and also in [73], Theorem 3.32. 
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Proof of Theorem 6.3.3. From the preceding lemma we conclude that 

cr^{Wt{b)) C a^{b) for every b e B and t eT. 

Since pseudospectra are closed, this implies 

sup a^{Wt{b)) C cr^{b) for every b e B 
teT 

and for every family {Wt} of *-homomorphisms. For the reverse inclusion, let {Wt} 
be a weakly sufficient family of *-homomorphisms, and let A G cr^{b). If there is a 
teT such that A G a^{Wt{b)), then nothing is to prove. So let us assume that all 
elements Wt{b — Ae) are invertible and that \\{Wt{b — Ae))“^|| < 1/e. Then 

sup \\{Wt{b - Ae))“^|| < 1/e. 
teT 

Since {Wt} is u weakly sufficient family, the element 6 - Ae is invertible, and from 
Theorem 2.2.7 we conclude that ||(6- Ae)“^ |1 < 1/e. Since A G a^{b) by hypothesis, 
this implies \\{b — Ae)“^|| — 1/e. 

In every open neighborhood U of A, there is a A such that || {b — Xe)~^\\ > 1/e. 
Indeed, otherwise we would have \\{b — Ae)“^H < 1/e for all A G [/ whence, via 
Theorem 6.3.5, ||(6 - Ae)“^H < 1/e for all X e U including A = A. Thus, for A: G N 
being sufficiently large, there are A^ G C such that 

|A-Afcl<l/fc and ||(b - Afce)~^|| > 

Further, again by Theorem 2.2.7, there are tk e T such that 

WWtAb - Afee))-i|| = \\{Wt,{b) - AfeetJ-i|| > 

Since we have A^ € a^(Wt^{b)), and since Afc ^ A as fc -> oo, we get 

A € sup^QJ< a^{Wt{b)). Thus, (6.16) is verified. 

In case of a sufficient family of homomorphisms we still have to show that 

a%b) C y a%Wt{b)) 

teT 

for every b e B. li X ^ ^teT (^^{Wt{b)), then Wt{b - Ae) is invertible and \\Wt{b - 
Ae)“^|| < 1/e for every teT. Hence, 5 — Ae is invertible, and 

11(6 - Ae)“^|| = sup \\Wt{b - Ae)~^|| < 1/e 
teT 



because the supremum is attained by the second assertion of Theorem 2.2.7. Thus, 

X^a^{b). □ 
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Numerical ranges. Let B he di Banach algebra with identity e and S{B) its state 
space^ i.e., the set of all f ^ B*^ with /(e) = 1 and ||/|| = 1. The numerical range 
of 5 G B is the set 

N{b) := {/(6) : / G 5(S)}. 

Numerical ranges are non-empty, compact and convex subsets of C. For a bounded 
linear operator on a Hilbert space iL, one also considers its spatial numerical 
range 

SN{A) := {{Ax,x) : x G iL, ||x|| = 1}. 

Let A G L(H). Then the spatial numerical range SNh{A) (where A is considered 
as an operator on H) and the numerical range A^l(//)(^) (where A is considered 
as an element of the C* -algebra L{H)) are related by 

Nl(h){A) = c\os SNh{A). 

Finally, if is a closed ideal of the C*- algebra B, then 

N{a) = r\j^jN{a + j) for every a E B. i^A7) 

These and further properties of numerical ranges can be found in [34, 35]. 

Theorem 6.3.6 Let B, Bt and Wt be as in Definition 2.2.6. If {Wt}ter is a weakly 
sufficient family for B, then 

N{b) = conv sup N{Wt{b)) for every b E B. (6.18) 

teT 

One of the inclusions in (6.18) holds in the more general context of Banach alge- 
bras. 

Lemma 6.3.7 Let B and C be unital Banach algebras and W : B C be a unital 
and contractive homomorphism. Then 

N{W{b)) C N{b) for every b E B. 

Proof Let A G N{W{b)), and let / be a state of C with f{W{b)) = A. Since W is 
unital and contractive, one has (/ o W){e) = 1 and ||/ o VF|| < 1. Thus, / o IT is a 
state of B, whence A G N{b). □ 

Proof of Theorem 6.3.6. From Lemma 6.3.7 we infer that 

VJteTN{Wt{b))CN{b). 

Since N{b) is a closed and convex set, this implies the inclusion D in (6.18). 
For the reverse inclusion, we think of each Bt as a C* -algebra of bounded linear 
operators on some Hilbert space Ht (which is possible by the GNS-construction). 
Let H := 077^ refer to the orthogonal sum of the Hilbert spaces Ht, t E T, and 
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write W for the mapping from B into L{H) which associates with every b £ B the 
operator 

{xt)teT ^ {Wt{b)xt)teT- 

This mapping is an isometry from B onto the C* -subalgebra W{B) of L{H). Thus, 
Ns{b) = Ny[T(^] 3 ^{W{b)). It is further a simple consequence of the Hahn-Banach 
Theorem that N\Y{ 5 ){W{b)) = NL(^H){W{b)), which implies that 

Ns{b) = Nw(B){W{b)) = NL^H){W{b)) = dos SNH{W{b)). 



Thus, given A G Ns{b) and e > 0, there is a vector {xt)ter C H with norm 1 such 



that 



\X-{{Wt{b)xt).{xt))H\ = 



\-^{Wt{b)xt,Xt)Ht 

ter 



< e. 



Let M denote the (at most countable) set of all t G T with xt ^ 0 and set 
yt := xt/||xt|| for t eM. Then, 



teM 



XI 11^*^ 11^ {Wt{b)yt,yt)Ht 

teM 



< e. 



Since WxtW^ > 0 and X)t€M = \\{xt)\\H = this shows that A can be approx- 
imated by convex linear combinations of points {Wt{b)yt^yt) C UteTSNHt{Wt{b)) 
as closely as desired. Hence, 



A G closconv UteT SNHt{Wt{b)) C closconv Uter N^Ht){Wt{b)), 
which gives 

A G closconv UtGT Nwt{B){Wt{b)). (6.19) 

Since clos conv M = conv clos M for every bounded subset M of the complex plane, 
(6.19) is just the assertion. □ 



6.3.2 Interlude: Spectra of band-dominated operators on Hilbert spaces 

We will see now how the results of the preceding subsections apply to describe 
several spectral quantities of rich band-dominated operators. Let E = Z^(Z^,i7) 
with a Hilbert space H, and let A be a rich band-dominated operator on E. 
By C*{A) we denote the smallest closed subalgebra of L{E) which contains the 
operators A and A*, the identity operator /, and the ideal K{E^ V). Further, 
let Ha stand for the set of all sequences /i G W for which the limit operator Ah 
exists. Then C* {A) is a separable C*-subalgebra of L^{E, V), the limit operator Bh 
exists for every operator B G C* (A) and every sequence h G Ha , and the mapping 
B Bh is di symmetric algebra homomorphism for every h G Ha- Finally, 



aop{B) = {Bh:he Ha} for every B G C%A) 
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(compare Proposition 1.3.3). Since the limit operator of X G K{E, V) exists with 
respect to every sequence in the mappings 

Wh : C*(A)/K(E, V) ^ L{E), B + K{E, V) ^ Bn 

are well defined algebra homomorphisms. Thus, the family {Wh}heHA is weakly 
sufficient for the algebra C{A)/K[E^ P), and it is sufficient if A is in the discrete 
Wiener algebra or if all coefficients of A are slowly oscillating. 

Theorem 6.3.8 

(a) If B e C* (A) is normal, then 

(Jess{B) = (Tc*(a)/k(e,v){B + K{E, V)) = sup a{Bh). 

heuA 

If the family {Wh} is sufficient, then the supremum is a maximum, and the 
assertion holds for every B £ C* {A ) . 

(b) Let £ > 0 and B G C*{A). Then 

HeHa 

and the supremum is a maximum if the family {Wh} is sufficient. 

(c) For every B G C*{A), 

Nc-(A)/k{e,v){B + K{E, V)) = conv sup N{Bh). 

h^rtA 



6.3.3 Asymptotic behavior of norms 

The following result relates the asymptotic behavior of the norms of the approxi- 
mation operators An with the norm of the coset of the sequence (An) modulo the 
ideal Q. 

Proposition 6.3.9 For all sequences {An) G E, 

\\{An) + G\\jr/g = limsup||^„||. 

n— >oo 

Proof. Let (A„) G T. Then, for every sequence (G„) G 

limsup||^„|| = limsupll^n + G„|| < sup \\An + G„|| = ||(A„) + (G„)||j:-, 

whence the estimate limsup ||yl„|| < ||(^n) + Q\\. For the reverse inequality, let 
£ > 0, and choose no such that ||A„|| < limsup„_^ ll^nll + £ for all n > uq. The 
sequence (G„) with 

„ _ j -An if n < no 

0 ifn>no 
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belongs to and 



IK^n) + ^11 < IK^n) + (Gn)ll — ||(0, . . . , 0, , Ano + 1 , • • Oil 

= sup II Anil < limsup ||An|| -\-e. 

n>no 

Letting e go to zero yields the desired result. □ 

Combining this result with Theorems 2.2.7 and 6.1.9 we get: 

Theorem 6.3.10 Let A = {An) G . Then 

limsup ||.4„|| = llA + g\\ = sup{||A/j|| : Ah G astab{A.)}. 

Proof. The first equality follows from Proposition 6.3.9. The second one is a conse- 
quence of Theorems 2.2.7 and 6.1.9 which follows since the operators in astab{A.) 
are just the operators of the form Wh^m{A) with h G Wop(A) and m G Z. □ 

6.3.4 Asymptotic behavior of spectra 

Let be a sequence of subsets of the complex plane. The limes superior 

or partial limiting set lim sup Mn consists of all points m G C which are a partial 
limit of a sequence (m^) of points G M^. Equivalently, 

lim sup Mn = n/cClos(Un>/e Mn). (6.20) 

We will see now how the limes superior of the spectrum of the An as well of certain 
generalized spectra of the An can be expressed in terms of the coset (An) + Q and, 
hence, in terms of the stability spectrum of the sequence (An). 

Spectra. Let (An) G T. It turns out that limsupcr(An) is related to some kind 
of stability which might be called ‘spectral’ stability. The sequence (An) is called 
spectrally stable if the operators An are invertible for all sufficiently large n and if 
the spectral radii p{A~^) of their inverses are uniformly bounded. Clearly, every 
stable sequence is also spectrally stable. 

Theorem 6.3.11 Let (An) G T and A G C. Then A G lim super (An) if and only if 
the sequence {An — A/) is not spectrally stable. 

Proof. Let (An — XI) be a spectrally stable sequence, i.e., 

sup p{{An — A/)“^) =: m < oo for a certain no- 

n>no 

Then, for all n > no, 

m > sup{|i| : t G <r((A„ - A/)“^)} = (inf{|i| : t G <t(A„ - A/)})-l, 
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whence 

1/m < : t G (j{An) - A} = m^{\t - A| : t G cr{An)} = dist {X,a{An)). 

Hence, A cannot belong to limsupcr(Ari). 

For the reverse direction suppose {An — XI) is a sequence which fails to be 
spectrally stable. Then either there is an infinite subsequence {An,^ — XI) which 
consists of non-invertible elements only, or all operators An — XI with sufficiently 
large n are invertible, but p{{An^ — XI)~^) ^ oo as /c ^ oo for some subsequence. 

In the first case one has A G <j{An,^) for every k and, thus, A G limsup(j(An)- 
In the second case, there are numbers tn,, G a{An,^) such that \tn,, — A|“^ — ^ oo 
resp. \tni, — X\^0ask^oo which also implies that A G limsupcr(^n)- Q 

Thus, in order to determine the limiting set limsup<j(74n) one has to investigate 
the spectral stability of the sequences (An - XI). This problem proves to be much 
more involved than the investigation of the common stability. These difficulties 
disappear if we restrict our attention to sequences for which stability and spectral 
stability coincide. 

Corollary 6.3.12 Let (An) ^ T be a sequence of normal operators. Then 

limsupcr(An) = a:pjg{{An) + Q). 

Proof. The spectral radius and the norm of a normal element coincide. Hence, the 
sequence {An — XI) is spectrally stable if and only if it is stable. The stability of 
{An — XI) is equivalent to the invertibility of the coset {An + XI) Q by Lemma 
6.1.4. □ 

These results lead to the following theorem in a similar way as for Theorem 6.3.10. 

Theorem 6.3.13 Let A = {An) E be a sequence of normal operators. Then 

limsupcr(An) = cr(A + Q) = supcr(A/i) 

where the supremum is taken over all operators Ah G cTstab{A.). 

Pseudospectra. Here are the analogous results for pseudospectra. It is remarkable 
that these results hold without assuming that the operators An are normal. 

Theorem 6.3.14 Let {An) G T and e > 0. Then 

lim sup {An ) — ^j^igii^n) + G)- 

Proof. Let A G a^jg{{An) + G)- Then either {An — XI) + ^ is not invertible, or the 
inverse of this coset exists, but ||((An — XI) + G)~^\\ > 1/^. 

In the first case, the sequence {An — XI) fails to be stable, and the existence of 
an infinite subsequence {uk) of N such that A G a^{An,^) for each k follows easily. 
In particular, A G limsupcr^(An) in this case. 
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In the second case, we infer from Theorem 6.3.5 that, in every open neigh- 
borhood C/ of A, there is a Aq such that ||((An - Aq/) + || > \je. (Otherwise we 

would have \\{{An — XqI) G)~^\\ < 1/e for all Aq € U which implies via Theorem 
6.3.5 that \\{{An — Aq/) + G)~^\\ < 1/^ for all Aq G C/ including Aq = A.) 

Thus, for all sufficiently large /c, there are numbers Xk with Xk X as k oo 
such that 

\\{{An-XkI) + Q)-^\\>l/{e-l/k). 

By Proposition 6.3.9, this is equivalent to the inequality 

limsup ||(A„ - AfcJ)“^|| > l/(e - 1/k) 

n—^oo 

(with the invert ibility of An — Xk I for all sufficiently large n being a consequence 
of a Neumann series argument). Since 1/e < l/{s — 1/k), there are numbers rik 
tending to infinity as A; — ^ oo such that 

\\{An,, - Afc/)~^|| > 1/e for all k. 



In other words, Xk G a^{Anf,) for each sufficiently large k, which implies that 
A = limA/e G limsupcr^(An). 

For the reverse inclusion, let A G limsup(j^(An), but assume contrary to 
what we want that A ^ a^jrig{{An) + G). Thus, {An - XI)-\~G is invertible in T/G, 
and II ((^n — XI) + ^)~^|| = 1/s — 2(5 < 1/e with some (5 > 0. Then the operators 
An — XI are invertible for sufficiently large n and, by Proposition 6.3.9, 

limsup \\{An — A/)“^|| = 1/e - 25. 



This shows that \\{An — XI) ^|| < 1/e — 5 for n sufficiently large, say for n > uq. 
If n > no and |A — /i| < eS{l/e — (5)“^ then a Neumann’s series argument yields 



\\{An-f^I)-^\\ < 

< 



\\{An-XI)-^ 
l-|A-/i| \\{An-XI)-^ 
1/e -5 

l-eS{l/e-S)-^{l/e-5) 



1 

e 



whence /i ^ a^{An) for all /i in a certain open neighborhood of A and for all 
sufficiently large n. But then A cannot belong to the limit superior of the e- 
pseudospectra a^{An), which is a contradiction. □ 



Theorem 6.3.15 Let A = {An) G and e > 0. Then 



limsup<j^(^n) = cr^ {A A G) = supcr^(A/i) 



where the supremum is taken over all operators Ah G astab{-^)- 

Indeed, this is the outcome of a combination of the preceding theorem with The- 
orems 6.3.1 and 6.3.3. 
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Numerical ranges. Here is a result of the same flavor holding for numerical ranges. 
Theorem 6.3.16 Let {An) G Then 

conv limsup7V(A„) = Njr/g{{An) +Q). 

n-^-OD 

Observe that the limes superior of a sequence of convex sets need not be convex 
again, which explains the conv operator on the left-hand side. For the proof of 
Theorem 6.3.16 we need one more auxiliary result, the proof of which is left as an 
exercise. 

Lemma 6.3.17 Let (Mk) be a monotonically decreasing sequence of compact subsets 
ofC, i.e., Mk 2 Mk-\-i for all k. Then conv fl^: Mk = PlA^convMfc. 

Proof of Theorem 6.3.16. We know from identity (6.17) that 

N^/g{{Ar,) + g) = ri(G„)ea N^{{An) + (G„)) 

whence, in combination with Theorem 6.3.6, 



Nj7ig{{An) +Q) = n(G„)gg conv closUn + G„). (6-21) 

For every A; € N, we choose an € N{An) and define a sequence ^ by 



= 



—An + rukl if n < A: — 1 
0 if n > A:. 



Then 




{mk} C N{An) 

N(An) 



if 

if 



n < A: — 1 
n > k 



and, hence, 

Nyr/g{{An) + G) Q n^^COUV cloS U„>fc N{An). 
Applying Lemma 6.3.17 to the sets Mk ■= clos Un>fc N{An) we get 



Nj7/g{{An) -\-G) Q conv clos U„>fc N{An). 

The set on the right-hand side coincides with conv limsup A^(A„) by (6.20), which 
proves the inclusion 



Njr/g{{An) + Q) Q couv fim sup Af( A„) . 

n—^oo 

For the reverse inclusion, let m G limsup AT(A^). Then there exist a subsequence 
(uk) C N tending to inflnity as A: ^ oo as well as points ruk G N{an,,) which con- 
verge to m as A: oo. For every A:, we choose a state (j)k of L{E) with (j)k{An^, )=mk. 

Let C stand for the linear subspace of E consisting of all sequences {aAn + 
pi-^Gn) where a,/3 ^ C and where (pn) runs through the ideal Q. For (Bn) G £, the 
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limit lim/e_,oo <Pk{Bnk) exists. Indeed, it is sufficient to check the existence of that 
limit for the generating sequences of C. For these sequences, one has (j)k{An,,) = 
rrik — > m, 0/c(7) = 1 ^ 1, and 

\MGn,)\<\\4>k\\ lIGnJI = ||G„J| ^ 0. 

Thus, there is a linear functional (p on C defined by 

<t>{{bn)) ■■= lim (pk{Bnk) 

k~^oo 

which maps the sequences (v4^),(/) and (Gn) into m, 1 and 0, respectively, and 
which is continuous with norm 1: 

\4>i{Bn))\ = < sup|(/>fe(B„J| <sup||B„J| < ||(B„)||jp. 

k k 

By means of the Hahn-Banach theorem, one can extend 0 to a linear functional 
with norm 1 on all of T , and we denote this extension by (p again. Since \\(p\\ = 
= 1, this extension is a state on T. Further, the ideal G lies in the kernel of 
(p by construction, so one can define a functional ip on T/Q by 

{Cn)+G^cP{{Cn)). 

Clearly, '0((/) + = 1 and 'ip{{An) + G) = m, and ip is continuous with norm 1. 

Thus, 'ip is n state oi T jG which implies that m G Njrjg{{An) + G) and, conse- 
quently, 

limsup AT(^„) C Njr/g{{An) + g). 

Finally, algebraic numerical ranges are convex. Thus, 

conv limsupA'’(A„) C Nyr/g{{An) + Q), 

which verifies the second half of the theorem. □ 

Theorem 6.3.18 Let A = (An) G Then 

conv limsup A(An) = N;p/g{A G) = supN{Ah) 
where the supremum is taken over all operators Ah G (Jstab{A.). 

This follows from the previous theorem and Theorems 6.3.1 and 6.3.6. 

6.4 Fractality of approximation methods 

Here we consider a class of approximation sequences (A^) which, roughly speaking, 
own the following property: the sequence (An) can be reconstructed, modulo a 
sequence tending to zero, from each of its infinite subsequences. Due to this self- 
similarity, we call these sequences fractal We will see that fractality of a sequence is 
a property which makes several approximation processes uniform: e.g., the norms 
11 Anil form a convergent sequence if (An) is fractal, and also the sequences (a(An)), 
(cr^(An)) and (AT(An)) of the spectra, pseudospectra, and of the numerical ranges 
are convergent with respect to the Hausdorff metric. 
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6.4.1 Fractal approximation sequences 

Throughout this section, let £’ be a Hilbert space, let T stand for the C*-algebra 
of all bounded sequences (^n)neN with An G L{E), and write Q for the closed 
ideal of T which consists of all sequences with lim \\An\\ = 0. (The restriction onto 
one-sided infinite approximation sequences is only for simplicity.) 

Given a strongly monotonically increasing sequence r/ : N — ^ N, let stand 
for the restriction mapping 

Rf] • ^ ^ ^ 5 (^n)nGN ' ^ (^? 7 (n) )nGN- 

The mapping Rj^ is a * -homomorphism from T onto T which maps Q onto Q. 
Further, given a C* -subalgebra A of we let Aj] refer to the image of A under 
Rrj. Clearly, Ar^ is a (7* -subalgebra of T. 

Definition 6.4.1 Lei A be a -subalgebra of T . 

(a) A * -homomorphism W of A into a C* -algebra B is fractal if, for every 
strongly monotonically increasing sequence 77 : N — > N, there is a -homo- 
morphism Wrj : Ar^ ^ B such that W = WrjRr)- 

(b) The algebra A is fractal, if the canonical homomorphism tt : A A/{AnQ) 
is fractal 

(c) A sequence {An) ^ T is fractal if the smallest C -subalgebra of T which 
contains {An) is fractal 

There are several criteria for fractality. The proof of the following two results can 
be found in [73], Theorem 1.66 and Corollary 1.67. 

Theorem 6.4.2 A -subalgebra A of E is fractal if and only if the following impli- 
cation holds for every sequence A = {An) G A and for every strongly monotonically 
sequence 77 : N ^ N; 

Rrj{A.) E Q A. E An Q. 

Theorem 6.4.3 Let A be a C -subalgebra of T . Then the following assertions are 
equivalent: 

(a) A is fractal 

(b) Every C* -subalgebra of A is fractal 

(c) Every sequence in A is fractal 

Theorem 6.4.4 A unital C* -subalgebra A of E is fractal if and only if there exists 
a family {Wt)teT of unital and fractal * -homomorphisms from A into certain C*- 
algebras Bt such that the following equivalence holds for every sequence A G A: 
The coset A + ^ fl ^ is invertible in A/ {A H Q) if and only if Wt{A) is invertible 
in Bt for every t E T and if the norms ||VFt(A)~^|| are uniformly bounded with 
respect to t E T. 
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It is not hard to see that C keiW for every fractal homomorphism W : A 

B (see, e.g., Lemma 1.64 in [73]). Thus, under the assumptions of the theorem, the 
mappings 

w; : A/{Ang) A + Ang^ Wt{A) 

are well defined, and the family {W[)teT forms a weakly sufficient family of homo- 
morphisms ior A/ {A r^g). 

We prepare the proof of Theorem 6.4.4 by a simple lemma. 

Lemma 6.4.5 Let A he a C* -subalgebra of T , and let B be a C* -algebra. If W : 
A ^ B is a fractal * -homomorphism, then Ar^g lies in the kernel ofW. 

Proof. Let (Gn) G ^ fl Given s > 0, there is an no such that \\Gn\\ < s for 
n > no- Consider the sequence rj{n) := n + no- Since W is fractal, 

W{Gn) = = W^(G^(„)) = W^{Gn+no) 

and, consequently, 

l|W^(G„)|| = ||W^^(G„+„J|| < ||VF„|| ||(G„+„J||^ < e. 

Letting e go to zero we get the assertion. □ 

Proof of Theorem 6.4.4. If A is fractal, then the canonical homomorphism n \ A 
A/{AI^g) provides a ‘family’ (tt) with the desired properties. 

Let, conversely, (Wt)teT bo a family of unital and fractal *-homomorphisms 
which is subject to the conditions of the theorem. Given a strongly monotonically 
increasing sequence rj, define the operator Srj by 

: A/ {A ng) — ^ Af]/ {A n g)'^, A -f ^4. n ^ i— > Rrj{A) + (A n g)r]‘ 

One easily checks that this definition is correct and that Srj is a *- homomorphism 
from A/ {A n g) onto Ar^l{A fl g)r^. We claim that Srj is an isometry. 

In every G* -algebra B with identity, one has 

||5|p zzi ||6*6|| = p{b*b) for each b E B. 

Hence, in order to show that is an isometry, it is sufficient to show that Sr^ 
preserves invertibility, i.e., that if Srj{ A An g) = i?r/(A) + {Ang)r^ is invertible 
in Arj/{A n g)rj for a sequence A e A, then A + A fl ^ is invertible in A/ {Ang). 
For this goal, let A be a sequence in A for which Rrj{A) + (A fl g)rj is invertible. 
Then there are a sequence B G A as well as sequences G and H in A fl ^ such 
that 



Rr^{A)R^{B) = Rr^il) + i?^(G), R^{B)R^{A) = R^{1) + (6.22) 

with I := (/)nGN- The homomorphisms Wt are fractal by assumption, i.e., there 
are homomorphisms Wt^r] such that Wt = Wt^r]Rr]- Applying Wt^rj to the equalities 
(6.22) we get 

Wt{A)Wt{B) = Wt{l) + Wt{G), Wt{B)Wt{A) = Wt{l) + IT,(H). 
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Since Wt{T) is the identity element It of Bt, and since Wt{G) = = Oby 

Lemma 6.4.5, we get 

Wt{A)Wt{B) = Wt{B)Wt{A) = It for all t 6 T. 

Hence, all elements Wt{an) are invertible, and from 

||W^,(A)-i|| = ||m(B)||<||B||^ 

we conclude that the norms of their inverses are uniformly bounded. Thus, by 
hypothesis, the coset A-\- A P\Q is invertible, whence the isometry of Sr^. 

Let finally H^^ denote the canonical homomorphism from Ar^ onto the quotient 
algebra Ar^/ {AC\Q)r]’ Then = tt, i.e., tt is fractal with tt^ := and 

we are done. □ 

6.4.2 Fractality and norms 

Here we consider once more the asymptotic behavior of the norms ||.An|| for a 
sequence {An) G but now in the presence of fractality of {An). 

Theorem 6.4.6 Let A be a fractal C* -subalgebra of T , and let {An) G A. 

(a) For every strongly monotonically increasing sequence 77 : N — > N, 

IK^n) + G\\t/G = IKS(ri)) + ^\\j^/G’ 

(b) The limit lim \\An\\ exists and is equal to ||(.An) F G\\. 

Proof, (a) Let A = {An) G A and G = {Gn) G Afl^, and write tt for the canonical 
homomorphism from A onto A/ {A^G). Then 

l|A + ^||:r/g = ||A + An^||^/(^ng) 

= ||7t(A + G)||^/(^n^;) (definition of tt) 

= \\7TrjRr^{A + G)|U/(^ng) (fractality of tt) 

^ \\{^v{n) + G^(n))nGN||.;^, 

the first identity being a consequence of the third isomorphy theorem for C*- 
algebras. Taking the infimum over all G G A CiG, and taking into account that 
Arj nGrj = {An G)r), we obtain 

ll(An) + G\\j^/g < ||(A^(n))n€N + {^ ^ S)r]\\Ar^ / {AnG)r^ 

~ IK^r7(n))nGN + ^ ^vWArj / (Ar^nGrj) ’ 

A further application of the third isomorphy theorem gives 



\\{An) + G\\TIG < IK^ry(n))nGN + 



(6.23) 
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On the other hand, by Proposition 6.3.9 {= the lim sup- formula for the norm in 
T IQ) we have 

\\{Ar,(n)) + QnWrjgr, = limsup <limsupm„|| = ||(^„) + 

which together with (6.23) proves assertion (a). 

(b) Let {An) G ^ be a sequence with lim inf ||An|| < lim sup \\An\\- Then there is a 
strongly monotonically sequence ry : N ^ N such that the limit lim exists 

and is equal to lim inf ||An||- By part (a) of this theorem and by Proposition 6.3.9 
again, we have 



lim sup ll^nll — IK^n) + Q\\t/Q — \\{Arj(n)) + QW^r^/Qr, 

= limsupP^(^)l| = lim||A^(^)|| = liminf || 

which is a contradiction. □ 

For the following corollary, recall that the condition number cond b of an invertible 
element 6 of a unital normed algebra is defined as ||6|| ||&“^||. 

Corollary 6.4.7 Let A be a fractal C* -subalgebra of T , and let {An) E A be a 
stable sequence. Then the limit limn^cx) cond ylri exists, and it is equal to ||(An) + 
0 \\ ||((A„) + 0)-i||. 

6.4.3 Fractality and spectra 

Let {Mn)"lf=i be a sequence of subsets of the complex plane. The limes inferior or 
uniform limiting set lim inf Mn consists of all points m G C which are the limit 
of a sequence (m^) of points mn G M^. It is well known that the limes superior 
and the limes inferior of a sequence {Mn) of non-empty and compact subsets of C 
coincide if and only if the sequence {Mn) converges with respect to the Hausdorff 
metric, and that 

lim sup Mn = lim inf Mn = h-lim Mn 

in this case. Recall that the Hausdorff distance of the non-empty and compact 
subsets A and ^ of C is defined by 

h{A,B) := max{maxdist(a, B), maxdist(6, A)} 

a£A b^B 

where dist{a,B) — min^^^ \a — b\. We denote limits with respect to this metric 
by /i-lim. For details we refer to Hausdorff ’s monograph [74] and to Section 3.1 
of [73]. 

Spectra. The consequences of fractality for the asymptotic behaviour of spectra 
are as follows. 
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Theorem 6.4.8 Let A be a fractal C* -subalgebra of T which contains the identity 
sequence {!), and let A = {An) G A. Then 

(a) the sequence A is stable if and only if it possesses a stable subsequence. 

(b) if A is normal, then (a{An)) converges with respect to the Hausdorff metric. 

Proof, (a) Let ry : N ^ N be a strongly monotonically increasing sequence for 
which sequence = Rr]{A) is stable. Clearly, rj can be chosen in such a way 

that all operators are invertible. Then, by the inverse closedness of Arj in T, 

there is a sequence B G A such that 

Rr,{A) R^ifS) = i7^(B) R^{A) = Rr,{l). (6.24) 

The canonical homomorphism n : A ^ Af{A fl Q) is fractal by hypothesis, i.e., 
7T = TTrjRrj with a Certain homomorphism tt^. Applying tTjj to (6.24) one gets the 
invertibility of 7 t(A) = A + A fl ^ in A/(A fl ^), whence the stability of A. 

(b) Assume, there is a A G limsupcr(An) \ liminf cr(An). Then one finds a (5 > 0 
as well as a strongly monotonically increasing sequence 77 : N ^ N such that 
dist {X, a{Arj(n))) ^ ^ for all ri. The operators are normal. So, this estimate 
guarantees that the sequence {Aj^(^n) —XI) is stable (with the norms of the inverses 
of the operators — XI being bounded above by 1/^). Thus, by part (a), 

the sequence {An — XI) itself is stable. Hence, A ^ a{A Q) — limsupcr(An) by 
Corollary 6.3.12, which is a contradiction. □ 

Let us mention a partial converse to Theorem 6.4.8. Indeed, a self-adjoint sequence 
{An) ^ T is fractal if and only if 

limsupcr(A^) = liminf <j(An). 

A proof of this fact is in [73], Theorem 7.3. 

Pseudospectra. Let £ > 0. An element 6 of a Banach algebra with identity e is said 
to be e-invertible if it is invertible and if ||6“^|| < 1/e. Thus, the ^-pseudospectrum 
of b consists of all A G C for which 6 — Ae is not e-invertible. Accordingly, we call 
a sequence {An) G T e-stable if the coset {An) -h ^ is e-invertible in T /Q. 

Theorem 6.4.9 Let A be a fractal C* -subalgebra of T which contains the identity 
sequence, let e > 0, and let A = {An) G A. Then 

(a) the sequence A is e-stable if and only if it possesses an e-stable subsequence. 

(b) the sequence {a^{An)) of pseudo spectra converges with respect to the Haus- 
dorff metric. 

Proof, (a) Let 77 : N ^ N be a strongly monotonically increasing sequence such 
that Rrj{A) is an e-stable subsequence of A. Then the sequence A is stable by 
Theorem 6.4.8 (a), and Theorem 6.4.6 (a) implies that 

1/e > \\{{arj(n)) + Gri) = II ((^n) + G) 

Hence, A is e-stable. 
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(b) Assume that A belongs to limsup<j^(An) \ liminf cr^(An). Then there is a 
monotonically increasing sequence rj :N ^ N such that A ^ limsupcr^(A^(^)). By 
Theorem 6.3.14, the sequence (A^(n) - A/) is ^-stable, which implies via assertion 
(a) the e-stability of the complete sequence {An — XI). Again by Theorem 6.3.14, 
this yields A ^ limsupcr^(An), which contradicts the assumption. □ 

Numerical ranges. Here is the corresponding result for numerical ranges. 

Theorem 6.4.10 Let A he a fractal C* -subalgebra of T which contains the identity 
sequence, and let A = {An) C A. Then the sequence {N{An)) of numerical ranges 
converges with respect to the Hausdorff metric. 

Proof. The inclusion liminf AT(An) C limsupA'(An) is obvious. For the reverse 
inclusion recall that numerical ranges are convex, and that the limes inferior of 
a sequence of convex sets is convex again. Thus, the inclusion limsup N {An) Q 
liminfA/'(An) holds if and only if conv limsup AT(An) C liminf A'(An). So, by 
Theorem 6.3.16, what we have to prove is that 

Njr/g{A-\-Q) C liminf AT(An). 

From the inverse closedness of C*-algebras with respect to numerical ranges and 
from the third isomorphy theorem we conclude that 

+ -h = A^^/(^ng)(A + An^). 

Thus, let A G A^^/(^ng)(A P AnQ), and let </> be a state of A/ {A n Q) such that 
A = (j){A-hAnQ) = (f){7r{A)) where again tt refers to the canonical homomorphism 
from A onto A/{AC\Q). Since tt is fractal, one hats A = (f){'Kr^Rr^{A)) for every 
monotonically increasing sequence 77 : N N. 

The functional 0 o tt^ is a state on Ary := Rr^A. Hence, 

XeNA,{R^{A)) = N^{Rrj{A)), 

whence, by Theorem 6.3.6, 

A G conv sup AT(A^(^)) for every rj. (6.25) 

Now assume there exists an A G Nj:/g{A + Q) which does not belong to the 
limes inferior of the sequence {N{An))neN- Then there is a strongly monotonically 
increasing sequence 77 * : N — ^ N such that dist (A, AT(A^=«(^))) > d > 0 for all n. 
Due to the compactness and the convexity of numerical ranges, there exist points 
Xr^*{n) ^ N{Arj*^n)) SUCh that 

I X Xrq* (^n) I dist (A, N{Ajj* (^n) ) ) 5 

and the points Xrj*(n) are unique for every n. Since |A^.(n)| < ||A^*(rr)|| < ||A||jf, 
there is at least one cluster point m* of the sequence {Xrj*(n))neN- 
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Given e > 0, consider those 77 * (n) for which the point belongs to the 

^-neighborhood of m*. The values 77 * (n) single out a subsequence 77 ^ of 77 *. A little 
thought reveals that, for this subsequence, 

dist(A,conv sup > c^/2 (6.26) 

'Hein) 

if only e is small enough. Since (6.25) holds for every sequence (in particular, for 
77 e), (6.26) contradicts (6.25). □ 

The limes inferior of a sequence of convex sets is convex again. Hence, from The- 
orem 6.3.16 and the theorem just proved we get: 

Corollary 6.4.11 Let A he a fractal C* -subalgebra of T which contains the identity 
sequence. Then, for every sequence (A^) G A, 

limsupN{An) = liminfiV(A„) = Nyr/g{{An) + Q). 



6.4.4 Fractality of the finite section method for a class 
of band-dominated operators 

In general the finite section method for a band-dominated operator fails to be 
fractal. An archetypal example is the block diagonal operator 



A = diag (. . . , H, H, H, . . .) where H ^ ^ ^ j , 

thought of as acting on /^(Z), in which case 

0 G lim sup a {PnAPn) \ liminf a{PnAPn) 



where Pn is as in Section 6.2. Thus, the sequence (PnAPn) cannot be fractal by 
Theorem 6.4.8 (b). It is the goal of this section to single out a class of band- 
dominated operators for which the finite section method is fractal. 

For simplicity, we let E = P(I?,H) with a Hilbert space H, and we let the 
algebra Ae(Cl(^h)) be as in Section 2.3.6. Let further be a compact and convex 
polygon in with vertices in I? and with the point (0, 0) in its interior. The 
boundary of Q. will be denoted by 50. Further, for 777 > 1, let Pm G L(E) stand for 
the operator of multiplication by the characteristic function of mVt fl I?, and set 
Qm I Pm,’ For every operator A G Ae(Cl(^h))^ we consider its finite sections 

Am := PmAPm (6.27) 

thought of as acting on the space ImP^n = P(mQ Equivalently, we can 

consider the sequence (PnAPn + Qn) of operators acting on L(E). Let C refer 
to the smallest closed subalgebra of P which contains all sequences of the form 
(PnAPn + Qn) with A G Ae(Cl(h))- We are interested in a stability result for 
the sequences in C, and this result should be in a form which allows us to deduce 
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the fraetality of this algebra. The crucial idea to reach this goal is to define a 
family {Wt)teT of fractal homomorphisms from C into L{E) such that the set of 
all operators Wt{{Pn.APn + Qn)n€N) with t & T essentially coincides with astab{A). 
Then, as in Section 2.2.2, a similar result can be derived for arbitrary sequences 
in C. With this result, the fractality of C follows from Theorem 6.4.4. 

Let the notations uj, Hj, Kj and Hj, be as in Section 6.2.3, and let again 
n, stand for the projection Xh°^- Further, for x € dfl, Hx refers to the point at 
which the ray {tx : t > 0} C intersects the sphere S^. From Proposition 2.3.23 
(c) we know that the local operator spectrum {A) is a singleton for every op- 
erator A e Ae{Cl{h))- We denote the (unique) element of this spectrum by 
With these remarks, we get the following result as a special case of Theorem 6.2.7. 

Theorem 6.4.12 Let A e Ae{Cl{h))- The sequence {PmAPm + Qm) is stable if 
and only if 

(a) the operator A is invertible on E. 

(b) for every x G (uj, the operator + (/ — Ilj) is invertible. 

(c) for every x G {ui, . . . , Uk}, the operator HjUj-iAijJlj-iIij + (7 — 
is invertible. 

In order to define the announced homomorphisms, we associate with every point 
X G dO. and with every positive integer m a point Xm C I? as follows: If x 
is the vertex Uj of fi, then Xm '^= muj. In case x lies on some open interval 
{uj, we choose Aq G (0, 1) such that x = X^Uj + (1 - Ao)i^j+i, and then 

define Xm := [m\o]uj + (m - [mAo])iij 4 -i where [y] refers to the integer part of 
y. In any case, the point Xm belongs to the boundary of mHj, and the sequence 
{xm)m>i converges to px ^ with respect to the Gelfand topology. With these 
remarks, the proof of the following proposition, establishing the existence of certain 
P-strong limits, is straightforward. 

Proposition 6.4.13 

(a) If A = (Am) ^ C, then the V -strong limit W{A) \= V-YimAm exists. In 
particular, ifB = {PmAPm + Qm) is one of the generating sequences of C, 
then W{B) = A. 

(b) Let X e dYl and A = {Am) ^ C. Then the V -strong limit 

Wx{A) := P-liuiV—x^AmVxrn 

exists. If, in particular, B = {PmAPm + Qm) ond x G {uj, Uj^i), then 

Wx{B)=B,A^B, + {I-Bj), 

whereas in case x = Uj, 

Wx{B) = + {I- n,n,_i). 

With these observations, we can reformulate Theorem 6.4.12 as follows: The se- 
quence A := {PmAPm + Qm) with A e Ae{Cl{h)) is stable if and only if the 
operator W(A) = A as well as all operators Wx{A) with x £ dCt are invertible. 
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Obviously, the mappings W and are *-homomorphisms from C into L{E). 
So it is easy to extend this result to arbitrary sequences in C (compare Section 
2 . 2 . 2 ). 

Theorem 6.4.14 A sequence A £ C is stable if and only if the operator W (A) and 
all operators Wx{A) with x G dfl are invertible. 

Now the fractality of the algebra C follows almost at once: the point is that the 
homomorphisms W and Wx are fractal. For example, if A = {Am) G C and if 
r/ : N ^ N is strongly monotonically increasing, then 

Wx{A) = 

Hence, the operator Wx{A) is uniquely determined by each of the subsequences 
of A. Now Theorem 6.4.4 applies to get the following. 

Corollary 6.4.15 The algebra C is fractal. 

We conclude by specifying the Theorems 6.4.6, 6.4.8, 6.4.9 and 6.4.10 to the present 
context. Recall that the mappings W and Wx with x G dVt (more correctly: their 
quotients by C Pi form not only a weakly sufficient, but a sufficient family of 
homomorphisms for the algebra C/{C fl Q). Thus, the suprema in Theorems 2.2.7, 
6.3.2 and 6.3.3 are actually maxima. 

Corollary 6.4.16 

(a) Let A = {An) G C. Then the sequence of the norms \\An\\ converges, and 

lim P^ll = ||A + g\\ = max{|| W(A)||, || W,(A)|| : x G On}. 

(b) Let A = {An) £ C be a stable sequence. Then the sequence of the condition 
numbers cond An converges, and 

limcondA^ = max{|| VF(A) || , ||Wx(A)|| : x G ^^2} 

■ max{||W"(A)-i||, ||W^^(A)-i|| : x e 90}. 

Corollary 6.4.17 Let A = {An) ^ C be a sequence of normal operators. Then the 
sequence of the spectra cr{An) converges with respect to the H aus dor ff metric, and 

h-lima(A„) = a(W^(A))U (J (t{W^{A)). 

Corollary 6.4.18 Let A = {An) G C and e > 0. Then the sequence of the e- 
pseudospectra a^{An) converges with respect to the H aus dor ff metric, and 

h-lim(T"(^„) =a"(PF(A))U [j a^{W^{A)). 

xEdQ 

Corollary 6.4.19 Let A = {An) G C. Then the sequence of the numerical ranges 
N{An) converges with respect to the H aus dor ff metric, and 



h-lim N {An) = conv { N{W{A)) U sup N{Wx{A)) 
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6.5 Comments and references 

There is a vast literature dealing with the finite section method for various concrete 
classes of band-dominated operators, see [30, 32, 59, 86, 87, 137]. The pioneers in 
developing the Banach algebra language of numerical analysis which allowed them 
to apply local principles to the study of the applicability of an approximation 
method were Kozak and Simonenko [86, 87]. 

The only paper (we know) which deals with the finite section method of 
general band-dominated operators is Gohberg/Kaashoek [62] where the case N = 1 
is considered. In this paper, the problem of the stability of the sequence {PnAPn) 
is reduced to the stability problem for two related sequences. In this connection, 
one should also consult [15] where it is shown (in our notations) that, for each 
five-diagonal self-adjoint operator A on /^(N), 

<j{A) = liminf (j(Pn^^n)- 

n— >oo 

In a special case (for so-called homogeneous symbols), the close relationship be- 
tween Fredolmness in two dimensions and the finite section method in one dimen- 
sion W 81 S discovered by Douglas and Howe [49] . Subsequently, Gorodetsky [67, 68] 
became to understand that also in the general case the problem of the applica- 
bility of the finite section method over homothetic polyhedra and similar sets in 
N dimensions is equivalent to the Predholmness of a convolution operator over 
an appropriate cone in N P 1 dimensions. The idea was developed further in 
[137, 138, 139]. The remarkable simple stability theorems presented in Section 
6.2.2 have been proved in the very recent paper [100]. 

The results of Sections 6.3 and 6.4 can be found also in [151, 73] in a slightly 
different form. The point is that [151, 73] exclusively deal with algebras of ap- 
proximation sequences for which sufficient families of homomorphisms are known, 
whereas the appearance of weakly sufficient families is typical for approximations of 
general band-dominated operators. We also refer to [73] for a more detailed study 
of spectral approximation, and also for some historical comments. We here confine 
ourselves to mentioning the papers [20, 33, 144, 147, 180] for approximations of 
5 -pseudospectra and [145] for approximations of numerical ranges. An extension 
of the convergence theorems for pseudospectra to the finite section method for 
operators on L^-spaces with 1 < p < oo was achieved in [21]. 

The notion of fractality of an approximation sequence has been introduced 
in [151] and is studied in detail in [73, 146]. It should be mentioned that fractality 
of an algebra does not only make approximation processes more uniform; it turns 
out that it also determines to a large extent the structure of the algebra (see [148] 
for some results in this direction). 

The finite section method for general band-dominated operators seems to be 
the first instance of an non-fractal approximation method where complete nec- 
essary and sufficient stability criteria are available. In general, the non-fractality 
of an approximation method raises serious difficulties. Here are two examples of 
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stability problems for approximation sequences which seem to be not tractable at 
the present moment. 

Example 1: Spline Galerkin methods for singular integral equations on intervals. 

Consider a singular integral equation {al + hS)u = f on the Hilbert space 
with piecewise continuous coefficients a and b and with the operator S of singular 
integration along the real line defined by 

(Su)(t) — / ds where t G M. 

J —oo ^ ~ t 

For the approximate solution of this equation let Sn stand for the smallest closed 
subspace of L^(R) which contains all functions which are constant on each of 
the intervals {k/n, (k + l)/n) with /c G Z, and let stand for the orthogonal 
projection from L^(R) onto the spline space S'n- It is not too hard to analyze 
the stability of the spline Galerkin sequence {Ln{al + bS)\sr,) ^ ^ 

piecewise continuous functions which are continuous on R\Z (see, e.g., [72] for an 
approach using Banach algebra techniques and for a stability criterion). But, as 
far as we know, nobody succeeded in deriving a general necessary and sufficient 
criterion if the coefficients a and b are merely supposed to be piecewise continuous 
on R (without further assumptions on the location of their discontinuities). We 
believe that the non-fractality of the sequence {Ln{al + bS)\sr^) is a main obstacle 
for these difficulties. 

The non-fractality of spline Galerkin methods for singular integrals with 
piecewise continuous coefficients can be seen most easily for the special self-adjoint 
sequence {LnX^Sn) where x is the characteristic function of the interval (y/2, oo). 
Indeed, the functions cpkn^ A: G Z, which are defined as ^/n times the characteristic 
function of the interval [/c/n, (A: + l)/n), form an orthonormal basis of and the 
matrix representation of LnXI\sr^ with respect to this basis is the diagonal matrix 
diagj!. (a/e) where 

{ 0 if A: < {v^n} — 1 

{\/2n} — v^n if k = {\/2n} — 1 

1 if A; > {V5n} — 1, 

with {x} referring to the smallest integer which is not smaller than x G R. Since 
the numbers {\/2n} — \/2n form a dense subset of [0, 1] (the Jacobi-Kronecker 
theorem), we conclude that 

limsupcr(I/nX^|5n) — limsupjO, 1, {V2n} - V2n} = [0, 1], 



whereas 

liminf cr(LnX^|5n) ~ liminf{0, 1 {v^n} — \/2n} = {0, 1}. 



Due to Theorem 6.4.8, the sequence {LnxAsr^) is not fractal. It is interesting 
to observe that certain collocation methods for singular integral equations with 
arbitrary piecewise continuous coefficients are fractal (see again [72]). □ 
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Example 2: Spline Galerkin methods for singular integral equations on domains. 

The same difficulties as in Example 1 arise for spline Galerkin methods for equa- 
tions on bounded domains. A typical example is the spline Galerkin method for the 
singular integral equation {al -h hSo)u = f on with Q a convex domain in 

M? with C^-boundary (as considered in [55]). Here, Sq, is the operator Xq 5 k 2 Xq/, 
and S ^2 is the singular integral operator 

7T Jr 2 [X - yy 

A direct application of a spline Galerkin projection (based on a spline space over a 
suitable lattice of R^) to this equation leads necessarily to a non- fractal behavior 
in the neighborhood of the boundary of Q. In [55] it is tried to manage these effects 
by modifying the spline space by an appropriate cutting off technique. □ 

Of course, the successful approach to the stability of the finite section method for 
band-dominated operators by means of the limit operators method gives some hope 
that these techniques might also prove to be useful for analyzing other non-fractal 
and still intractable approximation sequences. 




Chapter 7 

Axiomatization of the 
Limit Operators Approach 



The goal of this final chapter is to develop an axiomatic approach to the limit oper- 
ators method which contains many of the applications mentioned before as special 
cases. Thereby, we restrict ourselves to the Hilbert space case. As an application of 
this approach, we examine the Fredholm property of operators in C* -subalgebras 
of L(L^(X)) which are generated by operators of multiplication, operators of con- 
volution and operators of shift, and where X is a homogeneous non-commutative 
group. 



7.1 An axiomatic approach to the limit operators method 

Let iL be a complex Hilbert space and L{H) the C*-algebra of all bounded linear 
operators acting on H. Assume further that we are given three families of operators 
in L{H): 

• a sequence {Pn)neN of self-adjoint operators which converge strongly to the 
identity operator / on iJ, 

• a sequence (Qm)mGN, and 

• a countable family {Vy)y^Y of unitary operators. 

Of course, one can take every countable set in place of T; in particular one can 
choose Y = N. But for several applications, it will prove more advantageous to 
identify Y with or with a countable discrete subgroup of a locally compact 
group, for example. 

Here are the axioms which relate the families (Pn), (Qm) and (Vy) with each 
other. For each n G N and y eY, write Pn^y := VyPnVy. 

Axiom 1 

(a) For fixed m, n G N, there are only finitely many elements y E Y such that 

QmP n,y ^ 0 or P ri,yQm 7 ^ 0 * 

(b) For fixed n G N and y E Y, there are only finitely many m G N such that 
(7 - Qm)Pn,y ^ 0 Or Pn,y{I ~ Qm) ^ 0 . 
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Axiom 2 

(a) For each n eN, there is an M such that PnPm = PmPn = Pn for allm> M. 

(b) For each n eN, there is an infinite subset Yn of Y such that 

= ll'^lP for allu e H. 

yeYn 

(c) For each n eN and I > n, there is a constant Cn,i such that 

^ \\Pi^yu\\‘^ < Cn,i\\u\\‘^ for allu e H. 

yeYn 

Thus, the family {Pn) forms an increasing approximate identity in the sense of 
Sections 1.1.2 and 1.1.4. Let H denote the set of all injective sequences from N 
into T. 

Definition 7.1.1 The operator B e L{H) is called a limit operator of the operator 
A e L{H) with respect to the sequence h eH if, for every n eN, 

\\iVHk)AV^ik) - B)Pn\\ - 0 and - S)|| ^ 0 

as k ^ oo. The set of all limit operators of A will be denoted by aop{A). 

Lemma 7.1.2 Every operator A e L{H) has at most one limit operator with respect 
to a given sequence h eTL. 

Proof Let both Bi and B 2 be limit operators of A with respect to the sequence 
h. Then (Pi — B 2 )Pn = 0 for all n. Taking the strong limit as n 00 we get 
B\ — B 2 = 0. □ 

This lemma justifies to denote the limit operator of A with respect to the sequence 
hhj Ah. The following proposition describes some elementary properties of limit 
operators. 

Proposition 7.1.3 Let h e H, and let A, B, C\, C 2 , . . . G L{H) be operators for 
which the limit operator with respect to h exists. Then 

(a) P.II < ||A||. 

(b) {A + B)h exists, and (^4 + B)h = AhP Bh- 

(c) {A*)h exists, and {A*)h = (Ah)*. 

(d) if C E L{H) and ^Cn — C|| — > 0, then Ch exists and ||(C'n);i — Ch\\ 0. 

Proof. We will prove assertion (a) only. The other ones follow as in Proposition 
1.2.2. Let e > 0. For every n G N, choose G N such that the sequence k = 
{kn)neN is strongly increasing and that 

\\iVh(k„)AVh(k^) - Ah)Pj < e for all n G N. 




7.1. Axiomatic approach 



347 



Clearly, the sequence hok belongs to H, and the limit operator Ahok exists and 
coincides with Ah. Now, for every u e H and n G N, 

IIAPnUll < +£||U|| < Pll ||P„,i|| +£||W||. 

Letting n go to infinity (recall that Pn I strongly), we get 

< (imi + £)||w|| for all u£ H. 

Thus, II >1^11 < ||A|| + e, which holds for every £ > 0. □ 

Definition 7.1.4 Let Aq denote the set of all operators A G L{H) enjoying the 
following properties 

(a) lim^T,— >oo sup^^y ||/^ AP ~ 0* 

(b) every sequence in H possesses a subsequence h for which the limit operator 
Ah exists. 

(c) for every n G N, there is an I eN such that 

P n,yA — Pji yAPi y and APji y — Pi yAPji y for all y G Y. 

Let A denote the closure of Aq in L{H). 

An operator A G L{H) which satisfies condition (b) of this definition, will be called 
rich. Note also that if an operator A is subject to condition (c), then this condition 
holds for all sufficiently large 1. Indeed, let Pn,yA = Pn^yAPi^y and choose L such 
that Pi^y = Pi^yPm.y = Pm,yPi,y for all m > L, which can be done by Axiom 2 (a). 
Then 

P n^yAPqm^y — Pn,yAPhyPYn^y — Pn,yAPi^yPfi^yA 

for all m > L. 

Theorem 7.1.5 A is a C* -subalgebra of L{H) which contains the identity operator. 

Proof. We have to show that Ao is a *-algebra which contains the identity operator. 
Obviously, the operator I satisfies (a) and (b), and it satisfies (c) due to Axiom 2 
(a). Further, if A G .4o, then A* G Ao, too. Indeed, A* satisfies (a) and (c) since 
the Pn are self-adjoint, and it satisfies (b) due to Proposition 7.1.3 (c). 

Let now A^ B G Ao- Then the sum A P B satisfies (a) obviously, and it 
satisfies (b) due to Proposition 7.1.3 (b). So, let n G N, and let /i, /2 ^ N be such 
that 

Pn,yA = Pn^yAPi^^y and Pn,yB = Pn^yBPi^^y (7.1) 

for all y E Y. Choose I such that Pi^^y = Pi^^yPi^y and Pi^^y = Pi^^yPi^y. Then, 
multiplying the identities (7.1) by Pi^y from the right-hand side, we get 
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for all y EY. Together with (7.1), this yields 

Pn,y-^ ~ Pn,y^Pl,y and Pq^ yB — Pji yBPi y 

for all 2/ C Y. Adding these equalities, we get (c) for the sum A B. Thus, 
A B G v4o, and it remains to show that the product AB also belongs to ^o- 
Clearly, 

\\Pn,y^B — ABPn^yW — \\Bn,y^B — APn^yB\\ A \\APn^yB — ABPn^yW 

< \\Pn,yA - APnJ ll^ll + ||A|| \\Pr,,yB - BP^J. 

Thus, AB is subject to condition (a). 

Let now h eH. Then there is a subsequence h of H such that exists, and 
there is a subsequence g of h such that Bg exists. Of course, then also Ag exists 
and is equal to A^. We claim that 

If A, B e Ao and if Ag, Bg exist, then {AB)g exists, and {AB)g = AgBg. 
Indeed, for every n G N, 

= - A,B,)Pn\\ 

< \\A\k)^V,(k) - - B,)PJ. (7.2) 

Since B e Aq, there is an / G N such that 

Pi^yBPn^y = BPn,y for all y e Y. 

In particular, 

= y;(fc)SV,(fe)P„ for all fc e N. 

Thus, we can estimate (7.2) by 

\\{V;^,^AV,^k) - A,)Pi\\ ||V7(,)W,(,)P„|| + ||A,|| \\{V;^,^BV,^k) - B,)Pn\\ 

which goes to 0 as fc — > oo. Consequently, 

- AgBg)Pn\\ ^0 aa fc ^ oo. 

The dual condition follows similarly. This proves our claim which, on its hand, 
shows that AB satisfies condition (b) of Definition 7.1.4. For condition (c), let 
n G N. Then there is an n G N such that 

Pn,yAB = Pn.yAPfi^yB for all y G y. 

Let further / G N be such that Ph,yB = Pn^yBPi^y for all y G T. Then 

Pn.yAB = Pn^yAPfi^yBPi^y = P^^yABBi^y for all y G T. 

Similarly, one checks the dual condition of (c) for AB. Thus, AB G Ao- □ 
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One easily checks that every operator A £ A satisfies the conditions (a) and (b) 
of Definition 7.1.4 (use Proposition 7.1.3 (d) to get that A satisfies (b)). But, in 
general, condition (c) is not satisfied for all operators in A. 

Definition 7.1.6 Let A, B e L{H) and B / 0. The lower norm of A relative to B 
is the number 

u{A\B) := inf{||74B?/|| : u £ H, \\Bu\\ = 1}, 
and i'{A) i'{A\I) is called the lower norm of A. 

It is well known that the operator A is invertible from the left if and only if 
z/(A) > 0, and it is invertible from the right if and only if > 0. Thus, 

A is invertible if and only if both z/(A) > 0 and ^{A*) > 0. Moreover, A is a 
^+-operator if and only if there exists an operator P £ L{H) such that I — P 
is compact and iy{A\P) > 0 ([108], Ch. I, Lemma 2.1). Recall that an operator 
A £ L{H) is a ^^-operator if A has a closed range and a finite-dimensional kernel, 
whereas A is called a ^--operator if its adjoint A* is a $+-operator. Thus, if A is 
both a and a ^--operator, then A is Fredholm. ^±-operators are also called 
semi- Fredholm operators. 

The following three propositions prepare the proof of the main result of this 
section. 

Proposition 7.1.7 Let h £TL, and let A £ L{H) be an operator, for which the limit 
operator Ah exists. Then 

z/(A|7 — Qm) < y{Ah) for all m G N. 

Since P^ ^ I strongly, there is a Pn which is non-zero. Hence, Axiom 1 (a) implies 
that Qm A ^ lor all m, and the relative lower norms i^{A\I — Qm) are well defined. 

Proof of Proposition 7.1.7. By the definition of the relative lower norm, 

11^(7 - Qm)u\\ > iy{A\I - Qm) 11(7 - Qm)u\\ for all u£H, 



whence 



- Qm)u\\ > u{A\I - Qm) - Qm)u\\ 

for all k. We choose u := Vh{k)Pn'^ with n G N and v £ H. Then 

\\V;:^,^AVHik)V:^k)a - Qm)VHik)PnV\\ > 1^{A\I - Qm) - Qm)Vh^k)PnV\\. 

By the triangle inequality, 

\\V:^,^AVhik)PnV\\ + \\V:^k)^V^ik)V:^k)QmVh^k)PnV\\ 

> U{A\I - Qm) (||Pnt;|| - \\V:^k)QmVhik)PnV\\). (7.3) 
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From Axiom 1 (a) we infer that QmVh{k)Pn = QmPnMk)^Hk) ^ ^ 
ciently large k. Thus, if k is large enough, then (7.3) gives 

\\yHk)AVHik)PnV\\ > 1^{A\I - Qm) \\PnV\l 

Letting k go to infinity, we obtain 

- Qm) \\Pnv\\ for all n G N and v e H, 

and letting now n go to infinity, we finally arrive at 

\\Ahv\\ > i^{A\I - Qm) ll^ll for all v e H. 

This is the assertion. □ 

Proposition 7.1.8 Let A G L{H) be rich, and let h and n G N. Then, 

inf I'iAg) < liminf p{A\PnMj))- 

AgecJop{A) j^oo 

Proof. Abbreviate ua '= ^{A\Pn^h(j)) ^nd let e > 0. We choose a 

subsequence g oi h such that 

UA = lim v{A\Pn,hU)) 

J^OO 

and that the limit operator Ag exists. Further, we choose vectors C H with 
\\Pn,g(j)'u-g(3)\\ = 1 for all j such that 

i^A ~ lim II, 

3^00 

and we choose I G N such that Pn — PiPn- Then || || < e as well 

as - Ag)Pi\\ < e for all sufficiently large j, whence 

\\AgPnVg(^j>^Ug(^j^\\ 

< \\(yg\jAu,^j)-A^)PnVg\j)U,^n\\ + \\Vg*uAVgU)PnV;^^U,^j^\\ 

~ “ Ag)PlPnVg(^j)Ug(^j^\\ + \\APn^g(^j)Ug(^j^\\ 

— \\(ygU)^^9U) “ \\y9U)^'P'yg{j)'^9U)\\ P \\^^n,g{j)'^g{j)\\ 

~ ^^^^9{j)^^9{j) ~ + \\APn,g{j)'^g{j)\WA + 2g: 

for sufficiently large j. Hence, 

\\AgPnVg(^j'^'^g{j)\\ _ || ^ ^ 

\\^nVg(^j>j'^g{j) II \\^ri,g{j)'^g{j) II 

which gives iy{Ag) < + 2e. Since e > 0 is arbitrary, this implies the assertion. □ 
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Proposition 7.1.9 Let A e Ao{H). Then 

inf inf liminf u{A\P^ < liminf u{A\I — Qm)- 

n6N h£7i j—^oo ’ ^ ^ m^oo 

Proof. Abbreviate := liminf^^oo ~ Qm), and let e > 0. Choose n e N 

such that 

sup \\Pn,yA - APn^yW < £ (7.5) 

yeY 

which is possible by Definition 7.1.4 (a). Further, let m : N ^ N be a strongly 
monotonically increasing sequence such that 

u{A\I - Qm{r)) < TA+e for every r G N, 

and choose vectors Wm{r) = {^ ~ Qm{r))'^m{r) with = 1 and 

\\Awm(r) \\ < TA + for every r G N. (7.6) 

Finally, choose I > n such that 

Pn = PnPi and Pn,yA = Pn,yAPi^y for all yeY. (7.7) 




Conditions (b) and (c) of Axiom 2 yield 



||^-Pn,y^m(r) II 

yeYrr, 

— ||^'^m(r)|| "b ^ ^n,/ ll^rn(r) II "b || ||u^77i(r) || 

< {ta + 26 :)^ + s^C‘^1 + 2s{iia + 2e)Cn,i 

— (TA a 2s sCn^l)^’ 
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Taking into account the identity 



II 



.(r)l 



yeVu 



we conclude that 



'^yeYr^ ll^^n,y^m(r) IP 

'^y^Yn II IP 



^ (/^A + (2 + Cn,l)s)‘^. 



In particular, for every r G N, there is an y{r) G Yn such that 
and 



\\APn ,y{r)'^m{r) || 
ll^^n ,y{r)'^m{r) || 



^ I^A + (2 + Cn,l)s, 



Pn,y{r)'^m{r) 

(7.8) 



and we have 

PnMr)(I - Qm{r)) 0 for all r € N. 



Consider the sequence y : N ^ Y, r y(r). Suppose for a moment that this 
sequence takes only finitely many values. Then there is one value, y* say, such 
that 

Pn,y*{I - Qm(r)) 0 

for infinitely many r G N. This contradicts Axiom 1 (b). Thus, the sequence y has 
an infinite range. In this case, we can choose a sequence h G W (i.e., an injective 
mapping from N into T) ais well as a sequence j : N — > N such that 



||-^-^n,/i(A:)'^j(/c) II 
\\Pn,h{k)'^j{k) II 



^ I^A + (2 + Cn,l)S 



for all k eN. 



(To be precise: we choose a strongly monotonically increasing sequence r : N N 
such that y or is an injective mapping from N onto the range of y and set h := yor 
and j := mo r.) Consequently, 



^{A\Pn,h{k)) ^ k'A + (2 + Cn,i)s for all A: G N. 
This finally shows that 



inf inf liminf u{A\Pn^^k)) < + (2 + Cn,i)s. 

n€N heH k—*oo 

Since e > 0 is arbitrary, this is the assertion. □ 



Theorem 7.1.10 Let Axioms 1 and 2 be satisfied. Then, for every A e A, 
liminf uiA]! — Qm) = inf ^{Ag). 

m^oo AgecTop{A) 



(7.9) 
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Proof. First let A e From Proposition 7.1.7 we infer that 
liminf iy{A\I — Qm) < inf ^{An), 

m-^oo Ageaop(A) 

and in Proposition 7.1.9 we have just proved that 

inf inf liminf u{A\P^ < liminf i'{A\I — Qm)- 

Finally, we conclude from Proposition 7.1.8 that 

inf i^(Aq) < inf inf limird iy(A\Pp, a)). 

These inequalities yield the assertion (7.9) in case A e Ao- Let now A e A, and 
abbreviate the left-hand side of (7.9) by Si and the right-hand side by Sr. Let 
e > 0 be arbitrarily given. Then there is an mo such that 

i^{A\I — Qm) ^ Si — e for all m > mo. 

Thus, 



||A(7 — Qm)u\\ > {Si — e) 11(7 — Qm)u\\ for all m > mo and all u e H. 
Choose A' e Ao such that ||A — A'|| < e. Then 
\\A'{I-Qm)u\\ 

> \\A{I - Qm)u\\ - ||A - A'll 11(7 - Qm)u\\ > {Si - 2e) ||(7 - Qm)u\\ 

for all m > mo and u e H. Consequently, liminf^^oo J^{A'\I — Qm) ^ Si — 2e. By 
what has already been proved, this implies that 



inf 

A'^^crop^A') 



^{A!q) >Si-2e 



or, equivalently, 

P>||>(5,-2£)||m|| (7.10) 

for all limit operators A'g of A' and for all G 77. If the limit operator of A with 
respect to the sequence h exists, then there is a subsequence g oi h such that the 
limit operator of A' with respect to g exists, and by Proposition 7.1.3 (a) one has 

\\A'^-AH\\^\\A'^-A,\\<\\A'-A\\<e. 

Thus, (7.10) implies 

||A;,^|| > P'i/ll - P; - All ll^ll > (5, - 3£)||iz|| 

for all IX G 77, whence v{Ah) > Si — 3e. Consequently, Sr > S'/, and the reverse 

inequality can be proved in the same way. □ 
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We will see now how Theorem 7.1.10 applies to the study of Fredholmness of 
operators in the algebra A. For this, we have to assume the following. 

Axiom 3 The operators Qm self-adjoint projections which converge strongly to 
the identity operator on H , and QmQm+i = Qm+iQm = Qm for all m G N. 

Under this assumption, the sequence of the ranges of 7 — Qm is monotonically 
decreasing, 

(7 Qm){I Qm-^l) — I Qm Qm+1 T QmQm-{-l “7 Qm-\-l' 

Thus, the sequence of the relative lower norms z^(A|7 — Qm) is monotonically 
increasing, and the limes inferior on the left-hand side of (7.9) is actually a limes 
(and a supremum). 

Definition 7.1.11 An operator A ^ A is locally compact if the operators AQm ond 
QmA are compact for every m G N. The set of all locally compact operators in A 
will be denoted by /C. 

It is easy to see that /C is a C* -subalgebra of A. 

Now we will have to distinguish between two cases. In the first case we assume 
that the identity operator is locally compact. In this case, every projection Qm is 
compact, and every operator in A is locally compact. 

Theorem 7.1.12 Let Axioms 1-3 be satisfied, and assume that the identity operator 
is locally compact. Then an operator A ^ A is 

(a) a ^^-operator if and only if 

A (7.11) 

(b) a ^--operator if and only if 

, (7.12) 

-A-g GCTop (.A) 

(c) a Fredholm operator if and only if all limit operators of A are invertible and 
if the norms of their inverses are uniformly bounded. 

Proof. We will prove assertion (a) only. Assertion (b) follows by passing to the 
adjoint operator, and (c) is a consequence of (a) and (b). 

Let condition (7.11) be satisfied. Then, by Theorem 7.1.10, there are an 
m G N and a constant C > 0 such that i^(A|7 — Qm) > C. Consequently, 

\\A{I - Qm)u\\ > C||(7 - Qm)u\\ for all u G 77 

or, equivalently, 

((/ - Qm)A*A{I - Q^)u, {I - Qm)u) > C2||(/ - Qm)uf for all ueH. 
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Thus, the self-adjoint operator 

(7 - Qm)A*A{I - Qm) : Im (7 - Qm) Qm) (7.13) 

has a trivial kernel and a closed range and is, consequently, invertible. We let 
B G L(Im(7 - Qm)) be the inverse of the operator (7.13) and extend B to the 
operator C \= B{I — Qm) + Qm acting on all of 77. Then, 

CA^A = B{I-Qm)A^A + QmA^A 

= B{I - Qm)A^A{I - Qm) + B{I - Qm)A^AQm + QmA^A 
= I-Qm^B{I- Qm)A^AQm + QmA^ A = I + K 

with a compact operator K. Hence, A is a $_^-operator. 

Let, conversely, A be a -operator. Then there are a compact operator K 
and a positive constant C such that 

C||Ai^|| > ||ia|| — \\Ku\\ for all u e H. 



In particular. 



C\\A{I - Qm)u\\ > 11(7 - QmM - \\K{I - Qm)u\\ 

for all G 77 and m G N. Due to the strong convergence of the 7 — Qm to zero, 
there is an mo such that ||7^(7 - Qm)\\ < 1/2 for all m > mo. Thus, 

C\\A{I - Q^)u\\ > 11(7 - Qm)u\\ Qm)u\\, 

whence 

\\A{I-Qm)u\\ > ^\\{I-Q^)u\\ 

for all M € 77 and m > mo- This implies that 

liminfz/(A|7 - Qm) > 1/{2C), 

m^oo 

and the assertion follows via Theorem 7.1.10. □ 

Now we assume that the identity operator is not locally compact. In this case, the 
set 

B:={^I + K:'yeC,K elC} 

is a unital C*-subalgebra of A which has /C as its proper ideal. Observe also 
that the representation of an operator A G S in the form K with 7 G C 
and K e JC is unique. Moreover, only a finite number of projections Qm can be 
compact. Indeed, the existence of an infinite sequence of compact projections Qm 
would imply that all projections Qm are compact and, hence, the identity 7 would 
be locally compact. 
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Theorem 7 . 1.13 Let Axioms 1-3 be satisfied and assume that the identity operator 
is not locally compact, and let A = K E B with 7 G C\ {0} and K E 1C. Then 
A is 

(a) a ^ ^-operator if and only if 



. inf i/(^g)>0. 

-Ag G<7op (A) 



(b) a ^--operator if and only if 



inf i/(A*) > 0. 



Ag^aop (A) 



(7.14) 



(7.15) 



(c) a Fredholm operator if and only if all limit operators of A are invertible and 
if the norms of their inverses are uniformly bounded. 



Proof. Again, we will prove assertion (a) only. It follows as in the proof of Theorem 
7.1.12 that if A is a $+-operator, then (7.14) holds. Let, conversely, (7.14) be 
satisfied. Then we get, as in the proof of Theorem 7.1.12, that the operator 



(/ - Qm)A*A{I - Qm) : Im (/ - Qm) ^ Im (/ - Qm) 



is invertible for all sufficiently large m. We choose m large enough such that the 
operator Qm is not compact (recall that only a finite number of the Qm can be 
compact). Clearly, the operator 

(/ - Qm)A^A{I - Qm) FQm'^H^H 

is invertible, too, and its inverse C belongs to the smallest C* -subalgebra C of L{H) 
which contains the algebra B and the operator Qm (due to the inverse closedness 
of C* -algebras). We set R CA* and obtain 

RA-I = CA^A-I 

= C{I-Qm)A^A{I-Qm)FCQm 

+ C{I - Qm)A^AQm + CQmA^A - CQm - I 
= C{I-Qm)A^AQmFCQmA*A-CQm. 

Thus, the operator R A — I belongs to the smallest closed ideal J of C which 
contains the operator Qm- We further set R := yR — AR -|- 1 and find 

RA-jI = -fRA - ARA -h A - 7/ = (7/ - A) {RA - I) e ICJ. 



A little thought shows that 

CCCI + CQm + IC + K{H) and J CCQm + K{H) 

and, thus, ICJ C K{H). Hence, RA — 7/ is compact. Since 7 ^ 0 by hypothesis, 
A is a -operator. □ 

The unpleasant hypothesis 7 7^ 0 in Theorem 7.1.13 can be avoided if also the 
differences of the projections Qm are non-compact. 
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Corollciry 7.1.14 Let Axioms 1-3 he satisfied and assume that the identity operator 
is not locally compact. Furthermore, assume that, for every m ^ N, there is an 
I > m such that Qi — Qm is not compact. Then the assertion of Theorem 7.1.13 
holds for every operator A ^ B. 

Proof. In view of the proof of Theorem 7.1.13, we only have to check that 7 7^ 0 
if A = 7/ + AT e B is subject to condition (7.14). Contrary to what we want, 
assume that 7 = 0, whence A e IC. The operator R' introduced in the proof of 
Theorem 7.1.13 belongs to C C C/ + CQm + /C + K{H), which implies that R' A e 
C/C C /C + Further, as we have seen above, R' A — I ^ J C CQm + 7C(iJ). 

Consequently, I G CQm + /C + K{H). 

Let a e C, K e JC and L G K{H) be such that I = aQmL-K-\-L. Multiplying 
this equality by Qi — Qm we get 

Ql — Qm — Ol{Qi ~ Qm)Qm + {Ql ~ Qm)K + {Ql ~ Qm)L 
- {Qi-Qm)KF{Qi-Qm)LeK{H) 

for all / > m. This contradicts the hypothesis. □ 

We will finally extend these results to a more general class of operators of the form 
M-\-K where K e IC and where M is a “completely not locally compact” operator. 
To do this, we have slightly to restrict the class of operators under consideration. 

Definition 7.1.15 Let Aoo denote the class of all operators A e Ao with the follow- 
ing property: for every m G N, there is an I > m such that 

QmA — QmAQi and AQm — QiAQm- 

Let further A! stand for the smallest closed subalgebra of A which contains the set 
Aoo the algebra K. 

Proposition 7.1.16 A' is a C* -subalgebra of L{H) which contains the identity op- 
erator, and JC is a proper closed ideal of A' . 

Proof. Let K e JC and A G Aoo- We show that then AK and KA belong to 
JC. Indeed, QmKA is compact for every m. If we choose I > m such that QmA = 
QmAQi, then we also get the compactness of QmAK = QmAQiK. Thus, AK G JC, 
and the inclusion KA e JC follows similarly. Now it is clear that Aoo + /C is a 
symmetric algebra, which has JC as its proper ideal. □ 

Let now Ad be a C* -subalgebra of A' which contains the identity operator as well 
as all projections Qm^ and which satisfies the condition 

Mn{JCnK{H)) = {0}. (7.16) 

Since /C is a closed ideal of A', the set C := Ad + /C is a C* -subalgebra of A', and 
condition (7.16) guarantees that every operator A E C can be uniquely written as 
A = M -h K with M E M and K E JC. Indeed, if M G Ad belongs to JC, then 
MQm ^ ICQm C JCn K{H). Hence, MQm = 0. Letting m go to infinity, we get 
M = 0. 
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Theorem 7.1.17 Let the Axioms 1-3 he satisfied, let Ai and /C be as above, and let 
A = M K e C with M £ M. and K ^ 1C. Then A is a Fredholm operator if and 
only if the operator M is invertible and if all limit operators of A are uniformly 
invertible. 

Proof. Let A be a Fredholm operator. Then, by inverse closedness of C*-algebras, 
A has a regular izer R which belongs to C + K{H). We write A = M + K and 
R = N + K' -\-L where M, N e M, K, K' e 1C and L e K{H). From RA - I e 
K{H) we conclude that NM — 7 G /C + 7C(i7). Hence, for every m G N, we have 
NMQm — Qm C JCr\K{H). Since NMQm — Qm C Af , this implies via (7.16) that 
NMQm — Qm = 0. Letting m go to infinity, we obtain NM = I. Analogously, 
MN — 7, whence the invert ibility of M. Further, it can be shown as in the proof of 
Theorem 7.1.12, that the Fredholm property of A implies the uniform invertibility 
of the set of the limit operators of A. 

For the converse direction, we are going to show that if M is invertible from 
the left-hand side and if 

. inf K^g)>0, (7.17) 

■^g e O'qp (.a) 

then A is a -operator. The corresponding result with respect to invertibility 
from the right-hand side and to the -property follows by taking adjoints, and 
these two results combine to give the assertion. 

Let (7.17) be satisfied. As in the proof of Theorem 7.1.13, we conclude that 
the operator 

(7 - Qm)A^A{I -Qm)FQm'^H^H 

is invertible and that its inverse C belongs to the algebra C. We set R' := CA* 
and obtain that the operator R'A — I belongs to the smallest closed ideal J of 
C which contains all operators Qm- Further, for A = M K with M e M. and 
K e JC, we set R := KR' + 7 and find 

RA-M = KR'A + A-M = K{R'A - 7) G ICJ. 

Since /C is an ideal in A, we have ICJ C K{H). Thus, RA — Me K{H). Multipli- 
cation from the left-hand side by a left inverse M~^ of M yields 

M-^RA - M-^M = M~^RA - 7 G K{H). 

Thus, A is a -operator. □ 

We are going to illustrate these results by a few simple examples where H = 
L^(M^). Let / : [0, 1] be a continuous function with 



( = l if \x\oo < 1/3 

f{x) < > 0 if jxjoo < 2/3 

[ = 0 if jxjoo > 2/3, 
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and let (p(x) > 0 be defined by 



^{xf := 



Efeez^v f{x-k)' 



Further, let Pn denote the operator of multiplication by the function (pn : x 
(p{x/n), write Qm for the operator of multiplication by the characteristic func- 
tion of the cube [— m, m]^, and let Vy refer to the shift operator on H given by 
{Vyf){x) — f{x — y). Since pn is identically 1 on the cube [— n/3, n/3]^, Axioms 
1, 2 (a) and 3 are satisfied with Y := . 

We will check now that also Axiom 2 (b) and (c) is satisfied with Yn := nZ^ . 
Let u G have a compact support. Then 



E \\Pn,ya\\l = E 



/ ^ ) u{x) dx 

I^N \ n J 



x-nz\ 

\(p I u{x) dx 



yez^ 



[ \u{x)\^dx = 



where the change of summation and integration is justified by the compactness of 
the support of u, which makes the sum finite. This proves Axiom 2 (b). Let now 
I > n. We choose a finite subset L of E such that 

Pl,oPn,z = Pl,0’ 

z^L 

Then we also have 

E Pi,yPn,z = Pi,y for every y eY. 

z^L^y 

Using the Cauchy- Schwarz inequality, we get for u G 

ll'^^y'^112 “ y II y^ Pl,yPn,z'^\[2 

yeYr^ yeYr^ zeL+y 

< |L|E E \\PkyPnM\l 

yeYn zeL-\-y 

< |L| E E 

yEYn zeL-\-y 

< \Lf E \\Pn,y^\\l = \LfMl 

yEYr^ 
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since each item in the last double sum occurs \L\ times. This settles the second 
axiom. 

Next we are going to describe some classes of operators which belong to the 
algebra corresponding to the chosen specifications of H, and Vy. If A = al 
is the operator of multiplication by a BUG function on then A evidently 
satisfies conditions (a) and (c) of Definition 7.1.4 (since A commutes with the 
operators P^)- By Proposition 3.3.6, A also satisfies condition (b). 

Let now A; be a function in L^(R^) with compact support and consider the 
operator A = C{k) of convolution by k. Then condition (a) of Definition 7.1.4 
follows from Proposition 3.3.2, and condition (b) is evident since the operator A 
is shift invariant. For condition (c), it is sufficient to show that, for every n G N, 
there is an / G N such that APn = PiAPn (again due to the shift invariance of 
A and by the self-adjointness of the Pn). Let, for definiteness, the supports of Lpn 
and k be contained in the balls with center 0 and with radii r and P, respectively. 
Then, for every function u G L^(R^), the support of AP^u is contained in the ball 
with center 0 and radius r + P. Now choose I such that (pi is identically 1 on that 
ball. Then Pi APn = APn as desired. 

A third claiss of operators in is provided by the shift operators A = Va 
with a G Here, the conditions (b) and (c) of Definition 7.1.4 are evident, 
and condition (a) follows easily from the shift invariance of Va and the uniform 
continuity of (p. Moreover, all three classes of operators belong to the subalgebra 
^00 of ^0 introduced in Definition 7.1.15. This can be checked in a similar way as 
condition (c) of Definition 7.1.4. 

In accordance with the above notations, we introduce the algebras A and A' 
as well as the ideal JC oi A' . Note that the algebra A' contains all convolutions 
by functions in L^(R^) (since the compactly supported functions are dense in 
L^(R^)), whereas K contains, for example, all products of operators in the above- 
mentioned three classes provided that at least one of the factors is a convolution 
operator by an L^(R^)-function. 

We let further Af stand for the smallest closed subalgebra of L{H) which 
contains all multiplication operators al with a G PP(7(R^), all projections Qn 
with n G N and all shifts Va with a G Z^. 

Proposition 7.1.18 The only compact operator in A4 is the zero operator. In par- 
ticular, the algebra M. satisfies condition (7.16). 

Proof. Let F be the discretization operator introduced in Section 3.1.3. Thus, F 
is a *-isomorphism from Z/(P^(R^)) onto L(/^(Z^, L^(/o))) where 7o = [0, 1]^, 
and we can think of F(A) for an operator A on L^(R^) as the infinite matrix 
where 



Aj = XioV-iAVjXioI for i, j e 

If, in particular, A belongs to M, then one easily checks that each of the operators 
Aij is the operator of multiplication by a function Oij in C(/o)- Hence, if A G Af 
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is compact, then each of the operators Aij is a compact multiplication operator, 
whence aij = 0. Since F is an isomorphism, this implies that ^ = 0. □ 

Thus, the operators in M + 1C are subject to Theorem 7.1.17. That is, an operator 
A = M + K with M G A4 and K E /C is a Fredholm operator if and only if the 
operator M is invertible and if all limit operators of A are uniformly invertible. 

The invertibility of an operator A E M can be checked by means of the 
following observation, where we let the functions aij be as in the proof of Propo- 
sition 7.1.18. For each ^ G /q, we consider the operator 7 a ( 0 which is 

given by its matrix representation . It turns out that the functions 

7 h j ^ are equicontinuous, which is mainly a consequence of the uniform 
continuity of the functions in BUC. Hence, 7 a • Fq is a continuous 

function. This continuity implies that the operator A E M is invertible if and 
only if its discretization F(^) is invertible if and only if the operators 7 a (0 are 
invertible for every t E Iq. 

7.2 Operators on homogeneous groups 

Here we collect some basic facts on homogeneous groups, and we introduce the 
basic classes of operators which will be considered in the forthcoming section: 
multiplication, convolution, and shift operators on a homogeneous group. 

7.2.1 Homogeneous groups 

A homogeneous group X arises by equipping with a Lie group structure and 
with a family of dilations that act as group automorphisms on X. More precise, 
we are given smooth operations of multiplication and inversion 

X ^ : (x, y) X • y and R^ R^ : x ^ x~^ 

which provide R^ with a Lie group structure and which are such that the origin 
of R^ is the identity element of the associated Lie group. Furthermore, there 
are positive integers a\ < • • • < a at (with the monotonicity being no essential 
restriction) such that the dilations 

Ds : R^ — > R^, (xi, . . . , xn) {S^^xi, . . . , S^^xn) 

provide group automorphisms for every 5 > 0. In particular, 

Ds{x • y) = Dsx • Dsy for all x, y G X. 

These assumptions imply that the multiplication on X is necessarily of the form 
X • y = X -h y + Q(x, y), x, y G X, 
where Q : R^ x R^ R^ satisfies 

Q(0, 0) = Q(x, 0) = Q(0, x) = 0. 
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Moreover, if one writes Q = {Qi , . . . , Qn), then each Qk is a polynomial in 2N real 
variables which is homogeneous of degree a^. Thus, Q contains no pure monomials 
in X or y. 

Since the Euklidean measure dx on is both left and right invariant with 
respect to the group multiplication, it is the Haar measure on X. Note also that 
d{Dsx) = 6^dx, where a ai + • • • + Uiv- 

There is a natural norm function p on X defined by 

p{x) := max{|xj|^/"-^ • 1 < j < AT}. 

Note that p{x) > 0 and p{x) = 0 if and only if x = 0. Also, p{Dsx) = 5p{x) for 
> 0, and there is a constant C > 0 such that 

p{x -y) <C (p(x) + p{y)) and /o(x“^) < C p{x). 

Set p(x, y) := p{x~^ • y). Then the collection of all balls 

B{x, e) := {y eX: p(x, y) <e}, e> 0, 

forms an open neighborhood base of the point x E X. Since p : X x X ^ M 
is invariant with respect to multiplication from the left-hand side, one also has 
B{x, e) = X ‘ B{0, e), and since the Haar measure is left invariant, 

|H(x, ^)| = 1H(0, e)\=e^\B{0, 1)|. 

An archetypal example of a non-commutative homogeneous group is the Heisen- 
berg group which can be identified with C’^ x R, provided with the group 

operation 

{w, s) • {z, t) = {w z, s + t + 2lm {w, z)) 

where {w, z) := case, (ai, ..., a 2 n-fi) C is given by 

( 1 , 1 , 2 ). 

7.2.2 Multiplication operators 

Throughout what follows, let X be a homogeneous group. By Chi^) we denote 
the C* -algebra of all bounded continuous functions on X with norm ||/||oo •= 
stiPxGX I /(^)|5 BUC{X) stand for the C*-subalgebra of Cb{X) which 

consists of the uniformly continuous functions, i.e., a E Cb{X) belongs to BUC{X) 
if, for each e > 0, there is a ^ > 0 such that |a(xi) — a(x 2 )| < s whenever 
p(xi, X 2 ) < S. Further, we let QscO^) refer to set of all functions a E L°^(X) such 
that 

limsup / \a{y~^ ' x)\ dx = 0 

y^oo J M 

for every compact M C X, and we write Qc{X) for the set of all functions a E 
L^(X) such that, for each open and pre-compact subset D of X, the function 
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belongs to QscOQ- Finally, a function a G Cb{X) belongs to the class SO{X) of 
the slowly oscillating functions if 

lim sup \a{t) — a{t • h)\ =0 

t^OO 

for every compact subset M of X. 

One can check as in Section 3.2 that BUC{X) and Qc(^) are C*-subalgebrgLS 
of (X), that SO{X) is a C*-subalgebra of BU C(X), and that QscOQ is a closed 
ideal in L^{X). Furthermore, QcO^) = QscOQ + SO{X). 



7.2.3 Partition of unity 

Let Y be a discrete subgroup of the group X which acts freely on X such that X/Y 
is a compact manifold. Let M be a fundamental domain of X with respect to the 
action of Y on X by left multiplication, i.e., M is a bounded domain in X such 
that 

X = [J a- M. 

aeY 

Let M' be an open neighborhood of M such that the family {a-M'}aeY provides a 
covering of X of finite multiplicity, i.e., there is a number I such that each point of X 
belongs to at most I of the sets a • M'. Let / : X ^ [0, 1] be a continuous function 
with f(x) = 1 on M and f{x) = 0 outside M', and let (p be the non- negative 
function on X which satisfies 



:= 



^/3eY /(/^ ■ 



(7.18) 



Evidently, 0 < (f{x) < 1, and if M' is chosen sufficiently small, then if is identically 
1 on a certain open subset of X. 

For every positive integer n and every G Y, we set fn{x) \= f{Dii^x) and 
^n,y{x) := fn{y ‘ x). If we further let Y^ := DnY, then 



X = 1 for every x eX. (7.19) 

y€Yn 



Indeed, for x G X, 

X ^n,y{x) = X ‘P^i^l/niy-x)) 

y^Yn yeYu 

= X V^i^l/n{DnZ • a;)) = X • DiInX), 

zeY zeY 



and the assertion follows from the definition of f (the denominator on the right- 
hand side of (7.18) is shift invariant). In that sense, the family {<Pn,y}yeY forms a 
partition of unity on X. 
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7.2.4 Convolution operators 

Let k e L^(X). The operator C{k) = Cr{k) of right convolution by k, 

{C{k)u){x) := / k{x~^ • y)u{y)dy — / k{z)u{x • z)dz, x G X, 

is bounded on I/^(X) and invariant with respect to the left shift, i.e., 

Ui^gC{k) = C{k)Ui^g where {Ui^gf){x):=f{g^x) iovgeX. 

We denote by Cr(X) the set of all operators of right convolution by a function in 
L^(X). The following results go back to Steinberg [158]. They can be proved as 
their counterparts, the Theorems 3.2.2 and 3.2.10. 

Theorem 7.2.1 The following conditions are equivalent for a G L^(X); 

(a) the operators Bal and aB are compact on T^(X) for every B G Cr(X), 

(b) a G Qsc{^), 

(c) There is an open pre- compact subset D of X such that lim^^oo k(L5)| ds = 

0. 

Theorem 7.2.2 The following assertions are equivalent for a G (X) .• 

(a) the operators Bal — aB are compact on L‘^(X) for every B G Cr{X), 

(b) a G Qc{^^), 

(c) aGg 5 c(M^)T ‘^O(IR^). 

The following property of convolution operators is basic for the applicability of 
the axiomatic scheme. 

Proposition 7.2.3 Let A G Cr(X). Then limn^o© \\[Tn,aI^ A]\\ =0 uniformly with 
respect to a eY. 

Proof Let A = Cr{k) with k G L^(X), and set 

7 i(n, a) := sup / • y)\ |</?„,a(x) - (fnAy)\<^y^ 

xe^Jx 

72 (n, a) := sup / \k{x^^ ■ j/)| lv>„,a(x) - v?„,a(y)|dx. 

3/€X Jx 

Further, we suppose for a moment that there is an i? > 0 such that k{x) =0 
if p{x, 0) > R. Then, for j = 1, 2, 

7 j(n, a) < sup \(pn,a{x) - (pnAy)\ / \H^)\dx 

p{x,y)<R Jx 

< sup \<p{x) - Lp{y)\ / \k{x)\dx 

p{x,y)<R/n Jx 
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where we used that p{Dsx^ Dsy) = y). The function ip is compactly sup- 

ported and, hence, uniformly continuous on X. Thus, for each ^ > 0, we find an 
no G N such that 7 j(n, a) < e for all j = 1, 2, n > no, and a eY. This shows that 

\\[<Pn,aI,K]\\ < max{sup 7 i(n, a), sup 72 (n, a)} -^0 

aeY aeY 

as n (X). Since the set of all functions with compact support is dense in T^(X), we 
can use a standard approximation argument to get the assertion also for arbitrary 
kernels k G L^(X). □ 

7.2.5 Shift operators 

Let Cl (X) stand for the set of all bounded real- valued functions on X which possess 
a bounded derivative in the common sense, i.e., when X is realized as and let 
g =: ^ gpj) : X — ^ be a function which satisfies 

{a)gjeCl{X)ioT allj = l, ...,7V, 

(/?) the mapping : X ^ X, x x • g{x) is bijective, 

( 7 ) liminfa^^oo I det(dF^(x))| > 0. (Here, as usual, df{x) refers to the derivative 
of the function / : R^ — » R^ at x.) 

We consider shift operators of the form 

{Tgu){x) :=u{x‘g{x)). 

Proposition 7.2.4 If g satisfies the conditions (a) -( 7 ), then the operator Tg is 
bounded on L^(X). 

Proof For u G T^(X), we have 

WiTguf = [ \u{Fg{x))\'^ dx = f \u{y)f\detdFp{y)\dy<C\\uf 
Jx Jx 

where C := sup^^x I {y)\ < ^ conditions (/?) and ( 7 ). □ 

We call the function g slowly oscillating if, in addition to conditions (a)-( 7 ), 

(S) lim 3 :^oo \\dg{x)\\ = 0, 

and we denote the class of all shifts Tg with a slowly oscillating function g by 
F(X). 

Proposition 7.2.5 Let Tg G F(X). Then limn^oo \\[p^n,aC Tg]\\ = 0 uniformly with 
respect to a eY. 
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Proof. Let u G L^(X) with norm 1. Then 

Tg] U|| < sup \ipn,a{^) ~ 11^5^11 

xeX 

< Cs\ip\(fn,a{x) - lfin,a{^ ■ g{x))\ 

xGX 

< Csup \ip{Di/n{a ■ x)) - (p{Di/n{a ■ x ■ 5 (x)))|. 



Let now e > 0 be arbitrarily given. Since (p is uniformly continuous on X, there is 
a > 0 such that, for all xi, X 2 G X with p{xf^ • X 2 ) < 

\ip{xi) -<^( 0 : 2)1 < e. 

Thus, if p{Di/n{g{x))) < S, then 

\ip{Di/n{a ■ x)) - ip{Di/ri{a ■ x ■ fi((a:)))| < s. 

Since the function g is bounded by assumption, 

p{Di/n{g{x))) = ^max^ \\gj\\]t^ ■ 

Thus, if we choose no such that 



then \\[p)n,ocl’, Tg]\\ < C e ior all n > no with a constant C independent of a. □ 
Here are a few instances where the requirements (o;)-(J) are satisfied. 

Example A. If ^ is a constant function then Tg belongs to 7^(X). □ 

Example B. Let X be the commutative group where 

{Tgu){x) = u{x + g{x)), 

and let the conditions (a) and (6) be fulfilled. If one of the conditions 



max sup 

k=l 



< 1 , max i 



\dgj{x) 



holds, then Tg G 1Z{X). Indeed, each of the conditions (7.20) implies that ^ is a 
contraction. Thus, by the Banach fixed point theorem, 

Fg'.R^^R^, x^xPg{x) 

is invertible, and it follows from condition (5) that 

lim det(dF^(x)) = 1 

x^oo 

which gives condition ( 7 ). □ 
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Example C. Let be the Heisenberg group with coordinates (x, 7/, G x 

X M. Consider the function g{x^ 7/, t) := {p{x, 7/), g(x, 7/), r(x, t)) where we 
assume that the mapping 

(x,y) ^ {p{x, y), q{x, y)) : ^ 



satisfies a condition analogous to (7.20) and where, consequently, the mapping 
(x, y) ^ ^{x, y) := {x + p(x, 7/), y + q{x, y)) 
is invertible. Thus, for arbitrary x', 7/' G the system 

x' = X + p(x, 7/), y' = y + q{x, y) 
possesses a unique solution 

X = (j){x', y'), y = -4){x', y'). 



Moreover we suppose that g is slowly oscillating in the sense that 
lim da:p(x, y) = lim dyp{x, y) = 0, 

(x,y)-^oo {x,y)^oo 

lim dj:q{x,y) = lim dyq{x,y) = 0, 

{x,y)^oo (x,y)^oo 

lim dxT{x,y,t) = lim dyr{x,y,t) = lim dtr{x,y,t) 

(x,y, 7 )— >•00 (x,y, 7 )— >00 (x,y,t)— >00 

Let, finally, 

sup \dtT{x,y,t)\ < 1 . 

(x,2/,t)GR2ri+i 

Then the mapping Fg : sending (x, y, t) to 



(7.21) 

(7.22) 
0. (7.23) 

(7.24) 



(x,y,t) -g{x,y,t) 

= (x + p{x, y), y + q{x, y), t + t{x, y,t) + 2 {{{x, q{x, y)) - {y, p{x, y))) 
is invertible. Indeed, for arbitrary {x', y', t') € the equation 

t' = t + T{(f>{x', y'), il){x', y'), t) + 2'^{x', y') 



with ^{x' , y') given by 



{^{x', y'), q{(f>{x', y'), tp{x', y'))) - {ip{x', y'), p{(t>{x' , y'), V’(x', y'))) 



has a unique solution t due to (7.24). This proves condition (/?), and condition (7) 
follows since (7.21)-(7.23) imply that 

lim det{dxFg{x)) = 1. 

X— >00 

Consequently, Tg G □ 
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7.3 Fredholm criteria for convolution type operators with shift 

We derive Fredholm criteria for convolution type operators with shift in two set- 
tings: for operators acting on the homogeneous group X itself, and for operators 
acting on a discrete subgroup Y of X. 

7.3.1 Operators on homogeneous groups 

To study the Fredholmness of convolution type operators on L^(X), we specify the 
operator families from the axiomatic approach in Section 7.1 as follows. 

• For n e N, let Pn stand for the operator of multiplication by (fn (recall the 
definitions of M, M', (p and (pn from Section 7.2.3). 

• For m G N, let Qm be the operator of multiplication by the characteristic 
function of {x G X : p(x, 0) > m}. 

• Choose Y := Y, and for y let Vy be the operator of left shift by y, 

(Vyu){x) := {Ui^yu){x) = u{y • x). 



Observe that Pn^y is then the operator of multiplication by It is elementary 
to check that the families (Pn) and {Qm) consist of self-adjoint operators which 
converge strongly to the identity operator, that the Qm are projections and the 
Vy are unitary operators, and that the first and third axiom from Section 7.1 
are satisfied. Condition (a) of the second axiom is a consequence of the fact that 
the functions (p are identically 1 on a certain open subset of X. If we further 
choose Yn := PnY, then the remainder of the second axiom follows from (7.19) 
and from the finite multiplicity of the covering of X by the family {y • M'}y^Y as 
in the example discussed at the end of Section 7.1. So we can form the algebras 
-4oo, -4o, v4. A' as well as /C with respect to this choice of the operators P„, Qm 
and Vy. 

Let us further mention that, due to the discreteness of Y, the set H of all 
injective sequences from N into Y coincides with the set of all sequences h :N -^Y 
which tend to infinity in the sense that p(0, h{n)) ^ oo as n ^ oo. 

Next we will single out classes of operators of convolution type which belong 
to the algebras A and JC. We denote by /Co(X) the set of all operators in L(L^(X)) 
of the form 

N L 

En SjkCLjkKjk^jkYjk (7.25) 

j=i k=i 

with positive integers L and where ajk, bjk G PPC(X), Sjk^ Tjk G P(X), and 
where Kjk € C^(X) are convolution operators with compactly supported kernel 
functions. We let further /C(X) stand for the closure of /Cq(X) in L(L^(X)). 
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Proposition 7.3.1 The set /C(X) is a closed subalgebra of the algebra A. Moreover, 
/C(X) is contained in the set JC of the locally compact operators, and it contains all 
compact operators on L^(X). 

Proof It is evident that /Co(X) is an algebra and that /C(X) is a closed subalgebra 
of I/(L^(X)). Next we show that if A is one of the operators al with a G BUC{X), 
C{k) with k G compactly supported, or Tg G 7^(X), then A belongs to the 

algebra Aq- 

Let us start with condition (a) of Definition 7.1.4, i.e., with 

lim II [^, Pn, 2 /]|| = 0 uniformly with respect to y eY. (7.26) 

For A a multiplication operator, this is evident. If A is a convolution operator, then 
(7.26) follows from Proposition 7.2.3, and if A is a shift operator, the assertion has 
been shown in Proposition 7.2.5. 

Let now h e H. For condition (b) of Definition 7.1.4, we have to check that, 
for each choice of A, there is a subsequence g ot h such that the limit operator Ag 
exists. 

It A = al is the operator of multiplication by the function a G BUC{X), then 
operator of multiplication by the function x a{h{k) • x). The 
functions in BUC(K) are bounded and uniformly continuous by definition. Hence, 
by the Arzela-Ascoli theorem, the sequence h possesses a subsequence g such that 
the functions x i— > a{g{k) • x) tend uniformly on compact subsets of X to a certain 
bounded function as A: ^ oo. Consequently, the operators con- 

verge strongly to Ogl, and the strong convergence of the adjoint sequence follows 
analogously. 

If A is the convolution operator C{k), then A commutes with each of the 
operators Vy, whence the strong convergence of Vff^^AVh{k) to A for every se- 
quence h. To get the strong convergence of the adjoint sequence, note that the 
adjoint of C{k) is the operator of right convolution by the function x k{x~^), 
which belongs to L^(X) and which has a compact support whenever k has these 
properties. 

Let, finally, A = Tr ^ 7^(X) be the operator of shift by the function r. Then, 
i^h{l)^rVh(k)u){x) = u{x ■ r{h{k) ■ x)). 



Since the functions x ^ r{h(k) • x) are uniformly bounded with respect to A; G N 
and equicontinuous on compact subsets of X, the Arzela-Ascoli theorem implies 
the existence of a subsequence g oi h such that the functions x ^ T{g{k) • x) 
converge uniformly on compact subsets of X to a certain bounded function r^. 
Since r is slowly oscillating, the function is constant. We show that then the 
strong limit of the operators as A: ^ oo exists and that 

S-lim/c_ooV^(fc)T^V^(/e) =Trg. 



( 7 . 27 ) 
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Let be a compactly supported continuous function on X. Then u is uniformly 
continuous on X, and there exists a compact subset Q of X such that 

u{x • r{g{k) • x)) — u{x • r^) = 0 whenever x ^ Q 

(recall that r is bounded). It is further evident from the definition of Vg that, for 
arbitrary ^ > 0, there exists a A:q G N such that, for all k > ko and all x G 
p{r{g{k) • x), rg) < 6. Since u is uniformly continuous, this implies that for each 
<s > 0, there exists a /cq G N such that 

sup \u{x ■ r{g{k) • x)) — u{x • r^)| < e for all k > ko. 
xe^ 

Thus, 




for every continuous and compactly supported function u on X. Since these func- 
tions form a dense subset of L^(X), this implies (7.27). For the strong convergence 
of the adjoint sequence, note that, by the substitution rule, T* is the operator 
Tsbl where 

s(x) = r{F~^{x))~^ and b{x) = | det dF“^(x)|. 

Both functions s and b are bounded and uniformly continuous. Thus, given h 
we get as above the existence of a subsequence h' of h such that the strong limit 
of the sequence V^, /(fc) exists, and then we can choose a subsequence g of h' 

such that the strong limit of the sequence yg{k)bVg{k) exists. Thus, the strong limit 
of exists, too (and, of course, one can choose the same sequences g 

here and in (7.27)). 

Our next goal is condition (c) of Definition 7.1.4, i.e., we want to show that, 
for every n G N, there is an / G N such that 

Pn,yA = Pn^yAPi^y and APn,y = Pi^yAPn,y for all y G Y. 

This condition can be shown in the same way as in the example at the end of 
Section 7.1 (recall once more that the function (p is identically equal to 1 on a 
certain open subset of X). Since is an algebra, it follows that /Cq(X) C Aq, 
whence /C(X) C A. 

In order to show that /Co(X) is contained in /C, the ideal of the locally compact 
operators, consider the operator QmTgaC{k) where Tg G 7?,(X), a G BUC{X) and 
k G L^(X). It is easy to see that there is a compactly supported and bounded 
function b such that QmTgaC{k) = QmTgabC{k). Since the operator bC{k) is 
compact by Theorem 7.2.1, we conclude that QmA is compact for every operator 
A G /Co(X). Analogously, AQm is compact. Thus, /Cq(X) C /C, whence /C(X) C /C. 
Finally, the inclusion K(L^(X)) C /C(X) can be shows as Proposition 3.3.1. 

□ 

Specifying Theorem 7.1.13 and its Corollary 7.1.14 to the present context, we 
obtain the following. 
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Theorem 7.3.2 Let K G /C(X) and 7 G C. Then the operator A \= -\- K is a 

(a) ^ -^-operator if and only if 

inf HA/s)>0. (7.28) 

^/3€ct«b ( A ) 

(b) a ^--operator if and only if 

A > 0- G29) 

Ajsea^s (A) 

(c) Fredholm operator if and only if all limit operators of A are invertible and if 
the norms of their inverses are uniformly hounded. 

Let A4 denote the smallest closed subalgebra of L(L^(X)) which contains all oper- 
ators of multiplication by functions in BUC{X) as well as all operators Qm* Then 
condition (7.16) is satisfied, and Theorem 7.1.17 has the following consequence. 

Theorem 7.3.3 Let K G /C(X) and a G BUCiX). Then the operator A := al K is 
Fredholm if and only if the function a is invertible in L°^(X), if all limit operators 
of A are invertible, and if the norms of their inverses are uniformly hounded. 

Finally, we would like to mention a special class of operators in Cl + /C(X) for 
which the invert ibility of their limit operators can be efficiently checked. 

For, let JC{QcO^)) be the closure of the algebra /Co(Qc(^)) of all operators of 
the form (7.25), but now with ajk, bjk G Qc(^)- We claim that all limit operators 
of operators belonging to C7 -h IC{Qc{^)) are invariant with respect to left shifts. 

If a G QscO^) and K G Cr{X), then the operators aK and Kal are compact 
(Theorem 7.2.1). Hence, the limit operators of these operators exist with respect to 
every sequence G 7Y, and they are equal to zero. Further, if a is slowly oscillating, 
then every limit operator of al is a scalar operator, as we have already observed in 
Proposition 3.3.9. The same holds for the limit operators of the shifts Tg G 1Z{X) 
as we observed in the proof of Proposition 7.3.1. 

Thus, every limit operator of an operator in Cl + JC{Qc{^)) belongs to the 
smallest (7* -subalgebra B{Cr{X), 1Z^{X)) of L(L^(X)) which contains all convolu- 
tion operators in C^(X) and all shift operators TZ{X) by a constant function (i.e., by 
an element of the group X). So, in this special setting. Theorem 7.3.2 reduces the 
problem of (semi-) Fredholmness for operators in C/+/C(Qc(^)) to the problem of 
invertibility of operators in the algebra B{Cr{X), 7Z^(X)) which are invariant with 
respect to left shifts by elements in X. To study this invertibility problem, methods 
of (noncommutative) harmonic analysis are available (cf. [177]). For example, in 
case of the usual commutative group R^, the operator 

n 

A:=jI + Y,KjTj 
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where ^ E C, Kj is a convolution with kernel kj G and Tj is the shift by 

Qj G is invertible on L^(R^) if and only if 



inf 7 + 

j=i 



>0 



where kj refers to the Fourier transform of kj . 



7.3.2 Operators on discrete subgroups 

Let /^(Y) be the space of all complex- valued functions u on the discrete group Y 
for which 

xeY 

and write /^(Y) for the space of all bounded complex- valued functions on Y, 
provided with the norm 

||a||;=c(Y) := sup|a(a;)|. 

xeY 

By al we denote the operator of multiplication by a G /^(Y) thought of as acting 
on /^(Y). Further, given z G Y, we let Uzj and Uz^r stand for the unitary operators 
of left and right shift acting dX u E /^(Y) by 

{Uz,iu){y) := u{z ■ y) and {Uz,ru){y) := u{y - z), y eY. 

Finally, for every function -0 on X, we denote its restriction onto Y by 

Definition 7.3.4 Let B(/^(Y), {Uz^r}zeY) denote the closure in L(P(Y)) of the set 
of all operators of the form 

witha-y el°°{Y) (7.30) 

7er 

where F runs through the finite subsets ofY. 

It turns out that B{L^{Y), {Uz^r}zeY) is a C* -subalgebra of L(/^(Y)). The Fred- 
holm properties of operators in this algebra can be studied by the axiomatic ap- 
proach from Section 7.1 again. The needed families of operators are specified as 
follows. 

• For n G N, let Pn stand for the operator of multiplication by (pn^ 

• For m G N, let Qm be the operator of multiplication by the restriction of the 
characteristic function of {x G X : p(x, 0) > m} onto Y. 

• Choose Y Y, and for z eY, let Vz be the operator of left shift by z. 



{Vzu){y) := (Ui^zu){y) -- u{z • y) for y G Y. 
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One can check (essentially in the same way as in the previous section) that the 
Axioms 1-3 are satisfied and that all operators of the form (7.30) belong to the 
algebra Ao (defined with respect to the above-specified operators). For the exis- 
tence of the limit operators, one has to employ a Cantor diagonalization argument 
again. Thus, the algebra S(/®^(Y), {Uz,r}zeY) proves to be a C*-subalgebra of the 
corresponding algebra A. 

In the discrete setting at hand, the identity operator is locally compact, and 
all operators I — Qm are compact. So Theorem 7.1.12 implies the following. 

Theorem 7.3.5 Let A G {Ug^r}geY)> Then A is a 

(a) ^ ^-operator if and only if ini {iy{Ag) : Ag G aop{A)} > 0. 

(b) ^--operator if and only if mf{u{Ag) : Ag G aop{A)} > 0. 

(c) Fredholm operator if and only if all limit operators of A are invertible and if 
the norms of their inverses are uniformly hounded. 

7.4 Comments and references 

The axiomatic approach to the limit operators method was developed in [130], 
where one also finds the Fredholm criteria for convolution operators on homoge- 
neous groups considered in Section 7.2. The extension of these results to convolu- 
tion operators with variable shifts can be found in [132]. We owe the suggestion to 
look for an axiomatic approach to the referee of our paper [137], who also proposed 
a first version of this approach in her/his report. 

In Section 7.2.1, where we have collected some basic facts on homogeneous 
groups, we follow [174], Chapter XIII, Section 5. Nice introductions to the Heisen- 
berg group can be found in [77, 155, 177]. The results cited in Section 7.2.2 as well 
as Theorems 7.2.1 and 7.2.2 are due to Shteinberg [158]. 

Singular integral operators and pseudodifferential operators on the Heisen- 
berg group have been intensively studied by many authors (compare the mono- 
graphs [174, 112, 176, 177], which contain extensive bibliographies). Let us also 
mention the papers [183, 184, 84, 85], which are devoted to the analysis of double 
convolutions on a class of step two nilpotent Lie groups. The Fredholm property 
of operators in certain algebras generated by convolution and multiplication op- 
erators on non-commutative locally compact groups was considered in [159, 160] 
by means of Simonenko’s local principle (see [166]). A comprehensive study of in- 
tegral operators with constant coefficients and constant shifts on the real half-line 
is undertaken in [59]. Note also that there is an extensive bibliography devoted 
to singular integral and convolution type operators with shifts (see, for instance, 
[7, 9, 88, 91, 81] and the references therein). 
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Xi-group, 145 

Heisenberg group, 362 
homomorphism 
fractal, 333 
sufficient family of, 51 
Hormander class, 203 

ideal 

maximal, 59 
index, 4 

almost periodic, 232 
minus-index, 136 
plus-index, 136 
inflation, 40 
integral 

oscillatory, 203 
singular, 254 
invertibility 
uniform, 2 

Jacobi operator, 269 

Ko-group, 140 
Ki- group, 145 
kernel, 1 

limes 

inferior of a set sequence, 336 
superior of a set sequence, 69, 328 
limit 

function, 195 
operator, 18, 346 
strong, 180 
P-strong, 11 
logarithmic spiral, 255 



maximal ideal space, 59 

Mayer- Viet oris exact sequence, 142 

Mellin convolution operator, 247 

Mellin transform, 247 

method 

approximation, 305 
applicable, 305 
Galerkin, 343 
P-applicable, 305 
stable, 305 
finite section, 303 
projection, 303 

neighborhood at infinity, 61, 81 

net, 82, 83 

norm 

essential, 4 
P-essential, 10 

operator 
band, 35 
rich, 43 

band-dominated, 35, 157 
rich, 43 

Cauchy singular integral, 254 
compact, 1 

compression of an, 179 
convolution, 159, 364 
elementary, 147 
formal adjoint, 205, 270 
Fredholm, 4, 195, 239 
invertible at infinity, 10 
Jacobi, 269 
Laurent, 137 
limit, 346 

locally invertible, 61 
locally invertible at 0, 247 
Mellin convolution, 247 
multiplication, 33, 362 
of convolution type, 169 
4>+, 349 
4>±, 349 
4>_, 349 
P-compact, 5 
P-Predholm, 10 
PT^-compact, 62 
PT^-Fredholm, 62 
pseudodifference, 268 
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rich, 19, 347 
rich band-dominated, 43 
rich multiplication, 43 
Schrodinger, 195, 239 
discrete, 131 
shift, 365 

singular integral, 254 
Toeplitz, 137 

uniformly elliptic, 232, 237 
with rich operator spectrum, 19 
operator spectrum, 18 
local, 61 
reduced, 125 
rich, 19 

P-Fredholm operator, 10 
partition of unit, 208, 363 
Phragmen-Lindelof principle, 279 
Pimsner-Voiculescu exact sequence, 139 
point 

angular, 190 
cuspidal, 190 
inward, 190 
outward, 190 
projection method, 303 
pseudodifference operator, 268 
almost periodic, 288 
periodic, 289 
semi-periodic, 293 
slowly oscillating, 280 
with double symbol, 271 
pseudodifferential operator, 204 
of Mellin type, 247 
symbol of a, 204 
with analytic symbol, 243 
with double symbol, 206 
pseudospectrum, 323 

range, 1 

essential, 247 
numerical, 325 
spatial, 325 
representation 
covariant, 138 

Schrodinger operator, 195, 239 
discrete, 131, 297 
Schwarz space, 202 



semi-commutator, 159 
sequence 

admissible, 251 
e-stable, 337 
equivalent, 25 
fractal, 333 
spectrally stable, 328 
stable, 303, 305 
set 

cofinal, 83 
directed, 82 
growing, 81 
rich, 180 

Sobolev space, 211 

exponentially weighted, 245 
spectrum 

essential, 4, 239 
local, 247 
operator, 18 
P- essential, 10 
stable sequence, 303 
strong limit, 1 
subalgebra 
central, 65 
inverse closed, 6 
subnet, 83 

sufficient family of homomorphisms, 51 
symbol, 25, 28, 57, 204 
almost periodic, 231 
analytic, 243 
double, 206, 270 
formal, 205 
main, 237 
mapping, 25 

semi- almost periodic, 233 
slowly oscillating, 228, 280 

theorem 
Allan, 67 

Banach-Steinhaus, 2 
Calderon- Vaillancourt, 207 
Gelfand-Naimark, 60 

weakly sufficient family of 
homomorphisms, 51 
weight 

in the class 7^(c, d), 250 
in the class A{B), 244 
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in 277 

slowly oscillating, 284 
Muckenhoupt, 254 
power, 255 

slowly oscillating, 246, 258 
at t, 258 
at 0, 250 

Wiener adjoint, 110 
Wiener algebra, 103, 194, 218 
rich, 103, 222 




